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ABSTRACT 

The so-called Complexity Sciences are a topic of fast growing interest inside the scientific community. 
Actually, researchers did not come to a definition of complexity, since it manifests itself in so many 
different ways [1]. This field itself is not a single discipline, but rather a heterogeneous amalgam of 
different techniques of mathematics and science. In fact,  under the label of Complexity Sciences we 
comprehend a large variety of approaches: nonlinear dynamics, deterministic chaos theory, 
nonequilibrium thermodynamics, fractal geometry, intermediate asymptotics, complete and incomplete 
similarity, renormalization group theory, catastrophe theory, self-organized criticality, neural networks, 
cellular automata, fuzzy logic, etc.  
Aim of this paper is at providing insight into the role of complexity in the field of Materials Science and 
Fracture Mechanics [2-3]. The presented examples will be concerned with the snap-back instabilities in 
the structural behaviour of composite structures (Carpinteri [4-6]), the occurrence of fractal patterns 
and self-similarity in material damage and deformation of heterogeneous materials, and the apparent 
scaling on the nominal mechanical properties of disordered materials (Carpinteri [7,8]). Further 
examples will deal with criticality in the acoustic emissions of damaged structures and with scaling in 
the time-to-failure (Carpinteri et al. [9]). Eventually, results on the transition towards chaos in the 
dynamics of cracked beams will be reported (Carpinteri and Pugno [10,11]). 
 

 
1. INTRODUCTION 

Complexity, as a discipline, generally refers to the study of large-scale systems with many interacting 
components, in which the overall system behaviour is qualitatively different from (and not encoded in) 
the behaviour of its components. Complex systems lie somehow in between perfect order and 
complete randomness –the two extreme conditions that occur only very seldom in nature– and exhibit 
one or more  common characteristics, such as: sensitivity to initial conditions, pattern formation, 
spontaneous self-organization, emergence of cooperation, hierarchical or multiscale structure, 
collective properties beyond those directly contained in the parts, scale effects.  
Complexity has two distinct and almost opposite meanings: the first goes back to Kolmogorov’s 
reformulation of probability and his algorithmic theory of randomness via a measure of complexity, now 
referred to as Kolmogorov Complexity [1]; the second to the Shannon’s studies of communication 
channels via his notion of information. In both cases, complexity is a synonym of disorder and lack of a 
structure: the more random a process is, the more complex it results to be. The second meaning of 
complexity refers instead to how intricate, hierarchical, structured and sophisticated a process is. 
Associated with these two almost opposite meanings, are two natural trends of composite systems, 
and two corresponding questions: how does order and structure emerge from large, complicated 
systems? And, conversely, how do randomness and chaos arise from systems with only simple 
constituents, whose behaviour does not directly encode randomness? The former case is typical of all 
those phenomena which could be described through the concepts of scale invariance, phase transition, 
and with the use of power laws. The latter case is that of instability and bifurcations and of dynamical 
systems showing chaotic attractors and transition to chaos. In this paper, several fracture mechanics 
applications will be shown, in which both trends are present.     
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2. THE NONLINEAR COHESIVE CRACK MODEL: SNAP-BACK INSTABILITY AS A CUSP 

CATASTROPHE 

The first example dates back to the 1980’s, when the senior author [4-6] approached the snap-back 
instability of cracked bodies with a Cohesive Crack model, which can be interpreted in the general 
framework of Catastrophe Theory (Thom [12]). This first section is thus devoted to a brief review of the 
ductile-to-brittle transition in the mechanical behaviour of cracked solids, described by means of the 
Cohesive Crack model.  
The Cohesive Crack Model was initially proposed by Barenblatt [13] and Dugdale [14]. Subsequently, 
Dugdale’s model was reconsidered by several other Authors (for a review see [15]); Hillerborg et al. 
[16] proposed the Fictitious Crack Model in order to study crack propagation in concrete. The cohesive 
crack model is based on the following assumptions ([4,15]):  

1. The cohesive fracture zone (plastic or process zone) begins to develop when the maximum principal 

stress achieves the ultimate tensile strength σu. 

