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STUDY OF FRACTURE INSTABILITY BY THE LOCAL AND GLOBAL
MINIMUM VALUES OF STRAIN ENERGY DENSITY

E.E. Gdoutos* and C.G. Thireos**

The strain energy density theory is used to

study the fracture instability of a cracked

body. The relative distance 1 between the loca
and global minimum values of the strain ener-
gy density function is introduced as a measu-
re of fracture instability of the body. It is
shown that the smaller the distance 1,the mo-
re stable the system. Numerical results are
obtained for a cracked plate with two symme-
trical notches loaded by a uniform stress

perpendicular to the crack axis.

INTRODUCTION

The problem of energetic stability of crack propagation
has extensively been studied by Gurney and coworkers (,2)
within the framework of the global energy balance approach.
Stable crack growth occurs when the rate of energy rele-
ase is equal to the rate of the energy that is required
for crack propagation.If more energy is released than that

required for propagation crack growth becomes unstable.
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Stability of cracking depends on the geometry of the test-
piece, the material properties, the type and rate of load
ing and the environmental conditions. For elastic beha-
vior stable cracking occurs when the rate of change with
respect to crack length of the material resistance to crack
growth is greater than a stability factor that depends
only on the geometry of the testpiece. Values of the
geometry stability factors for a host of geometrical con-
figurations and loading conditions under load or displa-
cement controlled crack propagation can be found in refe-

rence (3).

In the present work the problem of fracture instabi-
lity of a cracked solid is addressed from a different
point of approach based on the strain energy density the-
ory (4). A length parameter defined by the relative dis-
tance between the local and global minima of the strain
energy density function dW/dV is introduced and associa-
ted with the system stability. The case of a cracked pla-
te with two symmetrical notches subjected to a monotoni-
cally rising uniform stress perpendicular to the crack
plane is used as an example problem to demonstrate the
meaning of the length parameter in terms of the system
stability.

SYSTEM INSTABILITY

The strain energy density function dW/dV in a solid body

subjected to a system of external forces is defined by
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where Oij and eij are the components of the stress and

strain tensors.
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Let Oi be an arbitrary point in the solid at which a
local Cartesian coordinate system is attached and consider
the fluctuation of dw/dv along the circumference of a cir-
cle of radius r, centered at Oi.r0 represents the radius
of the core region and reflects a material microstructu-
re parameter. Initiation of fracture from the point(% ta~
kes along the direction of minimum value (dW/dV)min when
(dw/dv)min becomes equal to its critical value. In a con-
tinuum solid fracture initiates from the point L with the
maximum of the local minimum values of dw/dv.When all
points of the solid are referred to the same coordinate
system the minimum value of dW/dV at point G is the global
minimum of dW/dV in the solid. For fast unstable fracture
originating from point L the fracture trajectory LA, A,G
...Am can be determined from the calculation of the fra-
cture angles for a wide range of radius vectors starting
from L (Figure 1). The fracture trajectory would pass

from the point G of global minimum value of dw/dv.

Since fracture is dictated by the local minima of
dw/dv it would possibly be arrested at point G at which
the global minimum value of dw/dv occurs. The length 1=
(LG) of the arc along the fracture trajectory between L
and G should play a role in the fracture stability of the
continuum body. The smaller the distance 1 the more loca-
lized the fracture around the point L of fracture initia-
tion. The value of 1 determines the length of the unsta-
ble fracture path and is intimétely related to the stabi-

lity of the body once fracture starts from point L.
APPLICATION

The case of a rectangular panel of width 2b=10.16 cm and
height 2h=20.32 cm with two symmetrical notches is consi-
dered (Figure 2). Refer the panel to the global Cartesian
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system Oxy. The notches are circular arcs of varying ra-
dius R whose center lies on the Ox axis and intersect the
specimen boundary at a distance equal to 1 cm from the Ox
axis. The plate contains a crack of length 2a along the

Xx-axis and it is loaded by a stress o along the Oy dire-

ction.

The finite element program PAPST was used for the e-
lastic-plastic stress analysis of the plate. Point L at
which the maximum of the local minima of dW/dV occurs is
at the intersection of the boundary of the circular core
region of radius r0=2.54XlO_zcn1with the Ox axis. From
the stress analysis of the plate the global minimum of
dW/dV along the crack ligament, G, is obtained. The dis-

tance 1=(LG) characterizes the system stability.

The contour lines of the effective stress SIS for
an applied stress 0=204.23 MPa when the yield stress of
the material in tension o S=295.77 MPa are shown in fi-
gure 3. The elastic-plastic boundary is shown by the bold-
faced curve. Observe that plastic yield is concentratéd
around the crack tip and near the notch root. From the
stress analysis it was shown that for a monotonically
increasing applied stress which results to plastic defor
mation on the plate the values of dw/dV at points L and
G increase continuously while the length parameter 1 re-
mains constant. The variation of the stability parameter
1 with the notch radius R for two values of the half crack
length equal to a, = 1.016 cm and a, = 2.032 cm is shown

in figure 4.

CONCLUDING REMARKS

A length parameter 1 defined by the distance between the
maximum of the local minima of dw/dv, L, and the global
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minimum of dw/dv, G, was introduced to characterize the
fracture instability of a mechanical system. Fracture
initiates from point L and as point G is approached the
arrest mechanism is activated. The smaller the distance
1= (LG), the more stable the system. When point G lies on
the plate boundary the system fractures completely and
the situation is unstable. Such a case is the Griffith
crack in an infinite plate subjected to uniform stress
for which G is at infinity. Thus, when the crack starts
to propagate it reaches the point G which corresponds to

an unstable situation.

From the analysis of the cracked plate with two sym—
metrical notches it was shown that the length parameter
1 is independent on the level of the applied stress but
depends strongly on the geometrical configuration of the
plate. Large cracks and small notch radii result to more

stable situations.

The value of 1 which dictates the stability of a
structural system depends on the interaction of defects
with loading, geometry and material type. It serves as
a parameter which should be determined in structural de-
sign against fracture. For optimal design 1 should be
kept as small as possible. The values of 1 for the va-
rious members of a multi-component structure must be as
close to one another as possible. This would avoid pre-
mature fracture of a single structural member resulting

to failure of the whole structure.
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Figure 1 Fracture trajectory starting from point L of
maximum of the local minima of dW/dv and passing from
point G of the global minimum of daw/dv.
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Figure 2 Geometry of the notched cracked plate.

60



FAILURE ANALYSIS -

VON MISES STRESSES

CONTOUR VALUES

31.5
53.0
74.3
958
. 117.2
. 1386
.160.1
. 1815
. 2030
224.4
.245.8
. 267.3
. 2887
. 310.2
. 2958

©ONOO PN

Figure 3
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Contours of the effective stress O, ¢+

for R=

2.159 cm and 2a=2.032 cm and 0=204.23 MPa. The bold-fa-
ced curves represent the elastic-plastic boundaries.
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Figure 4 Variation of the length parameter | with R

for a;=1.016 cm and a,=2.032 cm.



