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Abstract. A thickness-inhomogeneous elastico-plastic spherical shell weakened by a system of
arbitrary located through cracks is considered. The shell is under external loading, and self-
equilibrated forces and moments may be applied to the crack faces. The cracks do not intersect. On
the basis of the J, model analogue and distortion method of the theory of shells with cracks the

problem is reduced to a system of singular integral equations with unknown limits of integration
and discontinuous functions in the right-hand side. An algorithm is proposed for numerical
solutions of the system obtained together with plasticity conditions and conditions of stress
boundedness near a crack. As an example, a spherical shell made of functionally gradient material
is considered, the shell being weakened by four surface cracks. The crack opening vs. loading,
geometrical and mechanical parameters is analyzed.

Introduction

The shell constructional elements often operate under conditions when their outer surface is in
corrosive surroundings with one physico-chemical parameters, and the inner surface with another.
In such cases they are made from layer structures or functionally gradient materials (FGM), i.e.
composites with microstructural inhomogeneity and continuously changing mechanical properties
along the thickness of a thin-walled constructional element. The need for such materials has been
induced, first of all, by cosmic materials science to ensure reliable operation of constructional
elements at very high temperatures. The early results of studies on the non-uniform distribution of
temperature and stresses caused by it in the bodies of FGM are presented in Ref. [1]. Later on the
stressed-strained state, strength, etc., and in particular, stress distribution in cylindrical and spherical
shells, hollow cylinder and friction node, caused by thermal or force loading, were studied [2-7].
The influence of physico-mechanical properties of such materials on limit equilibrium of cylindrical
[8] and spherical [9] shells weakened by one crack was also investigated.

Statement of the problem

Consider a thickness—inhomogeneous infinite spherical shell weakened by a system of & arbitrary
oriented plane-linear surface cracks which do not intersect. As an infinite shell we assume the shell,
the boundaries of which are so far that they do not influence the perturbed stressed state caused by
the crack. Suppose that the shell is under external load and the forces and moments with equal
values but opposite directions can be applied to faces of each surface crack so that during the shell
deformation the crack faces do not contact. Assume that the shell material is perfectly elasto-plastic
or hardened. We shall confine ourselves to the study of sufficiently deep cracks (d, =0.4%, 2d, is

the crack depth (m=1,2,...,k), 2k is the shell thickness). The material properties, load value and
crack sizes are assumed to be such that on their continuation plastic strains develop across the shell
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thickness as a narrow strip. The material is elastic outside these zones. According to the &, - model

analogue [10,11] the plastic strain zones are substituted by surfaces of discontinuity of elastic
displacements and rotation angles and the response of a
3 plastic strain zone to elastic volume is substituted by the
> unknown forces and moments which counteract the crack
opening. This means that the 3D elasto-plastic problem on
limit equilibrium of a spherical shell with a system of &
surface cracks of given sizes is reduced to the problem on
elastic equilibrium of analogous shell with a system of &
fictitious through cracks of unknown length to the faces of
which, in addition to the given forces and moments, the
unknown ones are applied, satisfying the corresponding
plasticity conditions for thin shells [12].
Refer the median surface of the shell under
consideration to the Cartesian coordinate system X OY .

Fig. 1

Besides, we introduce a local coordinate system X,0,Y

(m=1,2,...,k) on each crack, the origin of which is the center of a fictitious crack and the axis
0,X, 1is directed along the crack line. We denote the coordinates of the crack centers in the

reference coordinate system XOY by (X7,Y.) and the angles between the axes OX and O, X, by

m>~m

B, - The length of each real surface crack is denoted by /, and that of a fictitious through crack by
I In addition, /! =1 +1” +1% where /), I”)

m 2 m

are the lengths of plastic zones near the left and
right tip of the m th crack.

