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ABSTRACT. The bi-material notch composed of two orthotropic parts is considered. 
The radial and tangential stresses and strain energy density are expressed using the 
Stroh-Eshelby-Lekhnitskii formalism for the plane elasticity. The stress singular 
exponents and corresponding eigenvectors are the solution of the eigenvalue problem 
leading from the prescribed notch boundary and compatibility conditions. In generally, 
there is more than one solution of this eigenvalue problem and consequently the 
generalized stress intensity factors. The potential direction of the crack initiation is 
determined from the maximum mean value of the tangential stresses and local minimum 
of the mean value of the generalized strain energy density factor in both materials. 
Following the assumption of the same mechanism of the rupture in the case of the crack 
and the notch, an expression can be obtained for the critical values of the generalized 
stress intensity factor. 
 
 
INTRODUCTION 
 
In practical engineering structures or in parts of electronic devices joints of different 
materials occur (e.g. layered composite materials, constructions with protective surface 
layers, thermal barriers). They enable achievement of properties which could not be 
attained by means of homogeneous materials. In the case of composite materials, parts 
of the joints often exhibit orthotropic material properties. The stress field in closed 
vicinity of such material joints has singular character and complicated form. In 
comparison to a crack in homogeneous media, in the case of bi-material joints, the 
stress singularity exponent is different from 1/2 and can generally be complex. The 
stress is mostly characterized by more singular terms and at the same time each singular 
term covers combination of both normal and shear modes of loading. 
Such stress concentrators preclude any application of the fracture mechanics approaches 
originally developed for a crack in isotropic homogeneous materials, so the assessment 
of such singular stress concentrators becomes topical [1-3]. 
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Figure 1. Bi-material orthotropic notch with corresponding polar coordinate system 
 
The orthotropic material properties seriously complicate procedures for assessment of 
bi-material notch stability. Most such discontinuities can be mathematically modelled as 
bi-material notches composed of two orthotropic materials. The edge of a protective 
coating, a free edge stress singularity or other shapes of notches can be modelled for 
varying angles ω1 and ω2, see figure 1. In the contribution the orthotropic bi-material 
notch is analysed from the perspective of generalized linear elastic fracture mechanics, 
i.e. the validity of small-scale yielding conditions is assumed. It is further assumed ideal 
adhesion at the bi-material interface and the notch radius R→0 (the sharp bi-material 
notch tip).  
The contribution aims to suggest a procedure for the determination of the crack 
initiation direction from an orthotropic bi-material notch. Further the critical loading 
conditions are estimated. The approach is based on knowledge of the stress distribution 
in place of the concentration. Combined analytical and numerical approaches are 
employed for the stress field determination. A criterion of the maximum tangential 
stress and the criterion of the minimum strain energy density factor are modified and 
adapted to particularities of the nature of the stress concentrator. 
 
 
STRESS DISTRIBUTION 
 
The necessary step for the crack initiation assessment is detailed knowledge of the stress 
distribution. Within plane elasticity of anisotropic media the Lekhnitskii-Eshelby-Stroh 
(LES) formalism based on [4] can be used. Complex potentials satisfying the 
equilibrium and the compatibility conditions as well as the linear stress-strain 
dependence and given boundary conditions are the basis for the determination of stress 
and deformation fields. In the case of general plane anisotropic elasticity all the 
components of the stress and deformation tensors have to be considered. In the case of 
orthotropic materials symmetry in the stiffness and compliance matrices occur. Thus the 
stress and strain tensor is significantly reduced. According to the LES theory for an 
orthotropic material, the relations for displacements and stresses can be written as 
follows 
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where Re  denotes the real part of the complex expression and j jz x yμ= + . Complex 
numbers ij j jμ μ μ′ ′′= +  are the eigenvalues of the material. For matrices Aij and Lij holds 
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where sij are the elastic compliances. Introducing the stress function  
 
 [ ] { }, 2Re ( )i i ij j jL f zφ ϕ ϕ= =  ( , 1, 2)i j =   (3) 
 
the radial and tangential stresses can be expressed as 
 
 , ,rr r r rθ θ θθ θσ σ σ= ⋅ = ⋅ = ⋅ = ⋅n t m t n t m t , (4) 
 
where ni and mi are the normal and tangential vectors to the selected curve or boundary. 
If the comma denotes differentiation, for vectors ( )r it , ( )itθ ,  mi  and ni one can write 
 

