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ABSTRACT

I

Fatigue crack initiation and growth from induced surface flaws in a remotely-applied biaxial
bending stress ficld was investigated. Semiclliptical surface flaws were induced in rhombic
plate specimens at angles oriented at different degrees with respect to the principal tensile siress
dircction. The plate specimens were simply supported and cycled by applying two bending
monients using the anticlastic beuding method,

Test results showed that crack grows in a direction of a fracture initiation angle 0 under the
influence of a hoop stress which is maximum at the crack tip and then grows in a direction and
rite which dependent on the orlentation of the induced surface flaw. Under biaxial bending,
crack growth rates were {found to increase as the initial Haw orientation approached a direction
normal to the maximum principal stress. A model is proposed for dealing-with crack initiation
angle 0, due to biaxial bending, The {racture surface, as a result of fatigue cycling, showed a
mixed fracture behavior which was dependent on the applied biaxial stress ratio and induced
crack angle i, The experimental results showed a trend similar to the proposed model but with
some discrepancics,

INTRODUCTION

In the past two decades, most of the studies on mixed mode fatigue crack initiation and
propagation problem were restricted to unia;dal loading despite the fact that in most cases,
structures are subjected to complex loading system resulting in fatigue failure due to mulii-or
biaxial stress ficld, The mixed mode cracking is an intcraction between Mode I and Mode 11
which can be simulated by rotating a known surlace flaw at dilferent angles with respect to a
principal stress axis, Fracture criteria applied to this type of problem assumes that the initial
fracture angle, 0, as shown in Figure 1, can in general be determined from the stress field near
the crack tip. Since a number of studies were conducted on mixed mode cracking under
uniuxial londing, they can be considered as a special case of biaxial loading (biaxial stress ralio,
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o = (). Among the first studies on this subject, the work of Erdogan and Sih {1} can be

considered as the initial concern for mixed mode cracking. They treated the problem of a plate
under uniform tension ¢ with an angled central crack of length 2a to determine the crack
dircction, They assumed that the crack grows in a direction O for which the hoop stress, ag,

at the crack tip is maximam. A few years later, Williams and Ewing [2] madificd this theory
by including the non-singular terms in the serics expansion for better correlation. Later, Finnie
and Saith {3] pointed out that the proposed modification neglected the contribution of the
norial stress to the crack,

Among the models that were proposed to deal with mixed mode cracking, Swedlow's Model
[4} was considered as a basic model for the biaxial stress investigation. Swedlow proposed a
compression model to account for the crack closing and frictional effect in cracks under
compression, e used Williams analysis {5] to derive general expressions for the stress
distribution near the crack tip, These expressions are :
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where a is the semi-elliptical crack length and G is the applied stress .
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'T'u take into account the crack closing and the frictional effect, he suggested that O should not
be replaced by -G to express a compressive miodel, 1le postulated that when K has negative

values, it means that the crack is closing on itsel{ and by such action, it causcs friction on the
surface of the crack, "Thus, in compression, K| can be neglected and Equations (1-3) can be

cxpressed as:
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where @ =-1, iy is the coelficient of friction, and

K= o/ ma(sin Peos B - tsin 2p) (4')
and
0,= G(cos? f§ —sin? ) ‘ (5)

Lquations (3-5) are applicable along the crack faces. The coefficient of {riction may take a
static or dynamic value depending on the motion of the crack faces. Using the maximum hoop
stress criterion of BErdogan and Sih and taking into account the crack closing and the friction
clfect, Swedlow was able through his model to predict the initial fracture angle, 0, for an

inclined crack under uniaxial compression,

Another model reluted to this problcm, is one proposcd by Woo and Ling (6). They reviewed a
number of {racture criteria dealing with angled crack initiation 8 and its relation to crack
inclination angle . They examined the biaxial loading effect on the parameter used in cach
criterion for the prediction of the fracture behavior under mixed mode. In their experimental
work, they used crucifonm type specimens of 1/8 in. thickness with an initial crack length of 1-
1/4 in. "The material used in lhcirinvcstigmion_ was polymethyl-methacrylate (PMMA). Their
analysis was an extention of Swedlow's approach to the case of biaxial tension-compression
stressed models. This was accomplished by modifying Swedlow's near-tip stress equalions 1o
the following forius:
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where

@, = normal compression stress on the crack faces
of = frictional resistance due to the compressive stress (=jf Op)
jif = friction coefficient

=¢(1- o) cos 2P

They stated that the terms in the above equations will not appear at the same time and the
selection of the proper terms for a given problem was listed in a tabulated form as shown in
Tuble (1). On the basis of their experimental work, they concluded that the maximum hoop

stress criterion was the most appropriate one to use for both the open and closed crack
conditions.