Consider first an infinite spherical shell with one plane-linear fictitious through crack IS).
Denote the components of forces and moments arising in the shell with a crack under given loading
and under certain boundary conditions by N!, S!', M!, H!, Q' with normal and shear forces,

bending and twisting moments and cross-resultants, respectively, acting in the normal cross-
sections of the shell » =X =const or » =Y, =const. The components of forces and moments of
the basic stressed state caused by the same loading and under the same boundary conditions in the
shell without a crack are denoted by N?, S°, M?, H’, Q°, respectively. Then, taking into account

the problem linearity, the forces and moments in the shell with a crack can be given in the form of
the sum:

G'=G"+G., G={N,S, M, H, 0},

where G, are the components of the perturbed stressed state caused by a crack. These components
characterize the stress concentration near a crack.

Since the faces of real crack and, hence, that of fictitious one are also loaded by self-equilibrated
forces and moments, then the following conditions for the components of the perturbed stressed
state

P*(x,,0)=P (x,,0)= 1, (x,), i=1,2,3,4 )

m>

should be satisfied at the crack contour /! . Here
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fu(X,)=1-B(X,)+PI(X,) VX, :X, el

m 2

-P'(X )+ PV (X,) VX, X, el

B=N,; B=M,; Bb=5,; P,=0,;

the indices “0” and “1” denote the components of the basic stressed state and stressed state of the
shell with a crack, respectively; the signs “+” and “—” denote the boundary values of the function

on the faces ¥, +0 and ¥ —-0; P® | P® are the unknown forces and moments in plastic zones at
the crack continuation along the coordinate X, satisfying the corresponding plasticity conditions of

thin shells; P are the forces and moments in plastic zone under the crack (Fig.1); S;,, Q, are the

Kirchhoff generalized shear forces and cross-resultants [13].
For the case of loading symmetric about the crack, we assume that in the plastic region under the

crack, i.e. in the region X, €/ , ye[-h;h—2d,] (¥ is the coordinate normal to the median
surface) constant stresses " = (0, +0;,)/2 act, where &,,, 0, are the integral characteristic of
the yield threshold and the strength limit of FGM in the interval ye [—h;h—de]. Then the

material response to the break of inner bonds in the plastic zone under the crack is defined as
N'=2(h-d)o’; M'=+2d(h-d)o’; S, =0,=0. 2
Basic relations of thickness-inhomogeneous spherical shell with a crack

The elasticity modulus E and Poisson’s ratio x are the functions of the coordinate ¥ normal to the
median surface

E=E(y); u=u(y). (€)

The generalized Hooke law and Love hypothesis hold true [13]. The system of key equations for
the stress functions ¢(x,,y,) and flexure function w(x,,y, ), obtained on the basis of the
distortions method for thin shells [14], reads:

B 1
Vgt VIV Viw=—F(x,.),);

wy )

A Vzvzw_&vzvz¢+%vz(ﬂ=—AFzO(xmsym)i @)

() ()

where £ (x,,»,)=V" (‘9;)2 +d, k) +d||K£2)+V2 (8101 — &, +dy, (k) _ng))_vlvz (8102 +2d12’(102) ;

F)(x,.3,) =V (K0, — i3, ) = (1= [V (&), = K3, ) =2V, V&1
dll = (C11K11 _CIZKIZ)/Q; dzz = (C11K12 _ClzKu)/Q; dlz =K66/C66 ; Q =C121 _Clzz;
Alel_DO’ BzCll/Q; /ulel/A5 AlzDIZ_D]OZ; D101=K11d11+K12d22;

112
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h h h
Dloz =K, d,, +K,d,,; C, = IBg(V)d7§ K, = J.B[j(y)j/d}/; D, = ng»(V)VZdVQ
“h “h )
B, =E/1-u*; B, =uB,; By =E[(2(1+ 1)); V2=V, +V,; V,=9/ox, ;
[v(x)], [6,(x)] are the jumps of displacements and rotation angle; 5(») is the Dirac delta function;

R is the radius of the shell median surface.
For the shell under consideration with a crack

x)’)

n

<1, y, =0 the distortion field [14] charac-

terizing the jumps of displacements and rotation angle on the line of m th crack has the following
form:

005,00 = K0 05,00, =03 5,0, = [, )1600,): €53, = e, ) 100, )
0 1 1 , o 1 d
K7, = —,T{[ez<xm>]5<ym>+,T[w<xm>]6 w}; K3, == s [, )10,
m m (l:ﬂ) dx’ﬂ

&)

v(x)]=y"(x,,+0) -y (x,,-0)  Vx, el [y(x)]=0 Vx, &l w={u,v,.w.0,.};u,,
v, ,w, are the components of the generalized displacements of the shell median surface.
The components of the stressed state of the shell are defined by the key functions ¢(x,,»,,),

w(x,,,y,) using the formulas

Ny=—oV g, (%j=12):  S=——V Vg,
(1) (1)
My, ==A| =V, 4, | Vi ) [+ L gy
(1) (h) (1) (2.)
H=-4, LZVIVZWM +K102 _d_zzzvlvz >
() (1)
1 2 1 0 0 A2 0,

0 =- (ll )3 V.V (AWm +dzz¢7m)_l—1vi (AKH +A1ij>_l_1vj’(12 3 A, =2(Dys —Kedy,) - (6)
If we introduce the complex stress function ®(x,,,y,,) in the form [15]

®(x,.5,)=w(x,.,)+iNB/A9(x,.7,). ™
a system of differential equations (4) is reduced to a key equation:

V (V=25 )@(x,,3,) = —RA'S* (F(x,,7,) ~iN4BF) (x,.7,)) ®)
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where A7 =ABI} [(R(AB+C?)); s* =C/\JAB +i; C=d,,: i=~-1.
Using the Fourier integral transform [16] the fundamental solution ®,(x,,,y,,) of equation
VH(V2 =557 )@y (x,,,0,) = 45°5 (x,) 5 (1)

is obtained in the form

D, (%,,3,) =] Ko (45 1,)-Inr, | /@), ©)

where 7> =x2 +y2; K, (z) is the Macdonald function.

Integral equations of the problem

On the basis of formula (9), the right-hand side of equation (8) and the convolution operation, we
obtain the expressions for KD(xm, ym) and then, taking into account Eq. (7), the key functions

?(x,.»,) and w(x,,,)

1

q, (x,,,,ym)=:—;r [{lv(&)]@, (x, =£.3,)-VAB[6,(£)]F (x, - £.3,)} €, (i=12),  (10)
where ¢,(x,,,,)=w(x,,7,); &) =0(%,0,)s @=L+, @ =4

Fy = fy = (1= 1) f,+(d /s +dp, ;)N 4B . Fy=pfo+(1- 1) f; +(d f, +dy, /)N AB ;
.f]‘zw1yr2n/p2+y/3; f2=1//2y§,/p2—l//4; fs=aQ,-Q;  fi=aQ, -Q,);

‘//1:4/(%2:02)"'294/(/11/0)_]{5;‘//2:293/(/11p)_f6;1//3:2/(112p2)+g4/(/11,0);
v, =Q./(4 p); 93(0!)=£91(“); 94(0)=£92(0{);

Ql(a)=—i|:K0 (/’i'lSIO)_KO (/’i'l?p)]a 92(0{)=K0 (/113/0)+Ko (AAEIO)Q ,02 =Z2+yf,;
z=x,-&; a=C/NAB;5=a-i; ¢ =RI; cz=cl\/A/73.

Substituting the relations (10) into (6) we obtain the integral representations of forces and
N,,.S,., M, .M, 6 H.,O,6,N, atan arbitrary point of the shell caused by the

moments N, ,N, .S , M,,
jumps of displacements and rotation angles along the fictitious crack /! . With these expressions, the

Im> m

forces and moments at an arbitrary cross-section forming some angle £, (8,, =8, 8,) with the
line of the m th crack are defined by formulas

N, =N, sin* B, +N, cos’f, —S sin2f, ;
Snm = %(NZm - Nlm) Sin Zﬁnm + Sm Cos 2ﬁnm ’