2. The material in the process zone is partially damaged but still able to transfer stress. Such a stress 
is  dependent on the crack opening displacement w. The energy GF necessary to produce a unit crack 

surface is given by the area under the σ – w diagram. 

 
Fig. 1) Constitutive laws of the cohesive crack model: (a) undamaged material; (b) process zone. 

 
The real crack tip is defined as the point where the distance between the crack surfaces is equal to the 
critical value of crack opening displacement wc and the normal stress vanishes. On the other hand, the 
fictitious crack tip is defined as the point where the normal stress attains the maximum value and the 
crack opening vanishes (Fig. 1). With some modifications, the cohesive crack model has been applied 
to model a wide range of materials and fracture mechanisms, most prominently concrete. Regarding 
this material, there is a very large literature; for a review, the reader is referred to the review papers by 
Carpinteri and co-workers [15,17]. Now, let us quantify the ductile-to-brittle transition by showing 
synthetically the numerical results for concrete elements in Mode I conditions (Three Point Bending 
Test – TPBT), based on the cohesive model, obtained using the Finite Element Code FR.ANA. 
(FRacture ANAlysis Carpinteri [5,18,19]). 

   
Fig. 2) Dimensionless load vs. deflection diagrams by varying the brittleness number sE, initially 

uncracked (a) and cracked (b) specimen. 
 

 Extensive series of analyses were carried out from 1984 to 1989 by A. Carpinteri and co-workers. The 
experimental results can be found in the RILEM report [20]. The cases described in the reference 
papers regard three slenderness ratios, and four initial crack depths, and a concrete-like material. Fig. 
2a refers to the case of an initially uncracked beam, whilst Fig. 2b reports results for the case of an 
initially cracked beam with relative crack depth equal to 0.5.  

(a) (b) 
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For each ratio, the response was analyzed for different values of the brittleness number, sE [4]. As can 
be seen from the diagrams, by increasing sE, the behaviour of the element changes from brittle to 
ductile. Generally speaking, the specimen behaviour is brittle (snap-back) for low sE numbers, i.e., for 

low fracture toughnesses GF, high tensile strengths, σu, and/or large sizes, h. In particular, in the case 

of uncracked beam, for sE ≤10.45×10
–5

, the P–δ curve presents positive slope in the softening branch 
and a catastrophical event occurs if the loading process is deflection-controlled. Such indenting branch 
is not virtual only if the loading process is controlled by a monotonically increasing function of time 
(Biolzi et al. [21]).  
In the case of the cracked beam, on the contrary, the initial crack makes the specimen behaviour more 
ductile; for the set of sE numbers considered in Fig. 2b, the snap-back does not occur. By varying the 
initial crack depth, it is possible to describe the gradual transition from simple fold catastrophe 
(softening) to bifurcation or cusp catastrophe (snap-back instability), generating an entire equilibrium 
surface, or the catastrophe manifold. 
 
3. THE FRACTAL INTERPRETATION OF THE SIZE-SCALE EFFECTS 

The second topic is concerned with the size-scale effects on the mechanical properties of 
heterogenous disordered materials, that can be interpreted synthetically through the use of fractal sets. 
Fractal sets are characterized by non-integer dimensions (Mandelbrot [22]). For instance, the 

dimension α of a fractal set in the plane can vary between 0 and 2. Accordingly, increasing the 
measure resolution, its length tends to zero if its dimension is smaller than 1 or tends to infinity if it is 
larger. In these cases, the length is a nominal, useless quantity, since it diverges or vanishes as the 
measure resolution increases. A finite measure can be achieved only using noninteger units, such as 

meters raised to α≠1.  

   
Fig. 3) A concrete specimen subjected to tension. Fractal localization of the stress upon the resistant 
cross section (a); fractal localization of the strain (b) and of the energy dissipation inside the damaged 

band (c). 
 

