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ABSTRACT. This numerical and experimental study is directed to understanding the 

crack propagation under mixed mode biaxial loading. Subjects for studies are 

cruciform specimen under biaxial loading, central notched specimen and compact 

tension-shear specimen. The different degrees of mode mixity from pure mode I to pure 

mode II are given by the combinations of the far-field stress level, load biaxiality and 

inclined crack angle. This work is centered on the role of the T-stress during cyclic 

mixed mode fatigue crack growth. For the experimental crack paths in tested specimens 

mixed mode constraint parameters were calculated by finite element analysis. As result 

mixed mode fatigue fracture diagrams as a function the T-stress are obtained. The 

variation patterns of the crack growth rate with initial angle of crack inclination in 

specimens various configurations are given quantitatively. It is shown that there is a 

greater variation of mixed mode crack growth rate depending on current value of the T-

stress along the curvilinear crack trajectories. 

 

 

INTRODUCTION 

 

Recently several two parameter models to elastic-plastic fracture mechanics were 

introduced to explain some of the restriction inherent in the one parameter approach 

based on the J-integral and account for observed size and loading conditions effects on 

fracture toughness. It was shown that much of the dependence of fracture toughness on 

specimen geometry could be explained by two parameter fracture theories based on 

elastic and elastic-plastic constraint factors T, Q or A2 [1-4]. Under small and moderate-

scale yielding the T and Q approaches are essentially equivalent and A2-approach is 

limited only pure mode I fracture. The elastic T-stress, the second term of the 

asymptotic series for the stress field in a linear elastic material, has also been used to 

characterize constraint in mode I and mixed mode loading. It is often postulated for 

linear elastic materials that the effect of dimensionless crack length on T-stress on mode 

I brittle fracture can be ignored. However, it is shown [5] that the T-stress is no longer 

constant along the curvilinear crack paths for fracture specimens various geometries and 

depends on the both initial size and angle of crack under mixed mode loading. 

In this paper, the T-stress originally proposed to two parametrical describe fracture 

toughness for pure mode I under monotonic/static loading, is employed to study the 

crack growth rate under cyclic mixed mode fracture. Earlier numerical and experimental 

results are used to corroborate the findings. 



T-STRESS  DETERMINATION 
 

Subjects for studies are cruciform specimen under biaxial loading, central notched 

specimen and compact tension-shear specimen (Fig.1). Different degrees of mode 

mixity from pure mode I to pure mode II are given by combinations of the far-field 

stress level σ, biaxial stress ratio η and inclined crack angle α.  
 

 
a                                         b                                 c 

 

Figure 1. (a) Cruciform specimen (CS), (b) central notched specimen (CNS)  

and (c) compact tension-shear specimen (CTS). 
 

All investigated configurations contain an internal crack of length 2a for CS and 

CNS or a for CTS, which is angled to the edges of the specimens. The cruciform 

specimen is subjected by uniform stress of magnitude σ and 0.5σ along the remote 

edges parallel to the Y and X axes, respectively. The initial crack makes on angle α with 

the loading direction. For the biaxially loaded CS α = 0º or  α = 90º correspond to pure 

mode I, while at 0º < α < 90º can be achieved mixed mode fracture. In the CTS α = 90º 

correspond to pure mode I and pure mode II can be achieved when  α = 0º. Finally, for 

the CNS α = 90º correspond to pure mode I. 

The principal moment of our study is the use of elastic T-stress as some additional 

governing parameter of the crack growth rate. Author [5] considered the T-stress 

determination along experimental curvilinear crack paths for the most popular mixed 

mode fracture specimens. This study explores direct use of FEM analysis for calculating 

T-stress on the base of crack flank nodal displacements [6]. Using this technique, the T-

stress distributions in various specimen geometries was determined from numerical 

calculations. On this basis the solutions for mode I and mode II stress intensity factors 

K1 and K2 for each specimen geometry have been obtained [5].  

The normalized T-stress distributions of various fracture specimen geometries under 

mixed mode loading conditions are determined from finite element calculations. Figure 

2 is a plot of the T-stress ahead of the crack-tip (θ=0º) as a function of an initial crack 

angle α and relative crack length a/w for different specimen geometries. Note that the 

deviation of current value of T from the corresponding original value for a/w=0.1 (or 

a/w=0.5 for CTS) increases with increasing relative crack length at fixed crack angle 

position. 



      
                                    a)                                                                    b) 
 

   
      c) 

 

Figure 2. Mixed mode T-stress distributions of (a) CNS, (b) CS and (c) CTS geometries.  