_ . 2 2 . .
an_MlmSIn ﬂnm+M2mCOS ﬂnm_HmSleﬂnm’
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1 .
H, = E(Mzm -M,)sin2f, +H, cos2f, ;
Qnm = _le Sin ﬁnm + QZm cos ﬁnm : (1 1)

On the basis of formulas (11), (10) and (6), we define the forces and moments on the line of nth
crack /! caused by the jumps of displacements and rotation angles at the crack /! using the relation
between the local coordinate systems

X, =(xS —x,?,)cosﬂm +(y3—y31)sinﬂm +x,cos 3, —y,sinf, ;

0 0 0 0 . .
v, =, —y,)cosf, —(x,—x,)sinf, +x,sinf, +y, cosf .

If we sum the forces and moments on the line of nth crack caused by the jumps of
displacements and rotation angles of each of &k cracks and demand that those sums satisfy the given
conditions (1) at the crack I, then we obtain a system of four integral equations in 4k unknown
functions. Having constructed such equations for each of k& cracks we obtain a system of 4k
singular integral equations to define 4k unknown functions characterizing the jumps of
displacements and rotation angles along these cracks.

This system reads

Pl 53 KL 5, s =, ).

i L

x,€ll (n=1,.,k;i=1,2,3,4). (12)

Here f0= f,(n=12.3); fi,=f +C,; wm(s>=%[vn<s)]; wz,,(s)=%[un(s>];

_ .d _d|daw, ()], 2=L-
1//3,,(3)_ Rcds[®2n(s)] I//4n(s) ds[ ds :| ¢ RZ'\/M’

K/ (s,x,) are continuous functions for the whole set of real values s, x,; d, are the given
constant values; C, are the integration constants.
The solutions to the system (12) should satisfy the conditions:

jy/m(s)ds:o (i=1,2,3,4) ; ﬂ%n(s)dsds:o, (n=1,..,k), (13)

b

ensuring the uniqueness of displacements and angles of rotation at the tips of fictitious cracks.

Note that in the system of integral equations (12) the limits of integration are unknown, since the
sizes of plastic zones are unknown, and, hence, the lengths of fictitious cracks are unknown too.
Besides, the functions f;'(x,) contain the unknowns N, §® M Q0¥ (i=2,3) acting at the faces
of fictitious cracks as response of plastic zones to the shell elastic material. Hence, the system (12)
should be supplemented by some additional conditions in order to construct the solution. It would
appear natural that the plasticity conditions and conditions of the stress boundedness in plastic zone
(near the tips of fictitious cracks) are the conditions which N, 8% M® 0% (i=2,3) should
satisfy.
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The solution of system (12) is constructed using the generalization of a variant (proposed earlier
[17]) of the method of mechanical quadratures for solving one equation. The functions f; (x,)
contained in the right-hand sides of system (12) have discontinuities at points s=x, (x, are the
coordinates of the tip of the real crack). Comparison of analytic solutions of the system of canonical
singular equations corresponding to the system (12) (K. (s,x,)=0) with the corresponding
solutions obtained using the method of mechanical quadratures has shown that application of this
method directly to the systems with discontinuous right-hand sides leads to substantial errors in the

solution in the vicinity of points s=x,, where the behavior of the solution is of great interest.

Therefore, when constructing the solutions to the systems of type (12), the method proposed for one
equation of analogous type in [18] is applied. For this purpose the unknown functions i, are given

in the form of the sum
W) =h, () +F,(s). 14)
Here 4, (s) is the solution to a canonical system of equations

J-h,.n (s)ds

s=x,

=d fi(x),x, €l (n=1,.,ki=12734) (15)

I,

obtained using the Cauchy-type inversion formulas [11] and satisfying the conditions of Eq. (13)
type. Substituting (14) into (12) and accounting for (15), we obtain a system of singular integral
equations for F, (s). The system obtained is of the form (12) but with continuous right-hand sides.