Fractals sets can be profitably used to describe the size-scale effects on the parameters of the 
cohesive crack model. As shown in the previous section, this model captures the ductile-brittle 
transition occurring by increasing the size of the structure. On the other hand, uniaxial tensile tests on 
dog-bone shaped specimens [23,24] have shown that the three material parameters defining the 

cohesive law are size dependent: increasing the specimen size, the tensile strength σu tends to 
decrease, whilst the fracture energy GF and the critical displacement wc increase. In order to overcome 

the original cohesive crack model drawbacks, a scale-independent (fractal) cohesive crack model has 
been proposed recently by the first Author [25]. This model is based on the assumption of a fractal-like 
damage localisation, suggested by experimental evidence [26,27].  
Let us consider fractal geometries for both the resistant cross section at maximum load (fig. 3a) and 
the dissipation domain (fig. 3c) [25]. Hence we can compute the maximum load F, the critical 
displacement wc and the total dissipated energy W as: 
 

  u 0 u resF A Aσ σ ∗ ∗= = , (1a)  

  ε−∗ε=ε= d

ccc bbw
1 , (1b)                

b

z0

b

F

F

1 d

c
b ε−∗ε

b

0

z

w

F

b w

Atti del Congresso IGF19
Milano, 2-4 luglio 2007



 
 

I-XIV 

  F 0 F disW A A
∗ ∗= =G G . (1c) 

 
These quantities are size-dependent. The true scale-independent quantities are the right hand side 

ones, i.e. the fractal strength σu
*, the fractal critical strain εc

* and the fractal fracture energy G
F

*. They 

show non-integer physical dimensions: [F][L]–(2–dσ) for σu
*, [L]dε for wc

*, and [FL][L]–(2+dG) for G
F

*. 

Because of the measure of the resistant cross section Ares
*
 and the dissipation domain Adis

*
, from Eqs. 

(1) the scaling laws for strength, critical displacement and fracture energy can be obtained: 
 

  σ−∗σ=σ d
buu , (2a) 
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Fig. 4) Tensile tests on dog-bone shaped specimens (a) by Carpinteri and Ferro [28]: stress-strain 

diagrams (b), cohesive law diagrams (c), fractal cohesive law diagrams (d). 
 
The three size effect laws (2) of the cohesive law parameters are not completely independent of each 
other. In fact, there is a relation among the scaling exponents that must be always satisfied. In order to 
get this relation, the simplest path is to consider the damage domain in Fig. 3c as the cartesian product 
of those in Figs. 3a and 3b. As a result, we obtain: 
 

 1d d dσ ε+ + =G  (3) 

 

According to these definitions, we call the σ*–ε* diagram the fractal or scale-independent cohesive 
law. Contrarily to the classical cohesive law, which is experimentally sensitive to the structural size, this 
curve is an exclusive property of the material since it is able to capture the fractal nature of the damage 
process. The area below the softening fractal stress-strain diagram represents the fractal fracture 

energy 
F

∗
G . 

In order to validate the model, it has been applied to the data obtained in 1994 by Carpinteri and Ferro 
[23,24] for tensile tests on dog-bone shaped concrete specimens of various sizes under controlled 
boundary conditions (Fig. 4a). They interpreted the size effects on the tensile strength and the fracture 
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energy by fractal geometry. Fitting the experimental results, they found the values dσ =0.14 and dG 

=0.38. Some of the σ–ε (stress vs. strain) and σ–w diagrams are reported respectively in Fig. 4b and 

4c, where w is the displacement localized in the damaged band. Eq. (3) yields dε =0.48, so that the 
fractal cohesive laws can be plotted in Fig. 4d. As expected, all the curves related to the single sizes 
tend to merge in a unique, scale-independent cohesive law. The overlapping of the cohesive laws for 
the different sizes proves the soundness of the fractal approach to the interpretation of concrete size 
effects. 
 
