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ABSTRACT.  The evaluation of the crack initiation and propagation under different 
environmental conditions is of great interest for many engineering applications.  Several 
crack growth criteria have been proposed in the last decades, but each criterion can be 
employed only for particular loading situations, environmental conditions and materials. 
In the present paper, an extension of the criterion known as R-criterion (minimum 
extension of the core plastic zone) is proposed in order to take into account the 
environmental temperature dependence.  The modified criterion is herein employed to 
predict the crack growth path in an edge-cracked finite plate under tension, by using a 
simplified procedure to determine the Stress-Intensity Factor.  Then, some experimental 
mixed-mode fracture tests performed on edge-cracked aluminium alloy plates at different 
temperatures are described.  Finally, the theoretical results are compared with the 
experimental data. 
 
 
INTRODUCTION 
 
The evaluation of the crack initiation and propagation under different environmental 
conditions is of great interest for many engineering applications.  Since several practical 
cases involve mixed-mode fracture, an appropriate theory to correctly describe the crack 
growth in such situations is needed.  In the last decades, many criteria (e.g. [1-11]) have 
been proposed in order to determine the crack propagation paths under mixed mode 
loading. 

When experimental crack growth data are compared with theoretical predictions, it is 
quite difficult to find a criterion which can cope with all the possible situations (loading 
types, environmental conditions, materials).  In the present paper, an extension of the R-
criterion [9, 11] is proposed in order to take into account the environmental temperature 
dependence.  Some displacement-controlled fracture tests at different temperatures are 
described for aluminium alloy plates under mixed mode (I+II) loading.  The extended R-
criterion  is assessed  by comparing theoretical results with experimental data obtained. 
 
 
REVIEW OF SOME CRACK PROPAGATION CRITERIA 
 
Some crack propagation criteria are briefly reviewed in the present section. 

According to the maximum principal stress criterion (MTS-criterion) proposed by 
Erdogan and Sih [1], crack grows perpendicular to the maximum principal stress direction.  
Analytically, it can be stated as follows: 
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where the polar coordinate θ  is shown in Fig.1. 
According to the M-criterion proposed by Kong et al. [7], the crack propagation 

direction is defined by the maximum value of the stress triaxiality ratio eqHM σσ /=  
around the crack tip ( Hσ  is the hydrostatic stress, whereas eqσ  is the equivalent stress 
which can be assumed equal to the Von Mises stress).  Analytically, the criterion can be 
stated as follows: 
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Following the minimum strain energy density criterion (S-criterion) proposed by Sih 
[2, 3], crack grows in the direction of minimum of the strain energy density S  around the 
crack tip.  Analytically, the criterion  can be stated as follows: 
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The angle θ  between the initial crack and the crack growth direction can be determined 
by solving the following equation: ( ) 01cos3sen =−⋅⋅+ θθ III KK . 

According to the maximum dilatational strain energy density criterion (T-criterion) 
proposed by Theocaris et al. [4-6], crack grows in the direction of maximum of the 
dilatational strain energy density VT  around the crack tip.  The criterion can be written as 
follows: 
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where 2
2

1 2III p −=  with 21  , II  the first and the second stress tensor invariants, 
respectively.  On the other hand, the distortional strain energy DT  along the boundary of 
the Von Mises plastic zone is constant and equal to the yield stress and, therefore, cannot 
be used to find a minimum value. 
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Figure 1. Graphical representation of the R-criterion. 