As an example, we consider the limit equilibrium of thickness-inhomogeneous spherical shell
weakened by four cracks of the same length 2/, and depth 2d, equidistant from the origin of
coordinates xoy. The cracks form the angles S =27/k(n-1), n =1,_4, k =4 with the axis ox.
Let the shell be under internal pressure of intensity p. The crack faces are load-free (P'(x,)=0
@i =1,_4) ). Among the components of the basic stressed state only Ny =gR/2 are different from
zero. Then all the cracks are under equal conditions. The unknown zones of plastic strains near all
the cracks are the same and are equal to /¥ near the closer (to the origin of coordinates) crack tips
and to /) near the remote ones. Among the forces and moments acting in the plastic zone,
NP NO MPD M are different from zero. Therefore, from system (12) we obtain a system of
two singular integral equations to find the unknown jumps of displacement v and rotation angle 8, :

3 1‘{’ LK, (x,8)ds = f(x),i=12;[s|<1, (16)
> , s

where ,(5) =[5, ¥.(5) == {0, (9)];
S
K i{ +KU (zk):|+2K;;(s,t); K (s,0)=,(s,0);
K (s,8) = (1-0), (s,1) — Akei' (Ap) % -A T xer' (A0)dp;

K (5,0) = (1-0),(s,1) _m,-up)% ;
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K (s,0)=~(1=0)’ 9, (s.0) ~ V2’ [kei (Ap)dp; p* =5" +1; 5= —[§+?] ;

1

t=7+§; z=x-¢; z, =—[x+cf+2%j; d,=-1;d,=d, =-a; d, =a,;
o 2 v

@ = (M —dxer' (A0)+ Zp/(er’(/ip)] % - [M - Ker'(ﬂp)j iz ;
Ao 0 Ao 0

2 + 2xer’ (Ap)

’ 2
o, :( 8 + SKer'(40) +4xei’(Ap) —ﬂpKei'(/lp)j% - ( + Kei’(ﬂp)jiz;
P P

/'{(Zp2 /1[0 ﬂzpz /Ip
N 27 . 27Rc
fn(x):_Fofn; Jn(x)= D, Jn(X).

d is the distance from the center of fictitious crack to the origin of coordinates.
The solution to the system obtained is sought in the form (14), whereas the solution of the
system of integral equations for functions £, (s) (j=1,2;m=1) is found using the method of

mechanical quadratures [17]. This system is solved together with boundedness conditions for
normal force and bending moment near the crack tips; for this purpose it suffices that corresponding
stress intensity factors at the fictitious crack tips are equal to zero, i.e.

Ky(dy)) =K, (d, _I(Z)) =K,(d,)=K, (d, _1(2)) =0. (17)

The Tresca plasticity conditions in the form of a plastic hinge

0) 2 M(i)
N +|2—|=1, i=23, (18)
2ho, h'o,

or plasticity condition of a surface layer

wo 3]
—t
2ho, 2Ho,

=1, i=2,3 (19)

are employed.
In relations (17)-(19) the following notations are used: d, is the distance from the point of origin

to the nearest tip of fictitious crack; d, =d — (I + ¥ +21,)/2; d, =d, +1?® +2I,; o, is the yield

limit of the shell material. In the plasticity conditions (18), (19) it is assumed that N = const ,
MY =const, i.e. that the shell material is ideally elasto-plastic. If hardening of shell material is
taken into account, then we assume that N> and M in the plastic zones /' (i=2,3) vary
according to the linear law. So, for example, in plastic zones in the vicinity of the tips of the right
crack (3, =0) the forces N and moments M (i=2,3) take the form

NO@)=P[(x=d,)(m =D/1?+1]; NO(x)=P[(x=dy)(1-m")/1”+m" ],
MP(x)=H[(x=d,)(m -D/I? +1]; M (x)=H[(x=dy)(A-m)/IV +m’ ], (20)
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where m" =0, /0, ; 0, is the strength limit of the shell material ; P, are the unknown constants
which have to satisfy the given plasticity condition, e.g. the condition of a plastic hinge

P/@ha™ T +|H|/ (o) =1, i=2,3. Q1)
[ |H|
Then

N(i)(x) + Mm(x) _

. 1,i=2,3 22
2hoP(x) Ko ! (22)

0-(2)(x) = (x_dz)(o-g _O-T)/Z(Z) +07; 0-(3)(75) = (x_ds)(o-r _O-B)/I(S) +0p.