 

By fitting the numerical calculations, the constraint parameter T-stress and the mixed 

mode stress intensity factors as the function of varied crack length and crack angle for 

particular geometry considered were represented in the form of the approximation 

equations.  The length, angle and geometry correction factors for all specimen 

configurations analysed in this study was obtained by curve fitting. The equations for 

these factors in terms of geometrical parameters are as follows:   
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where a is crack length and w is specimen width. Full expressions for all coefficients Ai 

as a function of crack inclination angle α for various fracture specimens geometries are 

the following: 



Cruciform specimen with remote biaxial ratio =η 0.5 
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5−

⋅ α
3

⋅+ 1.1428431210
3−

⋅ α
2

⋅− 2.8049932310
2−

⋅ α⋅− 1.19877145−:=

A2 α( ) 1.15702765− 10
8−

⋅ α
4

⋅ 4.226967210
6−

⋅ α
3

⋅+ 4.8013762410
4−

⋅ α
2

⋅− 1.7721441810
2−

⋅ α⋅+ 6.4603203310
2−

⋅+:=

A3 α( ) 5.3225987− 10
6−

⋅ α
3

⋅ 7.243427510
4−

⋅ α
2

⋅+ 3.2343498110
3−

⋅ α− 8.5482866610
1−

⋅−:=  
 
Central notched specimen 
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Compact tension-shear specimen 
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It should be noted that for in-plane mixed mode fracture conditions takes place two 

form of the crack tip displacement characterized by the corresponding stress intensity 

factors K1 and K2. This fact predestines the need to use in order of mixed mode fatigue 

experimental data interpretation the effective stress intensity factor Keff which is 

function both K1 and K2. In our method of mixed mode fatigue experimental result 

interpretation we have used effective stress intensity factor in the form of the strain 

energy density factor S [7] 
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In the method suggested by authors [8] for the experimental data interpretation, 

based on the concept of a straightline crack, crack growth is connected to a variation in 

the inclined crack angle. This fact predestines the need to transfer from one function 



consti

Y
=β1  (or 

consti

Y
=β2 ) to another one. Therefore when calculating the stress intensity 

factors K1 and K2 double interpolation was carried out the Y1 and Y2 functions by both 

the crack length and its inclined angle using Lagrange polynomial. 

The experimental study of fatigue crack growth rate in the aluminum alloy is 

performed on biaxially loaded cruciform specimen. All specimens for biaxial loading 

contained inclined through thickness central cracks. Mixed mode I/II fatigue crack 

growth rate experiments on the high-strength steel and the titanium alloy used the 

compact tension shear and the center notched specimens consequently. The main 

mechanical properties for tested materials are listed in Table 1. 

CS tests have been carried out under biaxial tension with nominal stress ratio η=0.5 

on the special test-machine with frequency 5 Hz at stress ratio 0.1. CNS and CTS tests 

have been performed on the MTS Landmark test-machine with frequency 10 Hz at 

stress ratio 0.1.  

 

Table 1. Mechanical properties 

 

Material 
Yield stress  

Re (MPa) 

Ultimate stress  

Rm (MPa) 

Reduction  

of area  

(%)  

Strain 

hardening 

exponent 

Aluminum alloy 160 384 25 4.29 

Steel 1039 2064 45 6.43 

Titanium alloy 508 534 11 9.29 

 

 

 

 

Figure 3. Mixed-modes fatigue fracture diagram of CTS geometry. 



The typical experimental fatigue fracture diagrams in coordinates of the crack 

growth rate versus the strain energy density factor for all investigated titanium CTS 

specimens for full range of mixed mode loading are shown in Fig.3. Mode I crack 

growth corresponds to α = 90º and α = 0º is pure mode II while α < 90º represents 

mixed mode crack growth. Figure 3 shows that mixed mode-loading causes a significant 

increase in crack growth rate with respect to pure mode I for all tested CTS specimens. 

Moreover, the crack growth rate monotonically increases when mode mixity changed 

from pure mode I to pure mode II. 

By substituting the experimental values of the crack length increment and the crack 

angle deviation in the approximation equation (2-3) describing the T-stress behavior, the 

current values of the constraint parameter were obtained for each specimen. Graphs 

showing these experimental results are presented in Fig. 4. 
 

              

                                         a)                                                                   b) 

 

    c) 

Figure 4. Crack growth rate versus T-stress of (a) CNS, (b) CS and (c) CTS geometries. 



Represented experimental results show that the general for all tested specimens and 

materials of different properties is a trend of increasing crack growth rate while 

decreasing the constraint effects characterized by the T-stress. As follows from the data 

within each individual fatigue fracture diagram more constrained conditions in the 

specimens studied geometries cause the lower rate of crack growth. It is shown in Fig.4 

that there is a greater variation of mixed mode crack growth rate depending on current 

value of the T-stress along the curvilinear crack trajectories. Positive values of the T-

stress correspond to lower values of fatigue crack growth rate. Influence of mixed mode 

loading on the crack growth rate in the interpretation through the constraint parameter is 

also monotonic. From a comparison of the diagrams of fatigue fracture as a function of 

the equivalent stress intensity factor and the T-stress follows that the crack growth rate 

should be more sensitive to change of constraint factor. Therefore varied values of T-

stress can be an additional parameter characterizing the crack growth rate under mixed 

modes of loading. 

 

 

CONCLUSION 

 

This work is centered on the role of the T-stress during cyclic mixed mode fatigue crack 

growth. In the present study it is stated that the T-stress is not constant and 

demonstrated how it changes depending on crack length and crack angle combinations 

in fracture specimens various configurations. It is shown that there is a greater variation 

of mixed mode crack growth rate depending on current value of the T-stress along the 

curvilinear crack trajectories. 
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