 [ ] [ ], ,
1 , , cos ,sin , sin ,cosT T

r rr θ θφ φ θ θ θ θ= − = = = −t t n m . (5) 

 
In the case of the studied notch, the potential ( )j jf z  has the following form 
 
 *H zδ=f v , (6) 
 
where H is the generalized stress intensity factor, ii i iv v v′ ′′= +  is an eigenvector 
corresponding to the eigenvalue iδ δ δ′ ′′= +  representing the exponent of the stress 
singularity at the notch tip. Eigenvector vi and eigenvalue δ  are the solution of the 
eigenvalue problem leading from the prescribed notch boundary and compatibility 
conditions. The expression *zδ  denotes a diagonal matrix 
 
 * 1 2diag ,z z zδ δ δ⎡ ⎤= ⎣ ⎦ . (7) 
 
In most practical cases, as well as in the cases studied in the paper, there are two 
singular terms corresponding to two stress singularity exponents kδ , 2,1=k . Note that 
for the final determination of the stress field in the bi-material notch vicinity the 
generalized stress intensity factors have to be estimated by means of numerical 
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approaches. Their values result from an analytical-numerical solution for a certain 
construction with given material properties, geometry,boundary conditions, see also [5]. 
 
 
CRACK INITIATION DIRECTION 
 
Mean value of the tangential stress 
The stress field around a bi-material notch inherently covers combined normal and shear 
modes of loading. For mixed mode fields a crack may grow along the interface or at a 
certain angle 0θ  with the interface into material I or II. In the present paper where the 
two orthotropic materials are assumed as perfectly bonded, only crack propagation into 
materials I or II is supposed. Erdogan and Sih [6] proposed and Smith et al. [7] 
modified the MTS theory in a study on the slant crack under mixed mode I/II loading, 
see also [1]. This criterion states that the crack is initiated in the direction 0θ  where the 
circumferential stress θθσ  at some distance from the crack tip has its maximum and 
reaches a critical tensile value. The local maximum of the tangential stress θθσ  in the 
case of a bi-material orthotropic notch depends on the radial distance r from the notch 
tip. In order to suppress the influence of the distance r, the mean value of the tangential 
stress is evaluated over a certain distance d 
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Inserting Eq. 3, 5 and 6 into Eq. 8 one gets for material I, IIm =  
 
 1 1 2 2( ) ( ) ( )m mH F H Fθθ θθ θθσ θ θ θ= + , (9) 
 
where 
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The distance d has to be chosen in dependence on the mechanism of a rupture, e.g. as a 
dimension of a plastic zone or as a size of material grain. The distance d can also be 
chosen by means of the theory of critical distances, see [2]. The mean value of the 
tangential stress is determined in dependence on the polar angle θ . The potential 
direction of crack initiation is determined from the maximum of the mean value of 
tangential stress in both materials 
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The crack initiation angle 0θ  is independent of the absolute values of GSIFs and 
depends only on their ratio 21 2 1/H HΓ = . Generally, the value of the angle 0θ  depends 
on the averaging distance d. The distance d has to be chosen depending on the 
corresponding rupture mechanism and the microstructure of the material. 
 
 
Strain energy density factor 
Similarly, the crack initiation direction can be derived via the generalization of the mean 
value of the strain energy density factor defined in [8]  
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To find the minimum of )(θmΣ  and consequently the crack initiation direction in 
materials I or II, following conditions have to be determined 
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STABILITY CRITERION 
 
The stability criterion of the orthotropic bi-material notches defines the loading 
conditions above that a crack is initiated in the tip of the singular stress concentrator. 
The suggestion of the stability criterion based on the average stress calculated across a 
distance d from the wedge tip is presented. The value of the average stress θθσ   
corresponding to the bi-material notch is calculated for the direction of 0θ  and it is 
compared with the critical stress Cθθσ   corresponding to the crack [9]. Assuming the 
direction of crack propagation 00 =θ  in homogeneous material under mode I of 
loading, for the critical stress Cθθσ  can be obtained 
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Consider the fact that the ratio of the values H1 and H2 is constant for a given bi-
material configuration and boundary conditions and does not depend on the absolute 
value of the applied stress applσ  and it holds CC HHHH 121221 // ==Γ . Inserting the 
ratio Γ21 and the critical value H1C into the Eq. 9 the critical value of the average 
tangential stress for a bi-material notch is given. Following the assumption of the same 
mechanism of a rupture in both cases (crack and notch), the critical value of the average 
tangential stress can be comapred with the Eq. 20 for a crack and it is obtained an 
expression for H1C value 
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NUMERICAL STUDY OF CRACK INITIATION DIRECTION 
 
