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Statistical Fracture Analysis in SiC,,-Si_»,N,. Composites

P. Lipetzky* and W. Kreher”

Crack advance in multi-phase composites 18 influenced not
only by the externally applied loads, but also the internal
residual stresses arising from thermal expansion mismatch
and the strength of individual components. The influence
of internal stresses is pronounced in brittle materials due
to their sensitivity to local stress concentrations. The ma-
terial being modelled in the current investigation is a SiC-
reinforced SizNy composite with a random microstructure
and a range of volume fractions. particle sizes and interfa-
cial toughnesses. The variable with the strongest influence

on the apparent crack resistance 1is interfacial toughness.

INTRODUCTION

The analysis of crack advance and specimen failure necessarily involves
the analysis of the stress state that exists in the neighborhood of a crack
tip which arises from either internal or external sources. In ceramic ma-
terials a common source of internal stress is the thermal expansion ani-
sotropy or mismatch in any one or more of the components. For ceramic
composites these effects can be particularly important due to relatively
high processing temperatures, combined with the fact that stress rela-
xation occurs primarily through limited visco-plastic flow. Calculations
have shown, in fact, that thermal stresses can arise which are in the

range of material strength, so thermal stresses can greatly influence the
fracture behavior of the composite.

In order to more closely approximate actual material behavior this
investigation considers random, rather than deterministic residual stress
calculations. Previous statistical analyses of crack propagation have been
extensive but have not focussed on the influence of random residual stres-

ses and second phase particles on crack path. For example, Chudnovsky
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and Kunin have addressed the problem of a crack growing in a brittle
solid which contains randomly fluctuating strength properties [1]. Alt-
hough their work statistically analyzes crack advance, they considered no
influence of second phase particles on the crack deflection mechanisms.
In the present work, the effects of fluctuating random internal stresses
and variable interfacial toughness on the behavior of cracks in a ceramic
composite are examined.

MODEL AND METHOD

Crack propagation in this composite is influenced by both random and
deterministic quantities, thus an appropriate model must also account for
these factors. The model used in the current investigation, shown sche-
matically in Figure 1, is developed for the simplified case of a through,
planar crack which crosses many microstructural features in a two-phase
composite as is typically encountered in a fracture toughness test. The
residual stresses that arise in the material generate internal stress inten-
sity factors (SIF’s) both of mode I and mode II opening denoted by A,
and Ky, respectively. In addition to the randomness of the stresses or
driving forces, a weak particle-matrix interface and variable particle posi-
tion correspond to the case of a random level of crack resistance. Distinct
values are given to the fracture resistance, I', of the matrix, particle and
interface, generating possible I'(8) curves where 6 is the angle measured
from the main crack plane. Total energy release rate and fracture resi-
stance curves are then compared for many possible combinations of stress
and geometry in order to determine the probability and nature of crack
extension. The fracture criterion that will be used for the remainder of
this work is therefore based on the inequality,

G(6) > T(6) (1)

where G is the energy release rate. Other criteria can also be applied.

A critical aspect of this investigation is the proper determination
of the random stresses that arise in the unloaded material due to the
differential thermal expansion. There are many deterministic field cal-
culations in the literature based on FEM and BEM results, however
considering the random microstructure of composite materials, it is ne-
cessary to apply a direct statistical theory. This type of analysis was
initiated primarily by Beran [2,3]. Scientists working in this field often
must assume simplified forms of the microstrucural correlation function
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and elastic field interaction. However, a more general model is available
which takes into account some microstructural information as well as glo-
bal information contained in the measured or calculated effective elastic
constants. This is the Maximum Entropy Formalism which can be used
for the determination of average component stresses and fluctuation of
the internal stress or strain field [4,5]. We shall use the Entropy method
to calculate the stress distributions here because of its non-deterministic
nature and its link to measurable mechanical properties.