From experimental results, it can be observed that the crack propagation direction tends 
to follow the local or global minimum extension of the plastic core region.  From a 
physical point of view, it can be explained by considering that the plastic core region is a 
high-strain area, and the crack tends to reach the elastic region of the material outside the 
plastic zone, propagating through the plastic region which develops around the crack tip.  
Therefore, it is reasonable to assume that crack follows the “easiest” path to reach the 
elastic region.  Such a path can be assumed to coincide with the shortest path from the 
crack tip to the elastic material, as is stated by the R-criterion  proposed by Shafique et al. 
[9, 11] (Fig. 4).  Mathematically, the R-criterion  can be written as follows: 
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where )(θpR  is the function which defines the distance from the crack tip to a generic 
point of the plastic zone boundary 0),( 21 =JIF  (Fig. 1).  When the conditions stated in 
eqns (5) are fulfilled, the crack propagation direction vector t  is determined (Fig. 1). 

Besides the above criteria, other crack growth criteria have been proposed (for 
example, see [8, 10]). 
 
Extension of the R-criterion 
The R-criterion has a well-defined physical meaning, and can be extended in order to take 
into account the environmental temperature effects on crack propagation.  Since the yield 
stress and the yield function (necessary to identify the plastic core region) are strongly 
dependent on the environmental conditions, the crack growth criterion can be modified as 
is hereafter proposed. 

As is well-known, materials usually show a sort of embrittlement by decreasing 
temperature, while large plastic deformations occur at high temperatures.  A Drucker-
Prager-like yield criterion can be considered in order to quantitatively describe such a 
behaviour.  A generalisation of the yield function could be written as follows: 
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deviatoric stress invariant, respectively, whereas )( ),( TT βα  and )(Tk  are three 
temperature-dependent parameters of the material.  The parameters )(Tα  and )(Tβ  
respectively represent the hydrostatic and the deviatoric stress dependence on the 
temperature, and )(Tk  defines the temperature-dependent yield stress. 

The generalised yield function can be rewritten in the classical Drucker form: 

0)()(),( 2121 =−+⋅= TJITJIF κγ  (7)

where )(/)()( TTT βαγ =  and )(/)()( TTkT βκ =  can be obtained through the following 
expressions (according to the Drucker formulation): 
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with )( ),( TT tc σσ  equal to the compressive and the tensile yield temperature-dependent 
stress of the material, respectively. 

If the tensile strength and the compressive strength are equal to each other and 
characterised by the same temperature dependence ( )()()( TTT ytc σσσ == , typical of 
metal-like materials at ordinary or high temperatures),  the yield condition becomes: 
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that is, we obtain the classical Von Mises criterion. 
On the other hand, a brittle behaviour can be observed at very low temperatures: in 

such a case, the tensile strength can be assumed to be much more lower than the 
compressive one (i.e. )()()( TTT yct σσσ =<< ), and the yield condition reduces to: 

3
1)(   with   0)(33),( 2121 ≅=⋅−+= TTJIJIF γκ  (10)

which is a hydrostatic stress-dependent law (i.e. a particular case of the Drucker criterion). 
 

For intermediate values of the temperature, a transition behaviour can be assumed 
between the situations described by eqns (9) and eqns (10)  (Fig.2). 
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Figure 2. Generalised Drucker criterion. 
 
 
EXPERIMENTAL TESTS 
 
Thin edge-cracked aluminium alloy plates have been subjected to mixed-mode loading  at 
different temperatures (below and above 0 ºC), by employing a universal test machine 
under uniaxial displacement control conditions (Fig. 3).  The material is characterised by 
the following mechanical and physical parameters: ,76GPaE =  ,34.0=ν  ,330MPay =σ  

15 º 1031.3 −−⋅= Cλ  (Young modulus, Poisson coefficient, yield stress, thermal expansion 



coefficient, respectively).  The plate and crack sizes are: mm 3.1240120 ××=×× thb , 
initial crack length cm 60 =a  with different values of the initial orientation 
( º90,º45,º300 =θ ),  measured with respect to the loading direction (Fig. 3a). 

From the experimental results, it can be deduced that the environmental temperature 
does not heavily influence the crack paths, independent of the initial crack orientation 
value, but the failure mode changes from brittle-  (for T = -20 ºC)  to ductile-type (for T = 
+80 ºC).  As an example, crack paths for º300 =θ  are shown in Fig. 4a to c. 
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Figure 3. Experimental set-up. 

