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ABSTRACT: The macroscopic mixed mode cracks under both remotely uniaxial tension and
compression loading are studied in LEFM to predict the initial fracture direction (0,), fracture

load (o), threshold fracture factors (Kj-K H) and the final crack path during fracture process.

The used fracture theory is the Directional Maximum Circumeferential Tensile Stress Criterion
(Ctnay) [1] which is newly introduced and based on the Directional Fracture Approach (DFA) [1].
In case of mixed mode crack under compression loading, the effect of friction between crack
surfaces is considered taking various values of the coefficient of friction (1). Also, the effect of the
negative value of stress intensity factor for mode (1) (Ky) is taken into consideration. The results of
this study are fracture angle -crack angle relations (f-8), normalized fracture load-crack angle

relations (0.0 -f), critical envelopes of stress intensity factors (K FK1p and the final crack

path during fracture process. Crack trajectories are developed according the new directional
Jracture technique of crack path [1]. The obtained results are compared with the previous
theoretical and experimental work beside the experimental work of the author [1] recording a good
agreemtent.

Notation

0 Fracture angle at crack tip. Kier Critical stress intensity factor for
mode I..

By Initial fracture angle. K;.Id Stress intensity factor for mode I1.

Ocr Critical fracture angle. Kirer Critical stress intensity factor for
mode II.

o Fracture angle for mode I. ' GBcr Critical fracture load for mixed
mode.

Ofr  Critical fracture angle formode . 90 Critical fracture load for mode .

Orr Fracture angle for mode II ocr  Fracture load.

O1er  Critical fracture angle for mode II o Applied load

Ky Stress intensity factor formodeI  f Crack angle.
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T9,C v 10 Stresses al crack tip in polar representation.

Coor Critical value of circumferential tensile stress.

Gl Circumferential tensile stress of mod I

G Circurnferential tensile stress of mod I1.

afo Circumferential tensile stress of mod I at crack angle ( ).
%y Circumferential tensile stress of mod I at crack angle ( 90 ).
I Crack tip radius or fracture increment length
Introduction

The previous studies of fracture analysis were based mainely on two fracture approaches; “ Scalar
approach *“ and * Vector-Like quantity approach * . Scalar approach considered the fraclure parameters in
a scalar shape and dealt only with tension-shear cracks [2] . Veclor -Like quantity approach considered
the direction of the fracture faclors [3] . It was applied for tension-shear cracks but for mixed modes under
compression , it considered that the crack to be under shear stress neglecting the effect of normal slress
and the friction between crack surfaces, It assumed thae the crack to extend in a negative direction with
respect to the original crack direction for mixed modes under tension loading and in a positive direction
for mixed modes under compression . They considered that the parameters of mode ( I ) crack are the
only material intrinsic parameters neglecting mode (1I) and mixed modes parameters .
Trying to overcome the difficulties in previous work , the present study is based on a new concepl named
Directional Fraclure Approach ( DFA} which consider the value and direction of the fracture factors [1] .
So,in this paper , the crack behaviour is studied in macroscopic scale to predict the initial fraclure
direction ( 8), fracture load (o) , stress intensity factors ( K;-Ky) and the final crack path during fracture
process . The study is performed for slant cracks to the load direction with crack angle { B ) having
various values ( from 0° to 90° ) under remotely loading conditions for both uniaxial tension and
copression for britle materials in LEFM ., The used criterion is anew criterion named Directional
Circumferential Tensile Stress criterion { g ) or ( D ay) . It is a new fermulation of the (g, ) criterion [5 ]
with a new (reatment based on the Directional Fracture Approach ( DFA ).This new approach considers
the valtue and direction of the fracture factors of (o,) , while the previous studies considered only their

scalar values .

