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GENERALIZED PATH INDEPENDENT INTEGRAL IN LINEAR
FRACTURE MECHANICS

Ph. Bressolette*, Ch. Petitt, A. Vergne*

In linear fracture mechanics, the bilinear integral A allows di-
rect computation of stress intensity factors K1 and K with
mechanical and thermal loadings. This paper deals with a
generalization of this integral to overcome the original limi-
tation on the thermal flux and to take into account pressures
on the crack lips. These developments are illustrated through
two numerical mixed mode examples with reference solutions.
The values obtained with this approach are compared to re-
sults of classical methods and prove the accuracy and stability
of this method.

INTRODUCTION

The prediction of the behaviour of cracked structures under various kinds of
loadings is an important problem for their safety. A lot of methods have been
developed to determine the cracking parameters of such structures (Petit (1)).
Among many global methods, one of the most used is the path independent
integral Gg proposed by Suo and Combescure (2) :

Gg = / (#w()k_k + cr;‘,-u;,ko,,,,-) dav + / Bu; it k0 AV (1)
Q \4

with 8 = a(3X + 2p), A and p the Lame coefficients, a the expansion coef-
ficient, u; the displacement vector, ol the stress tensor, w the strain energy
density, T the temperature; 6 is an arbitrary vector field, continuous and
derivable in the crown § (see figure 1).

The main drawback of all global methods lies in the fact that they only
compute the energy release rate G but not the stress intensity factors K and
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K. To obtain these values, it is possible to separate the fields into symmetric
and antisymmetric parts (Bui and al. (3)), to compute G and Grr and then
the corresponding values of K1 and Ki5. Nevertheless, this step requires a
symmetric mesh around the crack tip and is very time consuming. In order
to obtain directly Kr and Kpr, Bui and al. (3) have developed the bilinear
integral A which is theoretically independent of the integration domain :

1
A= ‘/n[;ﬁ(afj,lu,- — a';‘jviyl) +7(v1,; — Y1) — y7,i(v1 — 1 )] 64,;dV (2)

where v = —Bp/2(A + 1), vi and oj; are auxiliary elastic fields (Irwin solu-
tion) and 9 a biharmonic auxiliary scalar field. This integral can be expressed
as a bilinear form of stress intensity factors :

1 * *
A= E—,(KIKI + Kr11K7jp) (3)

with E' = E in plane stress and E' = E/(1 — v?) in plane strain. In plane
strain, the proposed expression of the 1 field is :

= 21:; (_2%)1/2 (1-v) cosg (4)

and the following crack tip conditions must be respected :

o¥nj =oun; = 0 (hypl) 5 vk,jnj — pr,in; =0 (hyp2) ; Tnj = 0 (hyp3)

u
ij iJ

THEORETICAL DEVELOPMENTS

In order to enlarge the application field of integral A to any kind of ther-
mal loadings, Bressolette and all (4) propose a generalized vector field P =

(#’1 a"/}z) :

Py = Ar (—r—)l/z (k+1)cosg+ s (—T—>1/2 (k‘+1)sina— (5)

T oou \27 2 2u \2w 2

K}/ 1/2 L a Kijgr 1/2 a

T — .. Re— k = _—
Y2 =3, (27r> (k+1)sing =5, (27r) (k—=3)cos 5 (6)

This expression can be used in plane strain (k = 3 — 4v) and plane stress
(k= (3—v)/(1+v)) Furthermore, to take into account pressure vector field
P along the crack lips (L), we propose the generalized A integral as follow :
1.
A= /ﬂ[——é (03 xui — oFivik) +¥7(Vkj — Pr,j) — 170V — 1l’k)] Ox,; dV

- l/P,-'u,-,_,,- 0;dz, (7)
2 JL
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NUMERICAL RESULTS

In order to assess the presented method, a comparative analysis is proposed
on two mixed mode cracks with reference solutions. We use the finite ele-
ment code Castem2000 for all the computations presented here and all the
meshes use quadratic isoparametric elements with radiating mesh around the
crack tip in order to produce regular crowns. For these examples the results
obtained with the A-integral are compared for the 5 first crowns (called Ci,
i = 1,5) with the results obtained with the Gg-method.