 

  
 

Figure 4. Crack paths and final collapsed configurations for aluminium plates with an initial 
crack having º300 =θ ,  in the case of  T  equal to : (a) Cº20− , (b) Cº20+ , (c) Cº80+ . 
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NUMERICAL SIMULATIONS 
 
The Mode I and Mode II SIFs under remote tension have been evaluated by Hasebe and 
Inohara [12] for a semi-infinite plate with an inclined edge crack, whereas SIFs results for 
the corresponding finite plate can be found in [13, 14].  Since cracks do not generally 
remain straight during crack growth [15], the following approximation is considered in the 
present study: at each stage )2(  >ii  of crack propagation (simulated by using a small 
straight crack increment with length da , Fig, 5a), the SIFs are assumed to be the same as 
those of an equivalent straight crack with length ia  and orientation 1−= ii θβ  (Fig. 5a).   
Mode I and Mode II SIFs determined through the above method and those obtained from a 
FE analysis are reported in Fig. 5b for cracks with a two-straight-segment shape 
( º4510 == θθ  and different angles 2θ ).  Plane stress condition is assumed.  The 
approximate results seem to be appropriate and, therefore, are used in the numerical crack 
growth simulations below. 
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Figure 5. (a) Edge-cracked finite plate. (b) SIFs, obtained from a simplified method 

(present study) and a FE analysis,  for cracks with a two-straight-segment shape. 
 
 

In Fig. 6, numerical crack paths determined through the modified R-criterion are shown 
for three different initial angles ( º90,º45,º300 =θ ), at (a) low ( Cº20− ), (b) room 
( Cº20+ ), (c) high temperature ( Cº80+ ).  The extensions of the plastic regions for the 
first steps of crack growth are also reported.  For the temperature range considered in our 
tests, compressive yield stress ( cσ ) and tensile yield stress ( tσ ) have been experimentally 
observed to slightly increase with decreasing temperature, and the following relationship 
can describe such a behaviour: 
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Figure 6. Numerical crack paths for initial cracks having ,90º,45ºº300 =θ ,  in the case of 
T  equal to : (a) Cº20− , (b) Cº20+ , (c) Cº80+ . 

 
 
where tc,σ  (i.e. cσ  or tσ ) is expressed in Pa, and the reference room temperature 0T  is 
expressed in °C. 

It can be remarked that, for the temperature range examined in the present study, the 
numerical crack paths plotted in Fig. 6 are almost independent of the temperature (as has 
also occurred in the experimental tests) since the yield criterion practically reduces to that 
in eqn (9) (Mises criterion) and the yield surface shape is almost independent of 
temperature.  In other words, for the temperature range considered, the ratio )(/)( TT cc σσ  
is equal to about 1 (by using the relationship of )(, Ttcσ  reported in eqn 11) and the 
hydrostatic stress dependence on the temperature is practically absent. 

On the other hand, for temperatures lower than those considered, the yield condition 
could be assumed as a hydrostatic stress-dependent law (eqns 7 and 8), and the crack paths 
would show different patterns for different temperatures.  As a matter of fact, by 
decreasing temperature, the ratio tc σσ /  increases, the parameter )(Tγ  increases (see eqn 
8), and the hydrostatic stress dependence automatically derives from eqn (7). 



 
CONCLUSIONS 
 
In the present paper, the influence of the environmental temperature on the crack growth 
in aluminium alloy specimens is analysed.  Some experimental tests have been conducted 
at different temperatures in order to observe the related crack paths.  It can be remarked 
that, in the temperature range considered, the crack paths are practically the same for all 
the cases examined. 

An extension of the R-criterion is proposed in order to take into account the 
temperature effects.  Some simulations are performed and the results obtained are 
compared with the experimental data to assess such a theoretical approach.  
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