4. THE FRACTAL INTERPRETATION OF MULTISCALE CRACKING PHENOMENA 

The third topic deals with the criticality of the complex multiscale cracking phenomena in 
heterogeneous and disordered materials, evaluated by means of the Acoustic Emission (AE) 
technique. Acoustic Emission (AE) is represented by the class of phenomena whereby transient elastic 
waves are generated by the rapid release of energy from localized sources within a material. All 
materials produce AE during both the generation and propagation of cracks. The elastic waves move 
through the external solid surface, where they are detected by sensors. In this way, information about 
the existence and location of possible damage sources is obtained. This is similar to seismicity, where 
seismic waves reach the station placed on the earth surface (Richter [28]). 
With regard to the basis of AE research in concrete, the early scientific papers were published in the 
1960s. Particularly interesting are the contributions by Rusch [29], L’Hermite [30] and Robinson [31]. 
They discussed the relation between fracture process and volumetric change in the concrete under 
uniaxial compression. The most important applications of AE to structural concrete elements started in 
the late 1970s [32]. Regarding the determination of the defects position and orientation in the material, 
research has been growing at a fast rate in the last decade (Shah & Zongjing [33] and Ohtsu [34]). In 
the last few years the AE technique has been applied to identify defects and damage in reinforced 
concrete structures and masonry buildings (Carpinteri & Lacidogna [35,36]). By means of this 
technique, a particular methodology has been put forward for crack propagation monitoring and crack 
stability assessment in structural elements under service conditions. This technique permits to 
estimate the amount of energy released during fracture propagation and to obtain information on the 
criticality of the ongoing process [9,37].  
Without entering the details, recent developments in fragmentation theories (Carpinteri & Pugno 
[38,39]) have shown that the energy dissipation E during microcrack propagation occurs in a fractal 
domain comprised between a surface and the specimen volume V. The fractal criterion predicts a 
volume-effect on the maximum number of acoustic emission events Nmax, that, in a bilogarithmic 
diagram, would appear as: 

 

 
max AE

log log log
3

D
N V= Γ +  (4) 

 

with a slope equal to D/3, where ΓAE is the critical value of fractal acoustic emission density and D is 
the fractal exponent, comprised between 2 and 3 [37]. Experiments carried out by Carpinteri et al. [36] 
on concrete specimens tested in compression confirm the soundness of the proposed approach. For 
all the tested specimens, the critical number of acoustic emissions Nmax was evaluated in 
correspondence to the peak-stress σu. The compression tests show an increase in AE cumulative 
event number by increasing the specimen volume. More in detail, subjecting the average experimental 

data to a statistical analysis, the parameters D and ΓAE in eq. (4) were quantified. From the best-fitting, 

reported graphically in Fig. 5, the estimated value of the slope was computed as D/3 ≅ 0.766, so that, 
as predicted by the fragmentation theories, 2≤D≤3. This result is a confirmation of the fact that the 
energy dissipation, measured by the number of acoustic emissions N, occurs over a fractal domain. 
Interestingly, the criticality of the cracking phenomena does appear not only in space, but also in time. 
A scaling relation of the type of eq. (4) can be written for the time t, allowing one to define the damage 

parameter η, which can be expressed [9,37] as a function of different parameters, i.e., stress σ, strain 

ε or time t: 

 
max max max max

t

N t

N t

σ εβ β β
     σ ε

η = = = =     
σ ε     

 (5) 

 

where the exponents β can be obtained from the AE data of a reference specimen. The fractal 
multiscale criterion of Eq. (5) is a fundamental result, since it allows to predict the damage evolution 
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also in large concrete structural elements. Monitoring the damage evolution by AE, it is therefore 
possible to evaluate the damage level as well as the time to final collapse [9]. 
 

 
Fig. 5) Volume effect on the maximum number of acoustic emissions. 

 