Directional Maximum Circumferential Tensile Stress Criterion ( & ; max)

Formulation and Hypotheses ;
The new formulation and hypotheses of this criterion depends on the dir"ecu'onal treatment for its

parameters and their variations at the crack lip according to the hypotheses of DFA. These new
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hypotheses include mode ([) , mode ( 11 ) , mixed mode under tension and mixed mede under compression
including the effect of friction between crack surfaces figures (1,2,3,4 ).
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Fig. 3 Mixed mode crack under tenslon

659




/<

Fig. 4 Mized mode crack under compression

The genceral hypotheses of this criterion for various crack modes are :

a} Cracks Under Single Mode Conditions (1) or (IT)
1- Crack under pure mode ( [ ) or mode ( [I ) will extend in the direction of the maximum value of the

applied fracture faclors (Gt Jmax OF (Tot)mex -
2- Crack will start to propagate when the applied fracture factor reachs its critical value .

b)Mixed Mode Cracks :

1- Crack under mixed mode ( tension-shear ) or ( compression-shear ) will extend in the direction of
vectorial summation of the applied fracture factors of mode ( 1 } and mode ( I ) for the material under

consideration :
-> - -
() =(9a) + (%%a) (1
2- Crack will start to propagate when the value of the above summation reachs its critical value :
- -
( 9e) 2 (T9)e 2

Fundamental Hypotheses :
This criterion postulates that :
iy Crack extension starts in the direction normal to the maximum { o ) at
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adistance r =r, from crack tip, ( where r,=0025 a).
ii) Crack will begin to extend when the circumferential tensile stress (o,,,.)

reachs a material critical value |
Where :

& o= [1/(2nr)] "cos 0/2 [ K cos*0-1.5K sin 0] +......... 3)

a) Mode (I):

i ) Crack extends in the direction normal to the directionof : (o o1 Ymax

da,,/00 =0 )
&

0’6,,790° <0 (%)

Where :
[og) =K, cos’ (8/2)/ (2 n 1) (6)

ii) Crack will extend when :

[Gorles 2 [ 0yl (7)
Where :

Go1a = Kio /[ 211, ]m
And : r, = 0025 a (a is the half crack length )

b} Mode (II):

1) Crack extends in the direction which is perpendicular to the direction of (o, [

8 [0gq17068 =0 @)
3% (ogl 7087 < 0 )
where : .
(Gogl = - 15 Kycos0/2 sin /( 27 1)’ (10)

ii} Crack will extend when :

[Fonlma 2 [Geg 1. (11)
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¢) Mixed Modes

i) Crack will cxtend in the direction normal 1o the direction of [ o ] .,

—> -+ -
CRETCI aal 2 han (12)
a) For mixed mode tension -shear :
Go= [(O,0"° +0y" ™ cos 0, )  + (0" sing, )’ 1" (13)
b) For mixed mode compression-shear : ‘
Gy= [ (0" =0 ™ cos 0y, )" + (g sin 0y, 17 (14)
Where :
[0 = K, cos 6/2)/ (2 n 1) (15)  or
[c“]p.m = (r(a)”2 Sinzﬁ /(2 r)Uz (16)
[o,l"° = - 1.5 Ky cos 6/2 sin 8 /( 21 1) a7 or
[ooaf™ = - 1.5 o (a)” sin Poosp cos 0,2 sin B,/ ( 21)'" (18)
ii ) Crack starts to extend when :
[ Oty 2 [06]a 19)
Prediction of Crack Extension Direction :
ayMode ( 1):
3[04]/90 = 0
0{0 o)/ 00= -1.5 cos’0/2 sin 072 (20 )

Then, 9 = 900 or 0= 000 But,

8%[0,]/807=-15 KI[0.5c0s’0 /2 - cos@ /2 sin2@/2] (2m1)" @n
, at 8= 900

2% [0,4]/002 = 0265 K, /(2 a1 )? >0 @2 not ok.
and at o= 00°

2% [oe /00 =-075K /(2x1)" < 0 (23) ok.

