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Abstract. The attention is focused to the development of techniques for evaluation of stress
singularities and generalized stress intensity factors (GSIF) pertaining to the case of an inclined
surface crack terminating at the interface between two orthotropic materials. The knowledge of the
regular and auxiliary solution allows evaluating the GSIF using the reciprocal theorem (‘V-integral).
A co-operating effect of a stronger and a weaker singular stress field for a crack impinging a
bimaterial interface is investigated.

Introduction

Two main approaches to crack deflection have been proposed in the literature, depending on the
mechanism considered: either the main crack is supposed to reach the interface and to be lying
stationary [1] or a crack is nucleated at the interface ahead of the main crack [2].

With the first approach, an arbitrary short crack extension must be introduced in the interface or

in the next material for the analysis based on an energy balance. The presence of these crack
extensions is required to express the conditions of extension. It is assumed that this finite crack
extension is controlled by the singular field of the main crack. For an inclined crack impinging a
bimaterial interface the singular field generally consists of two modes exhibiting different
singularity strength — stronger and weaker singularity. Because the introduced crack extension
possesses a finite length, the weaker singularity can play an important role.
The aim is to investigate a co-operating effect of a stronger and a weaker singular stress field for a
crack impinging a bimaterial interface between two orthotropic materials. The impinging crack may
either penetrate across, or debond the interface. The concept of matched asymptotic expansions
together with the contour integral based upon reciprocal theorem becomes very useful to derive the
formula for the energy release rate in terms of the crack length /, the singularity exponent 8 and the
generalized stress intensity factors.

Analysis of crack tip singularity

The singular stress field of inclined crack impinging a bimaterial interface between two orthotropic
materials is analyzed by means of continuously distributed edge dislocations technique for semi-
infinite crack. It is assumed that the principal axes of both materials are aligned and the bimaterial
interface is parallel or perpendicular to the principal axes. Since both of the materials' principal axes
in the out of plane direction are assumed to be parallel with the z-axis, the anti-plane deformation
can be decoupled from the in-plane deformation. Two coordinate systems are introduced: the
primary coordinate system xj,xp,x3 aligned with the material principal axes and the coordinate
system x,’,x,’,x3 rotated around the x3 axis with x,’ coinciding with the inclined crack. For plane
deformation, the elastic field can be represented in terms of complex potential functions ®,(z)),
D,(z2), D3(z3), each of which is holomorphic in its arguments z, = x; + pox,. Here, p, are three
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distinct complex numbers with positive imaginary parts, which are obtained as the roots of the
characteristic equation

det[c”kI +p(c,.m+ci2k])+p2ci2k2J=0, (1)

where ¢, is the tensor of elastic constants. With these holomorphic functions, the representation for
the displacements u; and stresses Gj; is

3 3 3
u = ZR{Z 4,®,(z, )}, 0, = 2R{ZLM<1>; (z, )}, o, =-2 R«{ZLM PP, (2, )}. )
a=1 o=l o=1

A and L are matrices given by L, = A4, (Cipy + PoCiriy), Where Ay denotes the eigenvector

corresponding to the eigenvalue p, above. The matrices and potential functions are expressed in the
primary coordinate system. The asymptotic stress field near the crack tip is modelled as a
continuous distribution of dislocations along the x,’axis of the coordinate system connected to the

crack with density function f, (x3,)=Hg, (-x}, )571, x,, <0, where & is the stress singularity

exponent, which is yet unknown, g are the components of corresponding eigenvector, and H is the
generalized stress intensity factor (GSIF). The resulting eigenvalue problem can be written as
follows

—r\78
D'(8)g =0, where D, ( ZZL,'L'GQBM'”( p‘fuJ cse(m(1-8)) =8 cot (n(1-8)) |1, (3)
P

o

where superscripts I and II refer to the materials I and II respectively, see Fig. 1. All matrices and
eigenvalues py) are expressed in the rotated coordinate system connected to the crack. Specifically,

, Py COSO=sinw , ,
Pogy = - A=QA, L'=QL, G'=G where
Py SINO+ COSW

@)

e — N — = cos® sinw
G=—iM”H_1(AHMH—AIM[)L”, H=i(A’M1—A”MH), M=L'1, Q=|: ]

—sino cosw|’

interface

Figure 1: Scheme of inclined crack impinging a bimaterial interface
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where o is the angle formed by the crack and the interface normal. The parameter J is calculated
from the characteristic equation Det [D’(S)] =0 and the eigenvector g is determined from Eq. 3 up

to a multiplicative constant. For an inclined crack impinging a bimaterial interface there exist
generally two exponents of singularity: the stronger singularity exponent denoted by §; and the
weaker singularity exponent denoted by &,. The corresponding displacement fields
are r?"u1 (6) and r?’Zu2 (6), and the generalized stress intensity factors are denoted by H; and H,

respectively. It can be proved that if § is a root of Eq. 3, then -8 also verifies this equation.

