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ABSTRACT

In this paper, a finite element model for cracked plane structures, under bending
moment, axial and shear forces, is formulated, by employing Euler-Bernoulli and
Timoshenko theories. The vibration characteristics of the structures with a single edge
crack is investigated using a modified line-spring model and a cracked finite element.
For the two different methods considered, the stiffness matrix  for a zero-length cracked
element and for a l-length cracked element having two nodes and three degrees of
freedom is derived, starting from an integration of stress intensity factors. A parametric
study of a transverse open crack is carried out for various crack depths and crack
locations using the two different theories.

INTRODUCTION

As well known, a crack in a structure introduces a local flexibility which is a function of
the crack depth. This flexibility changes the stiffness and the dynamic behaviour of the
structure. Consequently their static, dynamic and stability behaviour is altered. The
local flexibility of the cracked region of the structural element was put into relation with
the SIFs. One of the objectives of this paper is to determine the vibration characteristics
of plane structures with a single edge crack, under bending moment, axial and shear
forces, by employing Euler-Bernoulli and Timoshenko theories and by using a modified
line-spring model and a cracked finite element. The line-spring model has the features
of having two nodes and zero length, the cracked finite element, two nodes and l -
length. The stiffness matrix is derived starting from an integration of stress intensity
factors. Numerical and graphical results for the conventional Euler-Bernoulli and
Timoshenko plane structures, using a modified line-spring model and a cracked finite
element, are presented and compared. The equation of motion of the Timosenko model
includes translational and rotatory mass matrices.  A parametric study of a transverse
open crack has been carried out for various crack depths and crack locations.

CRACKED ELEMENT MODEL: THE STIFFNESS MATRIX

For general loading, a local stiffness matrix relates forces to displacements. In this
analysis, rotational and translational crack compliance are assumed in the local
flexibility matrix. So, bending, shear and axial effects is included.
When a crack is introduced to the structure, additional strain energy induced by the
crack should be added to the above strain energy to give the total strain energy of the



cracked structure. Consider a crack in a beam-type structure. The work for crack
formation is expressed as (Tada et al., 1973)
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where ( )21E E ν′ = −  for plane strain, E E′ =  for plane stress, ν  is the Poisson’s ratio

and I II IIIK ,K ,K  are the crack tip stress intensity factors for opening mode, sliding
mode and tearing mode of crack surface displacements, respectively. Since the cracked
element is subjected to three loading force system applied simultaneously, the total K
is the algebric sum of  K  values for each system applied separately. With the actions of
bending moment M , shear force T  and axial force P  , equation (1) can be expressed

as a function of the following stress intensity factors, given by [5]: IM M I MK aFσ π= ,

IT T ITK aFσ π= , IP P IPK aFσ π= , IIT IIK aFτ π=  and , , ,IM IT IP IIF F F F  are
evaluated by Brown and Srawley [8] and by Tharp [3]. Substituting the above
expressions into Eq. (2) and assuming

2

0

a

I IR aF da= ∫ , 2

0

a

II IIR aF da= ∫ , 2

0

a

IPQ aF da= ∫ , 
0

a

I IPZ aF F da= ∫ , 
2

36
n

E wb

π=
′

, 
2

m
E wb

π=
′

     (2)

the strain energy due to the crack becomes
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The stiffness matrix for the cracked element may be derived as follow:

=ck

11 13 14 16

22 23 25 26

31 32 33 34 35 36

41 43 44 46

52 53 55 56

61 62 63 64 65 66

0 0

0 0

0 0

0 0

c c c c

c c c c

c c c c c c

c c c c

c c c c

c c c c c c

k k k k

k k k k

k k k k k k

k k k k

k k k k

k k k k k k

 
 
 
 
 
 
 
 
 
  

    (4)

where the elements of matrix (4) are reported in [16]. By neglecting the terms

I IIZ ,Q,R ,R , the stiffness matrix for Timoshenko beam element will be derived.
Moreover, by setting 0Γ =  in resultant equations, the matrix coefficients reduce to
elements of the Euler-Bernoulli beam model.