‘Then 0, = 00°

Iar
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b) Mode ( Il ):

d(0en] /186 =0
O{oou] /30= -1.5 Kyfcos 6/2¢0s0-0.5sin0sin0/2]/(2xr)?
c056/2 cos0- 0.5 sin@sin0/2 =0
2- andtn6p2 = 0
Then the fracture angle may be ,0,_= + 70.54°
And,
%[0 4p¥ 98 = 1.5 Ky[ - 050 /2 5in @ - 0.5 cos @ sin 6 /2 - 0.25 5in @ cos 6 /2
- 0.5 5in0/2 cos0]

Al 0= +70.54°
8’ [04)/00" = - LBKJ(2 1) < 0 (28)
Then Oue =+ 70.54° '

Influence of Fracture Factors ( 6,,,0 N H

(24)
(25)
(26)

(27)

ok

Figures (5,6) show the variations of the directional fracture factors (0 o1 T oy ) at crack tips. They prove

that the fracture angle of mode (I) lies at [6,,=0.0°] and fracture angle of mode (II) lies at [0 ,_=+70,54 °]
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Fig. 6 Variation of clrcumferentlal stress at crack tip for pure mode (II)

Crack Angle - Fracture Angle Relations [ 3-0] :
a) Mixed Mode ( Tension - Shear ) :

From figure (3 ) and the criterion hypothesis, the following relations are derived .

6, =tan’ [ 04" " sin6 o/ (0¥ +o, M 0050 )] (29)
Where
[oo™ = c@?Sin g/ (2 r)'?
[Conf™ = - 15 o (2 Sin Poos Poos® /2 sin®p,/( 21"
Then:

[0],~ tan’[ 1.088 cos B /(sin B +0.3846 cos P )] (30)
Figure (7) represents the comparison between this criteriont , the previous criteria and

experimental results. The comparison records that [o, ]-criterion is salisfactory .
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Fig. 7 Crick angle -fracture angle relatlon Fig. 8 Crack angle -fracture angle relation

for mixed mode under tension for mized mode under compression

b) Mixed Mode ( Compression - Shear ) Including Friction :

From figure (4 ) and the criterion hypothesis, the following refations are derived .
0_ =90 +tan” [(0g""" -0y c0s0 5, )/ (Op SN0 g, ) ] G
8 =900+ tan’ [sin -0.385(cos Py sin B) /1.088(cos P sin B)) 32)
Figu:é (8) shows the above relation for { p = 0.0,0.1,0.5,0.8 ,1.0 ) . It also contains the relations
for other criteria and available experimental data. The figures show that [ a1} curves are near from the
experimental results and define the maximum value of crack angle at which the crack will be closed [P,

=tan" 1/p ] . These curves are newly introduced .

Normalized Fracture Load-Crack Angle Relation { o JGN; pl:

From equations (6) for mode 1 ,(10) for mode IT and (13 , 14) for mixed mode (ension-shear and
compression-shear resbectively and figures ( 3 , 4) , the criterion hypothesis are applied to develop the
relations between crack angle and ﬁ:;ctme load for both mixed mode crack under tension and under

compression including friction effect as follows :
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relations between crack angle and fracture load for bath mixed mode crack under tension and under
compression including friction effect as follows

a) Mixed Mode Tension - Shear :

o = [0, (20/2)" | [ 1[sin"B + 133 sin’p cos’p ] J'2 (33)
6™ =gy, (27a)" (4
[0’ /0™ )= 1/[sin*p + 1.332sin 2 p cos’p ' (33)

The comparison between the above relation , previous plane sirain results and other plane stress

cases are shown from figures (9),(10) resbectively . They are compared to the experimental work
recording a good agreement .
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relafion for tension and plane strain resulis relation for tension and plaune stress results

b) Mixed Mode ( Compression - Shear ) Considering Negative ( -KI ) Factor :
o’ = 0 20/) [1/[- sin'p + 1.3 (sin P cos p - p sin’ B )? |2 (36)

o-me =Gy, @r)'”