Analysis of Crack Initiation Angle vs Induced Angled Crack

On the basis of cited approaches, a biaxial stress model to predict crack initiation angle, 0q,
with respect to an inclined crack angle 8 is presented. The basis of the near-tip stress problem
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solution can be derived from Williams' analysis which was given in the form of scries
expansion. "Fhe hoop stress expression, op, shown in Figure 2, was expressed us:

L
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where ©,', o and 1,' represent, respeclively, the parallel stress, the normal stress and the
x 1 Oy xy Iep P Y p

shear stress applied at the crack surface as shown in Figure 3. The angled induced surface flaw
is also shown in terms of B, 05, and stress biaxiality ratio o.. It should be noted that the first

tertn in equation (7) produces a singularily as r approaches 0, where r and a express the
variation of both o, and Te'y' due to the presence of the crack, The second tenn represents the

stress parallel to the crack and is simply superimposed on the stress distribution; hence, it is not
alfected by r and a. For a localized region near the crack tip, only the first term is considered
since it dominates the solution,

Using the maximut hoop stress criterion, postulated by Erdogan and Sih, the initial crack
angle, 00’ can be obtained if the following conditions are satisfied:

[800] 7o,
G'({ >0, 30 =0 , 302 <0
00 fo go @)

by setting A = ¥2r/a and using the conditions in equation (8), the direction of the initial crack
growth angle can be oblained by maximizing equation (7) and setting 008/ 6 =0 resulting
in:
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Equation (9) is the general expression for maximizing the hoop stress which can be solved for
the initial crack angle for a given sress ficld. The expressions for o', 0y and 15y depends

on the nalure.of the loading condition (uniaxial or biaxial), Both Williams and Ewing, and
Finnic and Saith used the above equation to predict the initial fracture angle for an inclined
crack under uniaxial loading,

‘The stress equations used by Williawis and Ewing were expressed as:
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Oy = 6cos2p
Yy = osinficosf (10)

whereas the equations used by Finnie and Sailh were expressed as:

oy = o(cos2ft - sinZf3)
Oy' = Gs;inz[i
Tx'y' = osinfeos (1n

Note that the only difference between them s the expression of Oy’ |

Both methods have been extended to biaxial loading. This exiension is based on equations
(9,10,11) where the initial fracture angle for an inclined induced surface flaw under biaxial
loading was determined using the conditions in equation (8).

Tn order to determine the stresses nppiicd to a crack of length 2a (Figure 3), n prismalic element
is considered as shown in Figure 4 where the three faces arc respectively perpendicular to the
X, ¥, ond y', “The areas AA, AAsinf), and AAcos f represent respectively the oblique,
horizontal and vertical faces. The forces exerted on theses faces are also shown. Using the
components along x' and y' axes, the equilibrium force equations are:

szFO: o'y.AA — oo Acos B)os B~ o(AAsin f)sin =0

(12)
and
ZFX.= 0: Tx‘y‘A A+ ao(AAcos B)sin f~ o(AA sin f)cos f=0 (13)
Solving the first equation for oy and the second for Tx'y', we obtain:
Oy = o(sin2f + oicos2f) (14)
Ty = (1 -oyosinfcosf (15)

Note that oy' and Tx'y' are equivalent to Mode I and Mode II stress intensity factors Ky and
Ki1- :

The expression for the stress,ay', purailel to the crack surface, can be obtained from equation
(14) by replacing P by B+90% which is the angle formed between the x axis and the x' axis,
To better understand the presence of the paratlel siress to the crack, a Mohr's circle approach is
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constructed as shown in Figure 5 which shows the stresses along the x-y and the x'-y' planes,
Note that the stresses applied at the prismatic element, and as shown in I gure 4 are principal
stiesses.  Thercfore, it was necessary to, rotate this element by an angle B, in order to
determine the stresses applied at the crack surface, oy', Oy andf 'tlr;')f,'. The angle [} is the

oricntation angle of the induced surface flaw with respect to the maximum tensile stress.
‘Therefore, equation (14) becomes:

oy = ofsinZ(p + 90) + acos2(p + 90) (16)