Matched asymptotic analysis

Matched asymptotic procedure [3] is used to derive the change of potential energy. Consider a
perturbation of the domain Q with crack impinging the interface; the perturbation is a deflected
(double) crack extension of length a, or penetrating crack extension of length a, with the small
perturbation parameter T defined as T=a/L <1, a=a oy s where L is the characteristic length of

Q. A second scale to the problem can be introduced, represented by the scaled-up coordinates
y=x/t, or (»,»,)=(x,/T,x,/T) which provides a zoomed-in view into the region surrounding

the crack. The displacement U® of the perturbed elasticity problem due to the crack extension can
now be expressed in terms of the regular coordinate x and the scaled-up coordinate y as

U"(x)=U"(ty)=V*(»), where the definition of the function V* has been introduced, simply by a

change of variable from x to y. Consider now the asymptotic expansion for U* (which is also known
as the “‘outer expansion’”) and for V" (which is also known as the ‘inner expansion”’),

U™ (x) = fo (1) Uy (x)+ £ (t) Uy (x)+...= D /(1)U (x), outer expansion ®)

where lim £, (1)) f,(t)=0, Vi=12,..and {U,,U,,..} form a set of linearly independent basis

functions, and

V() =E (DR () + B (DX ()= S E () H(), imer expansion. ©)

i=0

where lirr(}F;H(’c)/E(T):O, Vi=12,..and {},},..} form a set of linearly independent basis

functions. The basis functions {Z/{,} satisfy the elasticity problem on the same domain Q =Q° but

with zero body force and with homogeneous boundary conditions. Asymptotic expansion for the
primary inclined crack before the perturbation inception takes place reads

U’ (x)=U°(0)+Hr"u, (0)+ Hyr*™u, (0)+.. (7
The outer expansion for the perturbed domain Q" is
U™ (x) =U° (x)+ £, (T) Koy 0y (0)+ 15 (T) Koy 0, (8) +.. ®)

The inner expansion for the perturbed domain Q° reads
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Vi(y)=HK (T)[p&“ ! (e)+K1d(mpiélu o (e)‘*sz(p)piéZ“ ,(9) +J +F, ()% ©

x[pBZu L(8)+ K/, 0w _ (8)+K;,,pu (e)+] te (Fy(T)=1, X(¥)=U"(0)=0,p= 2).

The first terms in the brackets on the right-hand side of Eq. 9 describe the behaviour of functions }/
for p—eo. u_ (6),u _,(0)are dual solutions to u, (8),u ,(6), see above.

In the absence of body forces the reciprocal theorem states that the following integral is path
independent

¥(u,v)= J.[G,d (w)my, =0, (v)nau, |ds, ki1=1.2, (10
r

where I' is any contour surrounding the crack tip and u, v are two admissible displacement fields. If

the following displacement fields are considered u=r"u,(8), v= ru ;(8), one can show that the

contour integral ¥ is equal to zero for §; # -§; and non-zero if §; = -§;. Since the basis functions

corresponding to the coefficients Hi, H, in the asymptotic expansion for U are 7*u, (8),7™u, (),

due to the former orthogonality conditions the GSIFs H, and H, can be computed as follows:
(U, ) (U,

= = . 11
H LI’(i’s‘ul,r’a‘u_l)’H2 l{’(V‘azuz,r’ﬁzu_z) (an

Since the exact solution U® is not known, a finite element solution U" can be used as an
approximation for U® so to obtain an approximation for H;, H,. The determination of the

coefficients Kld(p),KZd(p),Kl'd(p),Kz'd(p),proceeds in a similar fashion as for A1, H>. K, . K, are

calculated in the inner domain whose remote boundary 0Q;, is subjected to the boundary condition
6]
Ulaszm =pu, (0)

¥ (X" (»).0"u)) ¥ (K" (v).p™u,)

= : , = , X"-FEM approximation to V". (12)
1d(p) ‘P(p’f"u,l,ps‘ul) 2d(p) T(pfﬁlu,z,psluz) i pp

Similarly, the coefficients Kl' d(p),K are calculated in the inner domain whose remote boundary

4
2d(p

. . .. 5,
0Q;, is subjected to the boundary condition U|an =p™u, ©)

\P()/zvh(y)spalul) — lII(I/z'h(y)spﬁzuz)

= = 1" —FEM approximation to V*. (13)
1d(p) _ > 2d(p) -5, “ l 2
g ‘-I’(p 5‘u,l,pa‘ul) g ‘-I’(p 5~u,2,p5~u2)

Outer and the inner asymptotic expansions read

Ut (x=1w)=H71"p"u, (0)+H,t>p"u, (0)+ £, (1) K,
55 (1) Koy T2 0, (0)+.. =V () = F (1) pPu (0) + Koy, p 1, (0)+ Koy 00, (0) 4. ]+ (14)
+F, (1) p™u, (0)+ K7, 07", (0)+ K5y, 0 0, (0) 4. ] +...