[0°/0™]=1/[-sin" + 1332 (sin p cos p-p sin’p )] G7)
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Figures (11,12 )} show the above relation in comparison with the plane strain and plane stress results of
previous criteria resbectively and experimental work recording the best results, They are presented for
[1=0,0.1,0.5,0.8,1.0] determining the maximum crack angle for each (w).

o

P ) e

o 7] 7] oy’ L] 0 60" Bl
Crock  angle 1071 Ciork ongie (A%
Fig. 11 Normalized fracture load -crack angle Fig. 12 Normalized fracture load -crack angle
relation for compression and plane strain results relatlon for compression and plane stress results

Fracture Envelopes of Critical Stress Intensity Factor [K-K,] :

The fracture envelopes of stress intensity factors [ K, - K] are developed for both mixed mode

Lension -shear and compression - shear including friction as follows :
a) Mixed Mode ( Tension - Shear ):

From the following equations :
|Uml = [(o ej"H"' c e{lMIIc cos )2 +(o am‘mue sin 6 nc)2 ]m
o= K /[ 271 1"

ol =K /[ 20 17 =K, /[ 2m0 1
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This relation is plotted in comparison with the scalar one of previous [ o, ] criterion and the
experimental work , figure (13). It shows that the envelope of directional [o,] has a good agreement
with the experituental results. '
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for tension cracks for compression cracks

b) Mixed Mode ( Compression - Shear ) Considering Negative (-K , ) Factor :

" Using the following equations :

X 61l 2 Ole . 2,172
0= [ (0 o0 40 o™ cos 010 ) +(6 g “sin8 )" ]

0y, =K, 1/[ 271 1
Oy = [Kcos’0 21/ 2nr 1
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p.oile n

Gy, = [(cr‘,I'@"M+cmp‘e""cm(%‘m,)2+(cx',II sin6 )’
O =[K, V/[ 27rc |'
oy = [Kc08 0721/ 2mr |
oy =~ [1.5 (Kg - K ;) cosO1sin6 ] /[ 2nr )"
The following equation can be derived :
1= (KJK - 0.3846 (K/K, - K/K ) 1*+[LOSBTK /K, - pK/K ) (39)

Thesc envelopes are developed with the consideration of the normal stress effect beside the effect of shear
siress. They are presented for various values of cocfficient of friction (1=0.0,0.1,0.5,0.8,1.0), figure ( 14)

Crack Path Examples:

Applying the "Directional Approach " rules for crack path technique.[1) and using the fracture
mechanism and fracture increment length for this eriterion , some examples of crack path are presented
using computer developed computer programs [1] for both mixed modes under tension and compression
loading . Figures (15,16,17,18,19,20 ) show some solved examples od crack path problems under tension
loading and figures (21,22,23,24 ) show the other examples which are presented for cracks under
compression loading . They are compared with experimental work results of the tested planp stress
samples of PMMA [ 1 ] which ére carried oul by the author realizing a good correlation .
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Conculusions ;

As shown from this study , the behaviour of mixed cracks is investigated using the new method of DFA
which deals with the cracks in directional forms , It is simple in using , easy in its application with the
~ good efficiency in determination of the fracture load , crack propagation direction ,critical stress intensity
factors for all crack modes and the final crack path . The results are good in comparison with the other
criteria and experimental work . It is the only approach which can determine the behaviour of the cracks
under mixed modes taking into consideration the negative direction of stress intensity factor of mode (1)
and the effect of friction between the surfaces of the crack on the determination of the fraciure parainelers
. DFA approch succseeded to determine the angle of crack under compression at which the crack will be
closed without propagation . Also , It can determine the value of coefficient of friction () at which crack
can be stable and stop to propagate . As oblained from the study , it is clear the effectiveness and
intelligency of DFA to investigate the malerial fracture parameiers reaching to make a control and
prevention of the cracking process , to know the intelligency of the materials and structures to devol any
excess in the stresses without failure to make a good safe structural design against cracking and to make a
good analysis of the cracked structures reaching to choose the suitable method of its repair and

strenthening .
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