With the knowledge of the probability characteristics the stress dis-
tributions must obey it is possible to randomly select specific values to
be used in the approximation of internal stress intensity factors. Given
possible combinations of internal stresses, the internal mode I and II SIF
for a planar crack of length o with tips located at z = 0,a are calculated

as [6]:
Kp(a) = \/%/; ari(eh/ 7 i —ilz (2)

where o = oy and o1 = oy Here, o(z) is the stress distribution that
exists in the material along the crack line in the uncracked composite and
K(a) is the SIF at location a. The superpositioning of external tension
approximately increases the SIF values according to the equation for an
elastically homogeneous body, Kr= Ki+ K= Ki{+ a;y\/Y_a where a is the
total crack length, K is the residual stress generated SIF, K is the total
SIF and Y depends on the sample geometry (Y = % for an internal crack).
Subsequently each realization of the mode I and 11 stress intensity factors
can be used to calculate an energy release rate distribution as a function
of angle from the crack tip according to a homogeneous approximation
function (7).

The knowledge of possible internal stress intensity factors and energy
release rates leads to our ultimate goal of characterizing the probability
and nature of crack growth. This problem is addressed using the Monte
Carlo method, wherein the crack extension probability is calculated as
the percentage of total realizations which satisfies the inequality, G(8) > T
Crack extension probability is then correlated with the applied load to
determine the macroscopic toughness.
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RESULTS

The data necessary for these calculations are the Young's modulus. Pois-
son’s ratio, and o the coeflicient of thermal expansion of the material
components, SiC and SizN, [8,9,10]. From the Maximum Entropy For-
malism of Kreher and Pompe it follows that the residual stresses can be
described by Gaussian probability densities. The expectation values and
standard deviations of the residual stresses in the matrix and particles
are given in Table 1 [5,9]. The residual stresses in each crack segment

TABLE 1
Material < Opg >=< Tyy > at, & Try > Ao,
matrix -83 MPa 82 MPa 0 MPa 45 MPa
particles 195 MPa 85 MPa 0 MPa 53 MPa

are therefore randomly assigned from within these distributions. The
geometrical factors of the model are based on the two mean particle
diameters of 20 and 50 pm and the volume fractions of 10, 20 and 30 %.

We must now examine the internally generated SIF because they
necessarily alter the externally applied value. Results show that the ave-
rage values of K} ;; are -0.5 and 0.0 M Pa/m respectively, with standard
deviations of roughly 1:5M Pa\/m. Recall that because the externally ap-
plied load is zero the randomness of the total stress intensity factors is a
direct result of the many possible stress states that may exist in a random
microstructure along a given crack.

Failure probability as defined above is the probability that a given
realization of Ky will result in an energy release rate greater than the
critical value. It is understood to be a "failure criterion” because it
corresponds to the onset of crack advance. Figure 2 shows the failure
probability as a function of K¢ for the cases I'in = 70:%, 30-% and 102,
The maximum value of 70 is chosen to equal the fracture resistance of
the components. Decreasing the fracture resistance of the interface ne-
cessarily influences the failure probability of the composite by opening
avenues for crack advance at energy release rates lower than the critical
values for the constituents. Figure 2 shows quantitatively that decrea-
sing the crack growth resistance of the interface increases the probability
of failure at a given load. The orientation of the interface also plays a
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role. therefore we assume that any position on the particle profile can be
struck with an equal probability.

In order to predict directly measurable quantities we must now calcu-
late the first order moment of the probability density which corresponds
to the average macroscopic toughness of the specimen. First, the failure
probability curves as shown in Figure 2 are used for the determination of
the probability densities as a function of K7f and subsequently G5. Then
the average critical toughness, G. is calculated. Figure 3 summarizes
these results for various material combinations. Notice that a macrosco-
pic G% can be applied that is significantly higher than the critical energy
release rate of the components prior to the onset of crack advance as
a result of residual stresses. As shown in Figure 3. the average G7 at
failure is a strong function of interfacial crack growth resistance until the
interfacial toughness exceeds roughly 50% of the component value. Large
particles result in composites which are able to sustain higher G* prior to
the onset of crack advance while volume fraction has only a small effect

[11].

