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Abstract. The paper presents comparison of fracture plane position gained from experiment tests of
specimens under multiaxial loading and theoretical ones from calculation according to variance and
damage accumulation methods. In the variance method it is assumed that the plane in which the
maximum variance of the equivalent stress appears is critical for a material and the fatigue fracture
should be expected in this plane. In the damage accumulation method as fracture plane, the plane
which suffered the greatest damage during service loading is adopted. For both methods the
equivalent stress was calculated according to the fatigue failure criterion of maximum normal and
shear stresses in the critical plane.

Introduction

To establish the critical plane position two variance and damage accumulation methods were used.
The method of variance [1] relies on search of the maximum variance of equivalent stress (or
another parameter) according to the selected fatigue failure criterion. The plane where the variance
reaches its maximum is assumed as the critical plane. The method of damage accumulation [2, 3]
seems to be the most interesting because of its close relation to the idea of critical plane. Here, the
selected fatigue failure criterion is applied for search of the plane of the maximum damage, i.e. the
plane of the minimum fatigue life. This is an iterative method, so search of the critical plane requires
repetition of all the calculation algorithm many times.

The aim of the paper is comparison of the variance method and the method of damage accumulation
for determination of the critical plane position with the results of experiments.

Material and test procedure

Specimens of round sections were tested (see Fig. 1a). Those were cut from the sheets 16 mm thick,
according to the rolling direction. The specimen surface has been obtained by turning using
conventional polishing with progressively finer emery papers. A final average roughness 0.16 um
has been measured. Diameter of the specimens was d = 8 mm for pseudo-random loading. Some
mechanical properties under bending of the tested steel are given in Table 1. The tests were
performed, in the high cycle fatigue regime (HCF) under pseudo-random bending with torsion
loading, at Opole University of Technology [4, 5]. The fatigue stand was used to carry out fatigue
tests. The stand MZGS-200PL (pseudo-random loading), with the dominating frequency 28.8 Hz for
bending and 30 Hz for torsion, is applied for fatigue tests of specimens made of structural materials
subjected to non-proportional combinations of the bending moment Mg and the torsional moment
Mr.
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Fig.1. Shape and dimensions of a specimen a) and definition of the critical plane position with
estimated shear fracture plane a.. b).

Histories of these moments are independent (separate drives and control systems) and they are
polyharmonic (pseudo-random). The histories are sums of four harmonic components with different
amplitudes, frequencies and phases. The stand enables testing of the influence of cross-correlation
between normal and shear stresses, their frequencies and amplitudes on the fatigue life of the tested
material.

Table 1. Mechanical properties of the 10HNAP steel

Yield stress | Ultimate stress | Elastic modulus Poisson's ratio Fatigue limit Number of
ovys, MPa ocu, MPa E, GPa v G4, MPa cycles Nq for o4
418 566 215 0.29 300 3.135-10°

Experimental results and discussion

The critical plane position for a given material depends on values of loadings, the cross-correlation
coefficient of stresses, and the ratio of maximum stresses. Using mathematical relationships, while
calculations one or more positions of the critical plane are obtained. Moreover, material is never
perfect and a damage can occur in the point where its structure is heterogeneous. Fig. 1b shows
definition of the critical plane position and how the angle o, = arp + 45° (arp — average angle of
fracture plane position) were determined.

In the present paper, on base of earliest analysis experimental tests [5], the failure criterion of
maximum normal and shear stress in the critical plane was assumed for fatigue life calculation.
According to this criterion, the equivalent stress ceq (t) in the plane of maximum shear stress t; (t)
takes the following form

Ceq(D=(2— B)lGx (t)- cos (o) + Tyy (D) sin(20c)J+ B[— 0.50, ()sin2o) + T4y, (1) cosQ(x)] 1)

where: B=0,¢ /1,6 =1.73 (for N = 3.135-10° cycles) — fatigue limits ratio under bending and
torsion, respectively, oy (t) - normal stress along the specimen axis, txy (t) - shear stress in the
specimen cross section, a - angle determining the critical plane position (Fig. 1b).

From Eq. (1) it appears that the equivalent stress ceq (t) is linearly dependent on the stress state
components oy (t) and Ty (t), so it can be expressed as

n
Geq :Zanj =1X; +a,X, , (2)
j=1

where: a, =(2—B)cosz(a)—0.5Bsin(2oc), a, :(2—B)sin(2a)+Bcos(2oc), X1 = Oy, X2 = Tyy.