The method of mechanical quadratures reduces the solution of the system of singular integral
equations to a system of algebraic equations. It should be noted that the unknown sizes of plastic
strain zone enter into the system of algebric equations nonlinearly. Therefore, the algorithm of

solution is as follows. Having assigned in a certain way [ and [/, we solve the system of linear
algebraic equations. Using (17) we find N, M, i =2,3 and verify the plasticity conditions (18),
(19) or (20)-(22). If they are satisfied with the preassigned accuracy, then the problem is solved. In
the opposite case we change /” and /* and the procedure is repeated.

Integrating the obtained solution to the system of integral equations, the crack opening J(x,,,7)

at its arbitrary point is defined by the formula J(x,,, ) =[v(x, )]+ 16,(x,)].

Numerical analysis

Numerical analysis is carried out for a spherical shell with such parameters #/R=0,01; 4=0,3;
o,/0,=15; d,/h=0,5; I,/h=10; o0, /0, =1,3; Ny =Rp/2, M) =0. The shell is made of
FGM, the outer surface of which is aluminum (E, =70GPa) and the inner one is germanium

(E,; =151GPa). The elasticity modulus E(y) varies along y according to the law [6]

E(y)=(E,-E,)V+E,, V=(§+%jm, E=(y/2h); u(y)=const. (23)

P : _ . Fig. 2 shows the relative crack opening §* = SE /(I,0,) at the
point B vs. the parameter 0=/, /d (Fig. 1). The curves 1 and 2

correspond to the relative loading p/o, =0.008 and 0.012.

The solid lines correspond to the crack tips located nearer to the
origin of coordinates and the dashed lines correspond to the
remote tips. The crack opening has also been defined at the
point A. Its dependence on p has analogous nature, but the
value is greater by 20 %.

It follows from the graphs that the beginning of interaction

o1 o2 FigMZ o4 “ between four cracks located symmetrically in a spherical shell

depends both on the crack length (or distance d between them)
and on the level of internal pressure p. In particular, for p =0.0080, the interaction starts at

=025 and for p=0.0120, at p=0.2. At the beginning of interaction, as in the case of
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8 7, homogeneous shell with two through
@ 1 P ® cracks [10], the opening of the crack
/. \ N tips nearer to the origin of coordinates
! / 06 ] decreases slightly. Next, when cracks

’ \ ¥ approach, it increases rapidly. The
s b I \ Y results obtained using the plasticity
‘ \ conditions (18) or (19) differ not more
| N than by 5 %. Taking into account
02 5 hardening of shell material (conditions
0.2 0.3 04 0.5 n' 0.2 0.3 04 05 nt (20)_(22)) causes the decrease Of the
Fig. 3. crack tips opening. For example, for

m =1,2 at p=0,5 the crack opening

has decreased by 10 % and for m" =1,5, 0=0,5 by 14 %.

Fig. 3a presents the relative crack front opening & at the point A vs. relative loading
n° = Rp/(4ho,), and Fig. 3b shows the relative length of plastic strips near the crack tip 7, =1, /1

vs. n”. Calculations have been made for p=0,15 with other parameters being the same as in
Fig. 2. The solid lines correspond to the plasticity condition (18), and the dashed ones correspond to
conditions to (20)-(22) for m" =1,5. Numerical results obtained for conditions (18) differ less by
3 % than those for condition (19).

Conclusion

If critical opening of the crack front is taken as the fracture criterion, then for the considered
loading, geometric and mechanical parameters fracture of a spherical shell made of FGM weakened
by surface cracks will start at the crack depth continuation extension, i.e. at the point 4. The law of
distribution of the elasticity modulus E(y) along the shell thickness influences insignificantly its
limit equilibrium, in contrast to the ratio ¢, /0, . The plasticity condition influences insignificantly
the surface crack faces opening and the length of plastic strips near their tips.
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