Using the following uigonometric identities:
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= 234..% ..
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or
o= o(cos? f+ orsin 2 p) i ell)

By substituting the values of Ox' Oy' and X'y from equations (14,15,20) into equation (9),
we have:
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Equation (21) is the proposed model for relating 0 1o B and o in a biaxial stress state. The
roots of equation (21) are denoted by 0. We can reduce equation (21) to the uniaxial case by

leuting v, =0, which will then take the form of:

2a [l=3cos @ 16 A[Si“ “zq}
tan ‘B"[ sin @ ]tanﬁ-—-S— m o]0 :
(22)

Note that equation (22) is similar 1o Williams and Ewing equation for uniaxial loading and
which was given as:




- 36.8 -

0
2. 1-3cos 8 _ 16 ;,bsm 2 _
tan * 3 Tsing A B Y

The solution of equation (21) is presented in Figure 6 showing the initial fracture angle, 04, as

a function of the induced crack angle, B, for values of biaxiality ratios, o, ranging between -
1.0 and ). Note that, for small values of crack angles, f3, at a given biaxiality ratio, o, a wide
deviation is observed giving high values of 64. The reason for this deviation is the effect of
ay' . For example, for f} = 450 and o, = -1.0, oy’ =0, for 3 S 450, 6, becomes negative
causing a closing effect rather than an opening effect on the crack surface, Therefore, there are
two cascs (o be considered; (1) the opening mode as expressed by equation (21) where Gy is
positive, and (2) the closing mode where oy' is negative. To account for the closing effect oy

should be climinaled from equation (21); otherwise, the solution of equation (9) is invalid.
Therefore, setting gy = 0, equation (21) becomes: '

. A '
1—3cos 0 16 2| 51" ]
(I~ a) [ im0 ]tanﬁ [lan 5 (1+ atn? By =0

23)

Hence, modification of equation (21) as expressed by (23) shifts the curve downward for
better correlations of experimental data as shown in Figure 7. Note that both curves deviate
from one another for § < 450 and merge together starting from B = 459 to § = 900 due to
oy effect. The solid curve represents the theoretical results of equation (21) where Oy was
included; whereas, the dashed curve represents results without ay'. A comparison of the

proposed mode! as expressed by equation (23) 10 Woo and Ling approach, is shown in Figure
8. It can be seen that both curves are in close agreement.

Experimental Procedure;

An experimental procedure which relates fatigue crack initiation and growth rates of surface
flaw subjected to biaxial stress field was developed by Zamrik et al (7). The test method
ulilizes anticlastic bending of plates which produces a two-dimensional stress ficld, The
anticlastic bending causes one surface of the plate curvature to be in compression while the
other one in tension. Thus, the two gencrated curvatures see pure bending moments, M,
and My, as shown in Figure 9, This tyb’c_: of loading produces negative values of biaxiality
ratios o = a2 fol, In this study, ratios of o = -0.45, and -1.0 were used. Detailed
description of the apparatus can be found in Zamrik's publications (8-9). For this program,
the goal was aimed at generating biaxial data which could be used for: (1) determining the
initial fracture angle, 8,, at both tips of an induced surface flaw of given gecomelry, (2)
compuie the crack growth rate as the surface crack grows from the initial crack, and (3)
establish a good understanding of fracture surfuce flaws subjected to mixed mode loading.