From theory of probability [6] it results that the variance of random variable being a linear function
of some random variables is expressed by the following formula

n
2 2 2
Mceq =Zaj MXJ +2Zajakuxjk = uxl +32Hx2 +23132Hx1x2’ (3)
j=l ik
where: poeq, Hx1, Mxe - variance of equivalent stress ceq, normal stress oy and shear stress tyy,
respectively, pyix - covariance of normal oy and shear T,y stresses.
Under biaxial random stationary and ergodic stress state, the variances i1, pix2 and the covariance

Uxixe in Eq. (3) are constant.
In the method of variance for determination of the critical plane position the maximum function of

Eqg. (3) is searched in relation of the angle a occurring in coefficients a; and a,. After reduction, the
variance of equivalent stress peq Versus the angle o can be written as

o =2~ B)cos*(@)-0.5Bsin(20)[ . +[2-B)sin2a)+ Beof2a)Pp,,

+ 2{(2 — B)cos2 (OL)[B cos(2a)+ (2 — B)sin(2a)]— 0.5B[(2 — B)sin2 (20c)+ 0.5B sin(40c)b,lxlx2 @

In the method of damage accumulation the damage degree Spm(To) during observation time To was
calculated with use of the rain flow algorithm and Palmgren-Miner hypothesis

;  for Oeqai =@ Ogf

Oaf
Spm (TO ) = No ( Ceq,ai } ) ®)

0; for Ceqai <@°Ogt

where: ceqai — amplitude of the equivalent stress, m — coefficient of Woéhler’s curve slope, Gar —
fatigue limit under bending, N, — number of cycles corresponding to the fatigue limit caf, ni —
number of cycles with amplitude ceqqi, @ — coefficient allowing to include amplitudes below the
fatigue limit in the process of fatigue damage accumulation (a = 0.5 was assumed in this paper), k —
number of intervals of the amplitude histogram.

Fatigue life Ty was calculated according to the following equation

Tea :ST—O' (6)

pm(To)
According to the method of damage accumulation, the critical plane position is identified by the
maximum damage.
Graphs in Figs. 2a — 14a present relation between the normalized value of equivalent stress variance
(see EQ. (4)), while graphs in Figs. 2b — 14b show relation between the normalized value of the
damage degree (see Eq. (5)) and the critical plane angle a, respectively. The pseudo-random
loadings generated the same cross-correlation coefficient between normal and shear stresses rs; =
0.16 and different ratios of maximum stresses As = Txy max / Ox max-
From Figs. 2-14 it appears that the variance of equivalent stress p.eq and the fatigue damage degree
Sem(To) are continuous function of the critical plane angle a with some maximum values. Taking
into account a certain randomness of the material structure and assuming that the critical plane



position can occur at 5% deviation from the maximum variance and the maximum damage degree,
ranges of variation of the angle o for particular loading cases can be distinguished (Table 2).

Table 2. Range of the critical plane angle variation (5%) according to the criterion of maximum
normal and shear stresses and experimental fracture plane position under pseudo-random loadings

(@)

I-:-) ngnm; mF:i(tilr?ISIn fracture plane | shear fracture Ao (deg) according to the
g angle aep (deg) | plane angle o method of
r..~ | stresses . .
016 |t =</o (stage II) with | (stage I) with variance damage_

' o VIR scatter (sc.) scatter (sc.) accumulation
KOl | 0.189 4 (+3) 49 (+3) 47 + 33 43+ -37
K05 0.214 2 (+1) 47 (+1) 47 +-39 30+-23
K02 0.274 4(%) 49(3) 47 = -32 42 + 34
KOs | 0309 9(*°) 54(78°) 47+-31 | -42+-36
KO3 | 0.358 3 (+2) 48 (+2) 48 +-31 38+ -29
K09 | 0.394 2 (+1) 47 (+1) 24+ 12 33+ -26

8 8 ) -57+-50 and

Ko7 | 0.405 7(%%) 52(1%) 50+ -31 o
Ko4 | 0442 3(1) 48("1) 48+-28 | -30+-23
KO8 | 0.500 o(*19) 54(11°) 50+-19 | -23+-17
K10 | 0515 23(2) 68("3) 46+-23 | -26+-20
K1l | 0636 2(4) 47(%1) 21+3 17+ -11
K12 0.680 37 (+11) 82 (+11) 16+ 3 14+ -9
K13 | 0.840 13(7) ss(13) | % _;'fga”d 71

(*) Angles arp and o, may be positive or negative — it depends on point of view
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Fig.2. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination KO1 (A, = 0.189).