First example

This application concerns a plate with inclined crack under uniform ten-
sile loading (Kitagawa and Yuuki (5)). The computation is made with the
hypothesis of plane stress. The numerical data are the following (see Figure
2) &

e Geometry : 2 = 100 mm, 2w = 50 mm,2a = 20 mm (a/w = 0.4)
o Material properties and loading : E = 2 10* MPa,v =0.3,0 =1 MPa
¢ Reference solution : Ky = 4.74 MPa.mm!/? |Kir = 2.52 MPa.mm?!/?

TABLE 1 — Plate with inclined crack (K in MPamm!/?, G in MPa.mm)

C, Cy Cs Ca Cs
G | 1.4410-° | 1.44107® | 1.44107% |1.44107% | 1.4410°°
A | Kr 4.74 4.74 4.74 4.74 4.74
K| 253 2.52 2.52 2.52 2.52
G |1.44107® |1.44107% |1.44107° | 1.4410°° 1.441073
Ge | Kr 4.73 4.74 4.74 4.74 4.74%
| | Kir| 252 2.52 2.52 2.52 252 |

The results obtained with A-integral and Gg-method are presented in
table 1 (in order to obtain the values of K7 and Ky with the G¢-method,
the displacement field is separated into symmetric and antisymmetric parts).
These values can be compared with those obtained using the classical crack
opening displacement method (COD) : K1 = 4.61, Kir = 2.45 (MPa.mm!/?).
From table 1, we can conclude that both A-integral and Gg-method give very
accurate results (specially when compared with COD). Furthermore, the val-
ues are independent of the integration crown.
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Second example

The second example is a plate with horizontal crack submitted to uni-
form pressures on the crack lips (Rooke and Cartwright (6)). Plane strain
assumption is considered. In order to apply accurately the pressure on the
crack lips, the mesh is refined along the crack. The numerical data are (see
Figure 3) :

o Geometry : 2b = 1600 mm,2h = 1400 mm,2a = 200 mm
e Material properties, loading : E=210* MPa,v=0.3,P,=1,P,=2 (MPa)
o Reference solution : K = 35.45 MPa.mm/? [ Ky = 17.72 MPa.mm?/?

TABLE 2 - Plate with horizontal crack (K in MPa.mm!/?, G in M Pa.mm)

C: C, Cs Cy Cs
’7 G | 7141072 | 7.1210°2 | 7.12 10~2 | 7.12107% | 7.121072
A | Kr 35.51 35.51 35.50 35.50 35.50
Krr 17.53 17.46 17.45 17.45 17.45
G 7.0910°2 | 7.111072 | 7.11107% | 7.11 1072 | 7.111072
Ge | Kr 35.2b 35.31 35.32 35.32 35.32
Krr 14.60 15.00 15.00 15.00 15.00

The results obtained with the two integrals are listed in table 2. With
COD method, we obtain Ky = 36.18, Kyr = 17.87 (MPamm'/?). As pre-
viously, in order to obtain the values of K1 and Kjr with the Gg-method,
the fields are separated into symmetric and antisymmetric parts. From table
2, A-integral give results very close to the reference values, which is not the
case for the Gg-method in particular for Kry. This discrepancy is due to the
separation of the fields because the value of G is accurate. Nevertheless, both
integral methods give results independent of the integration crown.

CONCLUSION

Because of its bilinear form, the A-integral enable to compute directly the
stress intensity factors in case of mixed mode of fracture. In this paper, a
generalization in order to take into account any thermal loading and pressure
on the crack lips is proposed. From the examples presented (and many other
(4)), the new formulation proves to be accurate and stable. We try currently
to extend this method to the axisymmetric case. In this case, the main
difficulty lies in the fact that there is no analytical solution for the auxiliary
fields.
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Figure 1 Domain and integration crown
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Figure 2 Plate with inclined crack : model and mesh
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Figure 3 Plate with horizontal crack : model and mesh
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