MASS MATRIX OF THE CRACKED ELEMENT

The consistent translational  um  and  vm and rotational ϑm   mass matrices are assumed



the same both for cracked and uncracked Timoshenko beam finite element. The above
matrices can be derived by using the Kinetic energy of the beam element of length l
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including the effects of both translational displacements u,v  and rotatory inertia,
respectively. In Eq. (12),  µ  is the mass density of the material. The explicit

expressions for the elements of translational mass matrices  um  and  vm  and for the

rotational mass matrix  ϑm   are given as:
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respectively, for 1 2 6i, j , ,...,= . In the above expressions, u vN ,N ,Nϑ  are the

interpolation functions for axial displacement, transverse displacement and for the
rotation of the cross-section about the positive x axis. The total mass matrix of the two
mode finite element is ϑ= + +u vm m m m . Letting = +t u vm m m  where tm  is the total

translational mass matrix, ϑ= +tm m m . Carrying out the integration over the beam-

length l , the well known mass matrices tm  and mϑ can be derived [16].

The above matrices depend upon Γ : if the shear deformation parameter Γ  is set equal
to zero and the rotatory inertia mass matrix ϑm  is omitted, the resulting model is

identical to the classical Euler-Bernoulli beam model.

LINE SPRING MODEL STIFFNESS MATRIX

The compliance expression for a cracked element may be derived according to the
theory presented by Okamura et al. [1], which is based on the relationship between load
and deflection. The bending moment M , the axial force P  and the shearing force T
can be  related to the rotation  ϑ  , the axial extension   u   and the deflection  υ  as
follows
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where ttmmpp ,, λλλ   are compliance expressions for bending , extension and shear,

respectively. Moreover, compliances are related to the energy release rate G  and the
stress intensity factors  by the relations
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given by Irwin and Kies [14]. In eqs. (8), IPK and I MK are the mode I stress intensity
contributions caused by the axial load P and the bending moment M  respectively, and



II TK  is the mode II stress intensity caused by the shear force T . E  is the Young’s

modulus, ν equals the Poisson’s ratio for plane strain and is zero for plane stress, and
dA is an infinitesimal increment of crack area equal to bda , where b  is  the  beam
depth  and a  is  the crack  length. The stiffness matrix of a line-spring is obtained by
the following relation :
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where mpλ is the compliance for the coupling of bending and extension. The stiffness

matrix fk  referring to a cracked element of a beam with a rectilinear axis is derived

from the stiffness matrix for a curved cracked  element reported in [4] as follows:

fk =

-
0 0

1 10 0 0 0

-
0 0

-
0 0

1 10 0 0 0

-
0 0

mp mpmm mm

tt tt

mp pp mp pp

mp mpmm mm

tt tt

mp pp mp pp

D D D D

D D D D

D D D D

D D D D

λ λλ λ

λ λ
λ λ λ λ

λ λλ λ

λ λ
λ λ λ λ

 −
 
 − 
 

− 
 
 − 
 
 −
 
 −   

    (10)

where  2
mpmmppD λλλ −=  and  0mtλ = , 0ptλ =  are compliances for the coupling of

bending and shearing,  extension and shearing respectively.

DIFFERENTIAL EQUATION OF MOTION

By applying the standard finite element method, the differential motion equation for

free vibration of the cracked structure is derived by (((( )))) 0fM q K K q
⋅⋅⋅⋅⋅⋅⋅⋅
+ + =+ + =+ + =+ + = , where  M

and  K  are the global consistent mass matrix and the stiffness matrix for the entire
structure without  cracks, respectively, and fK  is the stiffness matrix for the line spring

model or for the cracked finite element expressed in the extended form, in order to
incorporate the line-spring stiffness matrix fk  or the cracked finite element stiffness

matrix ck  carried out above into the assembly procedure of the global stiffness matrix

for the entire structure. After imposing the appropriate end conditions, if the global
nodal displacement vector q  is assumed  to be harmonic in time with circular frequency

ω , as = *q q ( )exp i tω , the equation becomes an eigenvalue problem of the standard



form ( )2
0ω− =*K M q , where *q is a vector of displacement amplitudes of vibration.

The solution of the above eigenvalue problem yields the natural frequencies and the
corresponding mode shapes of the cracked structure, which depend on the crack
position, the crack size, the geometric dimensions of the structure, the boundary
conditions and mechanical parameters of the material.