- 36.9 -

By setting a constant load amplitude, fatigue tests were conducled at two cycles per seconds
(2 11z). The material used in this.study was 6061-1651 aluminum alloy plate specimens
with nominal thickness of 0,25 inches, The material had a yield stress of 40.9 ksi (0.2%
olfset) and an ultimate tensile strength of 44,5 ksi with a tensile elongation of 13.6%. A
semiclliptical sutface {law with a geometry of 0.03 to 0.04 inches deep by 0.125 in. long by
0.005 in, wide was induced into the plate specimen by means of an electro-discharge
machining (EDM) process. The orientation of the induced surlace flaw, with respect to the
principal tensile stress direction, was designated by the angle 3. Prior to testing, the surface
of cach specimen was polished to a luster with different grades of metallurgical abrasive
papers. Polishing wheels were also used to reline the surface around the EDM flaw so that
a propagating crack could be readily observed under light microscope. The finished plate
specimens are known as thombic plate specimens,

Test Results and Discussion;

‘The test results of the research program dealing with crack initiation and propagation rate under
biaxial bending are divided into three parts, Part I, which is the subject of this paper, deals
only with fatigue crack initiation angle of mixed mode under biaxial loading, Part 11 deals with
the prediction of crack trajectory as compared fo the actual crack path for a number of biaxiality
ratio with different inclined crack angles . Part 11 deals with fatigue crack growth ratc for
rhombic plates as function of cyclic life to failure using the strain enerpy deusity factor and
cyclic stress intensity factor approaches.

Two different geometries of rhombic pIatcs-were used producing biaxiality ratios of o= -
0.45 with initial crack angle [} of 30, 45, and 60 degrees and o= -1.0 with = 0, 45, 60, 75,
and 90 degrees. "The loading conditions were kept the same during testing where the maximum
applied load, Pyq., was held at 850 Ib, producing a maximum tensile stress of o = 20,400 psi.
The choice of Py, had to satisly two conditions: (1) the stress intensity factor must be greater
than the threshold  stress intensity factor, and (2) P4, must be below the yicld load, Py,
which was equal 1o 1040 Ib, The initial fracture angles, 8,4 and 0,5 , shown in Figure 10,
were measured optically by using a 40x projection microscope with a movable platform. The
image of the crack usually showed & band with an upper and lower edge giving different values
of 0, within two degrees. Also, two megsurements of fracture angles were taken, one at a
siall distance from the crack tip and the other one almost twice the distance of the first one,
The plot of the experimental data with respect to the theoretical models is shown in Figures 11
and 12 in ters of fracture angle 8, vs induced crack angle . Published approaches of Sih and
Woo and Ling are also imposed. It is evident from the plots that discrepancy exists between the
moxels and experimental data, "The discrepancy can be atiributed to a number of observations:
(1) the [act that the models consider-only two dimensional stress problems achieved by using
thin specimens; (2) whereas, in this investigation the rhombic plale specimens are thick with
respect 1o other investigators' specimens; (3) it is suspected, based on observed failure modes,
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that a three dimensional state of stress exists in (he rhombic plate specimens; (4) another factor
confributing to the discrepancy could be related fo the exclusion of higher terms in the scries
expansion of the stress and displacement equations. Iowever, in predicling the crack
trajectory (to be published as part I1), the trajectory model is in agreement with the experimental
data as shown in Figure 13,

It was also observed that when the induced crack angle [3 is between 45 and 90 degrees, the
crack is in an opening mode due to the fact that the tensile stress is normal to the crack surface,
and when [ is greater than 0 but less than 45 degrees, the normal stress on the crack becomes
compressive causing a crack closure,

Conclusions:

From the data obtained on thick plate-specimens, it is cancluded that within the experimental
accuracy, the proposed model based on Woo and Ling (modified Swedlow's model) is limited
to thin plate specimens subjected to a two-dimensional stresy state, Once the state of stress is
changed to a three dimensional problem, the models cannot predict accurately the crack
initiation angle under mixed mode loading. Ilowever, the results have shown a consistent
pattern similar to the model prediction, The discrepancy can be attributed to the use of thick
plate specimens where the state of stress is three dimensional which seems to influence the
crack initiation angle, but not the crack propagation rate and crack trajectory which fall under
the influcnce of a biaxial state of stress once the crack has moved away from the initiation
stages. Another factor in the discrepancy could be in selecting the size of the flaw 1.25 in, vs.
0.125 in. The overall observation, which can be stated in a positive way, is that the proposed
models’nrc not too far off from the thick plate experimental data and with further analysis, the
initial [racture angle can be well predicted.
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Figure 1. Angled Crack Under Biaxial Loading

Figure 2. Stress Components Near the Crack
Tip in Cylindrical Coordinates
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Figure 3. Angled Crack Representation
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Figure 10, Anticlastic Plate Specimen With EDM Slat

and Various Crack Angles
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