While experiments, two kinds of crack planes could be seen. One of them occurred at the stage |
(crack initiation), the other one occurred at the stage Il (crack propagation, fracture plane). The
initiation plane is inclined to the propagation plane at the angle of 45°.
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Fig.3. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination K02 (A, = 0.274).

(a) ’

0.9}

normalized value of variance
e o = o 92 o 9
MW s o o N @
T T d T T T

e

=3

i i
-80 -60 -40

-20 0 20
angle of plane position, deg

I
40

i
60

L
80

(b)

1

o o o o
® W = o

normalized value of damage degree

o o o o
N s
T T T

=3

o

et

i . - —
-60 -40 20 0 20 40 60 80

-80

angle of plane position, deg

Fig.4. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination KO3 (A, = 0.358).
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Fig.5. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination K04 (A, = 0.442).
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Fig.6. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination K05 (A, = 0.214).
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Fig.7. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination K06 (A, = 0.309).

For the cases KO1-K08 in Table 2, the crack initiation plane (stage I) obtained from experiments
coincides with the results of calculations with the variance method. A poor conformity of the
experimental and calculated results was obtained by means of the method of damage accumulation.
There is one case K07, which confirms calculation and experimental results. However, there were
the cases K09-K13 where the crack initiation plane obtained from experiments did not coincide with
that defined from the calculations.
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Fig.8. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination KO7 (A, = 0.405).
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Fig.9. Dependence of the normalized value of: a) variance, b) damage accumulation on the angle
o of critical plane position for loading combination K08 (A, = 0.5).
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For the cases K10 and K13 the crack propagation plane (stage Il) obtained while experiments
coincided with the calculation results obtained by means of the variance method and the method of
damage accumulation. The critical plane angle ranges Aa. (with 5% variation of o) according to the
variance and damage accumulation methods overlap in almost all cases except two K05 and KQ09.
Test measurements of the fracture plane angle arr (stage Il) were performed on the specimen
surface with the optical method (magnification 10x) to an accuracy of 1°, and the scatter band of the
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angle o of critical plane position for loading combination K11 (A, = 0.636).
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Fig.13. Dependence of the normalized value of: a) variance, b) damage accumulation on the
angle o of critical plane position for loading combination K12 (A, = 0.68).

experimental results was shown in Table 2. The angle of the plane position was determined from
linear approximation with the least square method. Measurement of the angle o was done for the
stage Il (propagation), and the angle o for the stage | (initiation) was obtained by the plane rotations

by the angle of 45°.
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Fig.14. Dependence of the normalized value of: a) variance, b) damage accumulation on the
angle o of critical plane position for loading combination K13 (A, = 0.84).

Figure 15 shows differences in experimental and calculated fatigue lives with critical planes
determined according to variance and damage accumulation methods. In spite of differences in



angle of critical plane position fatigue lives are almost the some for both methods. Determination of
the critical plane with the method of variance is connected only with the stress values, while the
method of damage accumulation includes also characteristics of the fatigue strength of the given
material.
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Fig.15. Comparison of experimental and calculated fatigue lives according to the failure criterion
of maximum normal and shear stresses in the critical planes determined with: a) variance and b)
damage accumulation methods.

Summary

The normalized values of the equivalent stress variance and damage accumulation depending on the
angle of the critical plane position o are different for different combinations of loading. The method
of variance gives the angles more similar to the experimental data for the initiation plane position
(stage 1). The variance and damage accumulation methods indicate the critical plane angle ranges
(with 5% variation of angle) which overlap in almost all 13 analysed cases of pseudo-random
loadings except two. A conformity of the experimental fatigue life with the calculated results was
obtained by means of the failure criterion of maximum normal and shear stress in the critical plane
according to the both variance and damage accumulation methods.
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