NUMERICAL ANALYSIS AND RESULTS

Consider a Timoshenko cantilever beam, by allowing for the effects of transverse shear
and rotatory inertia. When the shear deformation parameter Γ is set equal to zero and
the rotatory inertia mass matrix is omitted, the resulting model is identical to the
classical Euler-Bernoulli beam. The beam element consists of two nodes, i  and 1i + ;
each node has the degrees of freedom of transverse displacement  ev  and bending
rotation  eϕ .
Calculation in these examples are carried out for the following beam data: length L =1
m, Young’s modulus E =3.1 x 105 MPa, Poisson’s ratio ν = 1/3 (or G E =3/8), mass
density ρ = 2500 kg/m3, shear coefficient χ = 1.5. Two different cross-sections of the
beam are considered: 0.05 x 0.05 m and 0.05 x 0.10 m. The numerical results are
expressed in terms of the following dimensionless parameters:

*
0n n nf f f= is the frequency ratio, where nf  is the nth computed natural frequency of

the cracked  structure and 0nf  is the nth  exact natural frequency of the corresponding

uncracked structure, d s L=  is the dimensionless crack position parameter and a bξ =
the crack depth ratio.
The first three frequencies of a cantilever beam discretized into 20 finite elements, are
shown in Figures 1(a,b,c,d,e,f) for two dimensionless crack depths and different crack
positions, for the Euler-Bernoulli and Timoshenko beams. From Figs. 1 (a,b,c,d,e,f), it
appears that the effect of crack depths on the frequencies increases when deeper cracks
are considered and that the effect of the crack position on the frequencies increases
when closer cracks to the fixed end are considered. In the case of the Euler-Bernoulli
beam, the frequency parameters for the beam are higher than those for the Timoshenko
beam. Moreover, the difference between the Euler-Bernoulli and Timoshenko
frequencies, for the cross-section equals to 0.05 x 0.10 m, is higher  than those for the
cross-section equals to 0.05 x 0.05 m. In Figs. 1, the frequencies are calculated for a
cracked beam with a single cracked finite element. Figs.2 (a,b,c,d,e,f) and Figs.3
(a,b,c,d,e,f), give a comparison between the finite cracked element and the line-spring
model for Bernoulli and Timoshenko cantilever beams, respectively, for the first three
dimensionless frequency ratios *

nf , as a function of two different dimensionless crack

depths, 0.25a bξ = = and 0.5a bξ = = , and two beam cross-sections equals to 0.05 x

0.05 m and 0.05 x 0.10 m, respectively. For 0.25a bξ = = , the line-spring results in

terms of the first three frequency ratios *
nf , are only slightly different than those of the

cracked finite element, but this difference becomes bigger when 0.5a bξ = = .
Moreover, when the element length increases, the difference of results between the line-
spring and the cracked finite element becomes smaller, as shown in Figs. 4 (a,b,c,d,e,f).



Fig.1. First three dimensionless frequencies *
nf  for the Bernoulli and Timoshenko

cantilever beams  as a function of  the dimensionless crack location d .
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Fig.2. First three dimensionless frequencies *
nf  for the Bernoulli cantilever beam using

the line-spring model and a cracked finite element.
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Fig.3. First three dimensionless frequencies *
nf  for the Timoshenko cantilever beam

using the line-spring model and a cracked finite element.
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Fig.4.First three dimensionless frequencies *
nf  for the Bernoulli cantilever beam as a

function of the length of the cracked element.
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Calculation in Figs. 4(a,b,c,d,e,f), are carried out for the following Bernoulli beam data:
length L =1.20 m, Young’s modulus E =3.1 x 105 MPa, Poisson’s ratio ν = 1/3 (or
G E =3/8), mass density ρ = 2500 kg/m3, shear coefficient χ = 1.5. The cross-section
of the beam is equal to 0.05 x 0.10 m and two different dimensionless crack depths,

0.25a bξ = =  and 0.5a bξ = = , are considered. The beam was divided into 120, 24
and 8 elements, respectively, for the cracked finite element model, and into 32 and 16
elements, respectively, for the line-spring model: in this way the crack position is the
same for the two different models.
Specifically, as the cracked finite element frequencies *

nf  getting smaller, when the

beam elements become bigger, the  line-spring frequencies *
nf  for the first three

frequency ratios, are nearly constant with the length of the element, as shown in the
above Figures 4, for the first three frequency ratios *

nf  of a Bernoulli beam: it appears

that the line-spring models is only slightly affect by the element length.
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