0, (0)+
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where £1(7), f2(1), F1(T), F>(1) are found from the matching conditions:

AP0 (0)= F (o, (0) = (1) H 2,
H,tp™u,(0)=F,(1t)p>u, (0)= F, (1) = H,t*,

F (D) Kyt 975‘“ (6)=F (1)K ld(p)p “_1( )= fi(t)=HT",
Fy (1) Koy 05 (0) = 13 (1) K,y T 0, (0) = £, (1) = H,T™™

(15)

Finally, the inner asymptotic expansion V() follows as

U (x=1) =V (») = H7" [p"u (0)+K,y,0 " u_, (0)+ Ky, 0 ", (0)+..]+

, , (16)
+H, [ p%u, (0)+ K7y, 07w, (0)+ K5y, 0 u, (0)+....]+..

Incremental energy release rate and mode mixity

The incremental energy release rate (ERR) Gy is defined as

)/4 we-w° 1 . .
Gd(p) - L - Td(ﬂ)L o ZTd(ﬁ)L f[(o.k/ (U )nkU/O % (Uo)nkU/ )dS T 2t

d(p)

¥ (U, U0°%) =

SE(UY)
1 ‘ - -5,

=- ‘{’(le;'(p) [,05,“ (0)+K g0 u_ (0)+ Ky, 00, («9)+..J+

ZTd(p)L

+HT5 ) [ 0705 (0)+ Ky u_ (0)+ Kl 0705 (0) 4. ] Hizl 07w, (0) + Holy o u, (0) +.) =
LT
2L
1 s -
Y o7 LKy, ;pdz ‘\y(p‘fzuz(g),p "u _2(9))

B 1 5 s
HK i, Tt "{J(p u,(6),p f"u_l(e))+ZHH Koy (o, (6), 07 (0))+

1 -
H 2Ky T Ao ‘i‘(p u,(0),p ’~u_2(19))+..,

a7

where Tqp) = aqpy/L. Observe, that line I' is any contour surrounding the crack tip and the crack
increment and starting and finishing on the stress-free faces of he primary crack. Among others, the
crack extension faces along a, or ag respectively, form an admissible contour which allows to
rewrite Eq. 17 as a work done along ay(,) and leads to the classical virtual crack closure method [4]

_ow o wr-wt ] . 0 . N
S = Td(p)L_ Tank ) 2a,.,) a(,{)(akl(U )nkU] %(U )”kU’)dS_ (18)
- o (U= [ o (0 mavras
2%(,;) o Kl k1 2ad(p) ; K k 199

where the integral along a4, means along two faces a,

) and ., and AU’ denotes

AU; = (U ; )+ —(UlT )7 where the sign + or — refer to upper or lower crack face. The Eq. 18 is rather

difficult to handle numerically since the singularities govern the behaviour along ay(,. Nevertheless,
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it offers an idea to calculate the fracture mode mixity based upon the energy release rate (ERR). It
will be discussed later.
The ratio of the debonding to the penetrating ERR follows from Eq.17 as

L

1

26,-1 _ -6,
& KW, +(K,¥, + K, ¥ )nd+K;d‘I’zﬂj a, _H,(a, 5,-5, H,(a, 56
s Mg > p H L (19)

G, K,¥, +(K,¥ +K,¥,)n,+K,¥.n’ H,

‘PIE‘{’(p‘ul(H) 0% 1(49)), ‘{’2E‘P(p52u2(¢9),p'52u_2(«9)),

which corresponds to the relation obtained by the authors [5] in a different way, see their Eq. 18.
The fracture mode mixity based on the stress intensity factor (SIF) concept is usually represented by
the so-called local phase angle yx defined by K = K, +iK, = |K |e""K where K is the complex stress

intensity factor (SIF), associated to a reference length / according to the proposal by Rice [6].