It is also possible to calculate other experimentally observable quan-
tities such as the amount of interfacial failure because as seen above, a
crack can be classified clearly as interfacial or transparticle. Utilizing the
above results, the calculated percentages of interfacial failure (PIF) as
a function of T, are plotted in Figure 4. In addition to the amount of
interfacial failure, it is also of interest to determine the topology of the
crack path as an indication of possible fracture surface roughness. The
calculations show that roughness increases with increasing particle size
and decreasing interfacial toughness. Roughness in all material combi-
nations is on the order of the particle size.

DISCUSSION

The failure probabilities and subsequent calculations detailed above fa-
cilitate the understanding of the influence of interfacial toughness and
residual stress fluctuations on local crack advance in a heterogeneous mi-
crostructure. As shown on Figure 3, significant global weakening does
not occur until interfacial crack resistance decreases below ~ 307 - m=2.
In contrast, Figure 4 shows a significant increase in PIF as interfacial
toughness decreases. In order to substantiate this result we will consider
the amount of interfacial failure predicted by a different theory. Figure 4
shows the variation in the amount of interfacial fracture predicted here
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compared to that shown by Krell and Blank using an analytical model
proposed by Cotterell and Rice [12,13]. Although the approaches are
very different, the agreement is very good. This comparison is of parti-
cular interest because both of the models apply to a long, straight crack
with a small increment of the crack tip extending out of the main crack
plane.

Given the correlation between fracture surface roughness and &7, in
some brittle materials, the results given here may reasonably be com-
bined to predict an optimum composition for a given application. For
example, increasing the amount of interfacial or intergranular fracture
(crack deflection) has clear implications for fracture surface roughness
and macroscopic crack resistance. Therefore the promotion of crack de-
flection may be necessary if higher toughness is desirable [14,15,16,17].
Alternatively decreasing T;,, lowers the average G¢ that a specimen can
sustain before crack advance begins. These two factors must therefore
be considered together due to their offsetting effects.

The final point of analysis for this model is in regard to the location
of the crack tip which has been assumed to end in the matrix phase as
shown in Figure 1. Physically, the crack tip may be in either phase as
well as on the interface. However, when the crack ends in a particle it
will see an increased K at its tip because of the tensile residual stresses.
Therefore, upon loading the crack will start propagating into the matrix
and become arrested because of the compressive residual stresses in the
matrix phase. Thus a situation with the crack tip inside the particle will
stably become the situation considered in our theory.

SUMMARY AND CONCLUSION

The stochastic analysis of crack growth presented above shows that ma-
croscopic failure analysis of heterogeneous materials cannot be complete
without considering microscopic crack advance as affected by both local
and global variables. Internal stresses and their fluctuations as well as
the toughness of individual components and interfaces have been shown
to be important. This is most clearly demonstrated in the present results
by the fact that the applied K or G necessary to advance a crack can be
up to 30% higher than the critical values of the constituent materials
due to residual stress effects. Furthermore, the effective toughness is at
least as high as the component toughness until the critical energy release
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rate of the interface decreases to roughly less than 50 % of the compo-
nent crack resistance. This result is directly attributed to the effects of
residual compression in the matrix and lower energy release rates when
a crack deviates from its original plane. This is not to say that residual
stresses alone will create such observable changes, only that the influence
is strong and complete analysis must include such effects. However, other
potentially important factors such as crack bridging are being neglected.
To further verify the results of this model deterministic FE calculati-
ons can be made to quantify the effects of a particle and interface on
the energy release rate distribution at a crack tip. This should be done
to compare the predictions of the present statistical theory with several
deterministic microstructural arrangements.
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Figure 1 Schematic of the two-dimensional crack-particle model.
A long, planar crack terminates at a particle-matrix interface.

Failure Probability

Applied K (MPa {m)

Figure 2 Failure Probability plotted as a function of applied K;
for a range of interfacial fracture resistance. T
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Figure 3 Average macroscopic toughness values plotted as a funct-
ion of interfacial toughness. Camponent toughness equals 70 J/mz.
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Figure 4 Predicted values of PIF plotted as a function of inter-
facial toughness. Results compare well to an analytical model. - -
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