Within the paper the parametric study of the crack initiation directions is determined for 
specific geometry. The rectangular bi-material orthotropic notch characterized by angles 
ω1 = 90° and ω2 = 180° often occurs in engineering constructions or electric/electronic 
devices. It considered the bi-material with the Young’s modulus (Ex)I = 100, (Ey)I = 50, 
(Ex)II = 400, (Ey)II = 50 [MPa]. The corresponding stress singularity exponents have 
values 0.5731 =δ  and 0.9412 =δ . The direction of the applied stress is not specified 
directly, but it is expressed by varying ratios Γ21 = H2/H1. The ratios Γ21 are gained from 

 
Figure 2. Crack initiation angles for varying loading conditions (expressed by H2/H1) 

and for selected distances d.
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a numerical model by direct or integral methods [1,10,11]. The angles 0θ  are 
determined on the basis of finding the maximum of the mean value of the tangential 
stress and the minimum of the strain energy density factor. For the considered material 
the results of the crack initiation direction are shown in figure 2. The averaging distance 
d was taken as 1e-4, 1e-5 and 1e-6. It is shown that the direction 0θ  depends on d 
especially for larger differences between H1 and H2. 
 
Ackowledgements 
The authors are grateful for financial support through the Research projects of the 
Czech Science Foundation (101/08/0994, P108/10/2049). 
 
REFERENCES 
 
1. Klusák, J. and Knésl, Z. (2007) Determination of Crack Initiation Direction from a 

Bi-material Notch Based on the Strain Energy Density Concept, Comp. Mater. Sci., 
39 (1), pp. 214-218. 

2. Susmel, L. and Taylor, D. (2008) The theory of critical distances to predict static 
strength of notched brittle components subjected to mixed-mode loading, Eng. 
Fract. Mech., 75, pp. 534-550. 

3. Marsavina, L. and Sadowski, T. (2009) Fracture parameters at bi-material ceramic 
interfaces under bi-axial state of stress, Computational Materials Science, 45, pp. 
693-697. 

4. Lekhnitskii, S. G. (1963) Theory of Elasticity of an Anisotropic body, Holden-Day, 
San Francisco. 

5. Klusák, J., Profant T. and Kotoul, M. (2010) Study of the stress distribution around 
an orthotropic bi-material notch tip, Key Engineering Materials 417-418, pp 385-38, 
online at http://www.scientific.net. 

6. Erdogan, F. and Sih, G.C. (1963) On the crack extension in plates under plane 
loading and transverse shear. Transactions of the ASME, Journal of Basic 
Engineering, 85D, pp. 519-527. 

7. Smith, D. J., Ayatollahi, M. R. and Pavier, M. J. (2001) The role of T-stress in 
brittle fracture for linear elastic materials under mixed mode loading, Fatigue Fract. 
Engng. Mater. Struct., 24, pp. 137-150. 

8. Sih, G. C. (1977) A special theory of crack propagation, In: G. C. Sih (Editor), 
Mechanics of Fracture – Methods and Analysis and Solutions of Crack Problems, 
Noordhoff International Publishing , Leyden, The Netherlands. 

9. Knésl, Z. (1991) A Criterion of V-notch Stability, International Journal of Fracture, 
48, pp. R79 - R83. 

10. Klusák, J., Profant, T. and Kotoul, M. (2007) A comparison of two direct methods 
of generalized stress intensity factor calculations of bi-material notches, Key Eng. 
Mater. 385-387, pp. 409-412. 

11. Profant, T., Ševeček, O. and Kotoul, M. (2008) Calculation of K-factor and T-stress 
for cracks in anisotropic bimaterials, Eng. Fract. Mech.,75, pp. 3707–3726. 

740



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