5. ROUTE TOWARDS CHAOS IN THE DYNAMICS OF CRACKED BEAMS 

The fourth and last topic is concerned with the dynamical behaviour of cracked beams (Carpinteri and 
Pugno [40,10,11]. Dealing with the presence of a crack in the structure, previous studies have 
demonstrated that a transverse crack can change its state (from open to closed and vice versa) when 
the structure, subjected to an external load, vibrates. As a consequence, a nonlinear dynamic behavior 
is introduced. This phenomenon has been detected during experimental testing performed by 
Gudmundson [41], in which the influence of a transverse breathing crack upon the natural frequencies 
of a cantilever beam was investigated.  
Several models have been proposed in the past for dealing with cracked vibrating beams [42-44], but, 
in all these models, the main assumption has been that the crack can be either fully open or fully 
closed during the vibration. Carpinteri and Pugno [10] recently developed a coupled theoretical and 
numerical approach to evaluate the nonlinear complex oscillatory behaviour in damaged structures 
under excitation. In their approach, they have focused their attention on a cantilever beam with several 
breathing transverse cracks and subjected to harmonic excitation perpendicular to its axis. The 
method, that is an extension of the super-harmonic analysis carried out by Pugno et al. [45] to 
subharmonic and zero frequency components, has allowed to capture the complex behavior of the 
nonlinear system, e.g., the occurrence of period doubling, as experimentally observed by Brandon and 
Sudraud [46] in cracked beams.  
A pioneer work on period doubling was written in 1978, when Mitchell Feigenbaum [47] developed a 
theory to treat the route from ordered to chaotic states. Even if oscillators showing the period doubling 
can be of different nature, as in mechanical, electrical, or chemical systems, they all share the 
characteristic of recursiveness. He provided a relationship in which the details of the recursiveness 
become irrelevant, through a kind of universal parameter, measuring the ratio of the distances between 
successive period doublings, the so called Feigenbaum’s delta. His understanding of the phenomenon 
was later experimentally confirmed [48], so that today we refer to the so-called Feigenbaum’s period 
doubling cascade. However, even if the period doubling has a long history, only recently it has been 
experimentally observed in the dynamics of cracked structures [46]. 

 
Fig. 6) Damaged structures: weakly nonlinear (a) and strongly nonlinear (b). 

 
To highlight the influence of the crack on the beam dynamics, let us consider two different numerical 
examples: a weakly nonlinear structure and a strongly nonlinear one. Only in the latter case, the so-
called period doubling phenomenon clearly appears. Details about the beam geometry and material 
can be found in [10]. For each of the two considered structures (Figs. 6a and 6b) the trajectory in the 
phase space is represented in Figs. 7a and 7b. 

(a) (b) 
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In a hypothetical linear structure, the structural response is linear by definition with obviously only one 
harmonic component at the same frequency of the excitation. In the weakly nonlinear structure of Fig. 
6a, the response converges and it appears only weakly nonlinear. The trajectory in the phase diagram 
is close to an ellipse. The diagram is nonsymmetric as the spatial positions of the cracks (placed in the 
upper part of the beam). The trajectory is an unique closed curve since here the period of the response 
is equal to the period of the excitation. 

 

 
Fig. 7) Dimensionless phase diagram of the response (free-end displacement): weakly (a) and strongly 

(b) nonlinear structure. 
 

In the strongly nonlinear structure of Fig. 6b the nonlinearity increases. The harmonic components in 
the structural response are the zero one, the superharmonics as well as the subharmonic ones. It 
should be emphasized that a strong nonlinearity causes the period doubling of the response, i.e., the 

ω/2 component. The free-end vibrates practically with a period doubled with respect to the excitation. A 

nonnegligible component at ω/4 is observed too, representing a route to chaos through a period 
doubling cascade. The corresponding phase clearly evidences this: the trajectory is composed by 
multiple cycles since here the period of the response is not equal to the period of the excitation. The 
distortions in the trajectory are consequences of the presence of the super- or subharmonics. Also in 
this case, the diagram is nonsymmetric as the spatial positions of the cracks. 
This method is able to catch the transition toward deterministic chaos, like the occurrence of a period 
doubling, as shown in the numerical examples and experimentally observed in the context of cracked 
beam by Brandon and Sudraud [46].  
 
CONCLUSIONS 

The so-called “Complexity Sciences” represent a subject of fast-growing interest in the Scientific 
Community. They have entered also our more circumscribed Communities of Material Science and 
Material Strength, as the proposed examples may confirm. The presented topics were concerned with 
the structural behaviour of composite structures with snap-back instabilities (an example of cusp 
catastrophe), the occurrence of fractal patterns and geometrically self-similar morphologies in 
deformation, damage and fracture of heterogeneous materials, the apparent scaling in the nominal 
mechanical properties of disordered materials, the acoustic emission criticality in progressive structural 
collapse, the route towards chaos in the dynamics of cracked structures. As shown in these examples, 
the most interesting behaviours and phenomena can be synthetically interpreted only through the use 
of new and refined conceptual tools in the framework of “Complexity Sciences”.     
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