The ERR based fracture mode mixity originally results from the application of the virtual crack
closure method. Consider a small but finite length a, of a virtual crack extension along the interface.
The energy release rate (ERR) associated to this crack extent is

G, (ad)zGdI(ad)+Gd1[(ad) (20)
where
1%
Gd1(ad)=2_ JGzz(S,O)Auz(ad—S)dS, Gy (ay)= IGIZ 5,0)Au, (a, —s)ds (21)
a, § 2a

The Mode I component G corresponds to the energy released by normal stresses acting through
crack face opening displacements, and Mode II component G, corresponds to the energy released
by shear stresses acting through crack face sliding displacements. The energetic mode mixity
G/ Gy for interface crack depends on a, . The associated phase angle g is defined as

G (a)
tan’ y, = —2 47 (22)
¢ G, (ad)

Instead of Eq. 21, the concept of ¥ can be applied for to evaluate the phase angle yg. First
observe that Eq. 18 can be written in the form

1

G, = _Ea'd[(o-kl (Ur)nkUlo ~Ou (Uo)n"U’T)dS -
:_21ada:I[(O'zz(UT)ang_O-ZZ(UO)HZU;)dS_lld”;[(o-ﬂ(UT)HZUlo _021<U0)n2U11)ds: (23)
Gd, Gc/l/

jazz (v°) AU3ds +—— jo—21 (U*)Au;ds.

Ga Gan

On the other side, assume any contour I" surrounding the crack tip and write
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G, = _g J.(O-k[ (U )nkU[O —O0y (Uo)nkUl )dS = —7 I(le (U )nkﬁ,l.Uj.) -0y, (Uo)nk(ZjUj )ds =
d T dr

=—i I(akI(UT)nk (n,nj +t,tj)U?—0'k1(U°)nk (n,nj +t,tj)U;)ds=

d T

L J(ak, (U’)nkn,njU;.) -0, (Uo)nknlnjU;)dS —% _[(o-k, (U’)nkIItjUf -0, (UO ) n it U7 ) ds,
r

a;

Gy Gan

(24)

where #; is he unit tangential vector of I". Thus, the ERR based phase angle ¢ for deflected crack
can be calculated by substituting for G4 and G, from Eq. 24 to Eq. 22 and making use of Eq. 16.

Note that the ERR and the SIF based measures of mode mixity for an interface crack, phase angle
Ygand g, are related by [7]

—s1nh(271:£2 cos 21|!K+281n&+arg M —arctan (2€) |,
2me(1+4¢%) 2L [(1+7e) (25)

€ —oscillation index of the interface crack,

cos(2y, )=

with I'(.) being the gamma function. Eq. (25) can be very useful for evaluation of the fracture energy
of the interface G.(yx) at the mode mixity angle yx. If G, be the fracture energy of material #1
under the mode I condition, then for G.i(yx) /G2 > Ga/G,, the impinging crack will penetrate across
the interface, rather than debond the interface. Otherwise, the impinging crack will debond the
interface, rather than penetrate across the interface.

______

Integration path T’

Outer domain — - :
-inner domain

subjected to a
displacement
field

Figure 2. FE mesh for obtaining the %" -FEM approximation to V*, cf. Eq. 12, and

1" — FEM approximation to V7, cf. Eq. 13 in the case of crack perpendicularly impinging the
interface. Similar mesh was designed also for inclined cracks.
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The orthotropic materials are characterized by two dimensionless elastic parameters A and p
A=s,/sn. p=(2s, +s66)/ /81155, , Where s; are the material compliances and defined in the

conventional fashion. The relative stiffness between the materials M1 and M2 is measured by the
two generalized Dundurs parameters o and 3 [8].

The first step of numerical calculations consists in finding the stronger singularity exponent J;,
the weaker singularity exponent &, and the corresponding eigenvectors g by solving the eigenvalue
problem in Eq. 3. In addition to the regular singular solutions also auxiliary solutions are needed for
the application of the reciprocal theorem (W-integral) which allows to determine the GSIFs H; and
H, from Eq. 11 and the coefficients Ku(p)’sz(p)aKl,d(p)’K;d(p) from Egs. 12 and 13, see also Fig. 2.

Figure 3 shows the stronger and the weaker singularity exponents as functions of the generalized
Dundurs parameters o for the impinging angle @ = 30°, see Fig. 1. Further results concerning the
calculations of the ratio of the debonding to the penetrating ERR and the ERR based fracture mode
mixity will be presented at the ECF17 meeting.

w="1/6
0,4 B=O

material M1:
A=0.1
p=3

0,3

0,24

material M2:
E, =137 GPa

v, =0238
0,1 A=10
p=3
0.7 0(8 0:9 1:0

a
Figure 3. The stronger and the weaker singularity exponents as functions of the generalized
Dundurs parameter o, for f =0, = 30°,1"=0.1 , A" =10 ,0'=p"” =3, E! =137GPa,v". =0.238
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