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An opening crack model for thermo-magneto-electro-elastic solids
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Abstract In previous studies of fracture analysis for a thermo-magneto-electro-elastic solid, the crack-face
thermal boundary condition is always assumed to be fully insulated or conductive. In the present paper, an
opening crack model is proposed by considering the various physical properties of crack interior. The
thermal flux, electric displacement and magnetic induction at the crack surfaces are assumed to be dependent
on the crack opening displacement. The effects of applied magneto-electro-mechanical loadings and the
thermal conductivity inside a crack on the thermal stress intensity factor are investigated. The obtained
results reveal that the thermal stress intensity factor depends not only on applied thermal loadings but also on
applied magneto-electro-mechanical loadings and various physical properties of crack interior.
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1. Introduction

Due to the giant magnetoelectric coupling effects, magnetoelectroelastic materials own
significant technological promise in manufacturing the novel multifunctional devices [1]. Moreover,
since the temperature change will affect the overall performance of the smart devices, it is important
to investigate the responses of magnetoelectroelastic materials under a thermal loading [2-4]. It is
noted that the fracture analysis of a cracked thermo-magneto-electro-elastic solid has attracted much
attention [5-9]. One can see that the thermal boundary condition on the crack surfaces is always
assumed to be thermally insulated, and the effects of the thermal properties inside the crack on the
crack-tip fields are not considered. Recently, in order to investigate the effects of the medium inside
a crack on the thermal stress intensity factor, the thermal-medium crack model has been proposed
[10]. The obtained results have also revealed that applied mechanical loadings have great influences
on the thermal stress intensity factor. On the other hand, some known observations show that the
electric permittivity and magnetic permeability of crack interior cannot be disregarded for the
fracture analysis of a cracked magnetoelectroelastic solid [11]. It is also seen that the
semi-permeable crack-face magnetoelectric boundary conditions have been proposed [12].
Consequently, to address the effects of various physical properties of medium inside a crack, we
propose the following crack-face boundary conditions for a cracked thermo-magneto-electro-elastic

solid:
C C A¢ C C A¢ C C Ae
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where the constants &°, z°and A°denote the dielectric permittivity, magnetic permeability and
thermal conductivity of crack interior and they are given as&® =g &,(¢, =8.85x107*F /m),
18 = 11ty (1, =1.26x10°Ns? /C?) and A° = A A,(4, =0.024W / Km) respectively. D°,B° and
q° are the electric displacement, magnetic induction and heat flux at the crack faces respectively.
Ag,Ap and A@ are the jumps of electric potential, magnetic potential and temperature change
across the crack, respectively. One can find that eight ideal crack models associated with a
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combination of permeable and impermeable thermal-magnetic-electric boundary conditions can be
obtained by considering the limiting cases of Eq. (1).

The objective of the present paper is to investigate the dependence of the thermal stress intensity
factor on applied magneto-electro-mechanical loadings and various physical properties of crack
interior. Applying the boundary conditions in Eq. (1), the stationary behavior of a cracked
thermo-magneto-electro-elastic  solid is considered under a combination of applied
magneto-electro-mechanical loadings and a uniform heat flux. The closed-form solution of the
thermal stress intensity factor is obtained. Numerical results are carried out to show the variations of
the thermal stress intensity factor on applied magneto-electro-mechanical loadings and various
physical properties of crack interior.

2. Basic equations and boundary conditions

Consider that a Griffith crack is embedded in a transversely isotropic magnetoelectroelastic
solid with the thermal effect. As shown in Fig. 1, we use Cartesian coordinates system xoz and
assume that the crack is located at —a<x<a. Applied thermo-magneto-electro-mechanical
loadings o, D,, B,,q,are acting on the crack surfaces. Using the boundary conditions in Eqg. (1),
we have

0, (x,00=-0,, D,(x,0)=—(D,—-D°), —a<x<a (2

B,(x.0)=—~(B,~B°), q,(x0)=—(q,-q°), -a<x<a (3)
Hereafter o;,D;,B;,q; stand for the components of stress, electric displacement, magnetic
induction and heat flux.
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Figure 1. An opening crack in a thermo-magneto-electro-elastic solid

Under the assumption of plane deformation and linear thermo-magneto-electro-elasticity, the
constitute equations can be written as

ou, ou, 0 0
Ow = 011§+0135+e318_f+h318_§:_ﬂx9 (4)
ou ou o¢ op
=Cy——=+Cypy—— 46—+ —— 5,0 5
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Oy 44[ P ax) €5 X hys X (6)
u
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ou ou,__3p_, o

D, :esla_xx+e33§_5335 335‘|r p,0 (8)
ou, ou o¢p op

B, =h| —=+—|-d,—— 1, — 9

X hlS( P 8Xj 15 Hi X %)
ou, ou, 0 0

B, :h31§+h33§_ 3sa_f_ﬂ336_f+mz9 (10)

where u,,¢, and @ are the components of elastic displacement, electric potential, magnetic

potential and temperature change. c;,e;,h;,&;,d;, 4, p,and m, are the elastic, piezoelectric,

piezomagnetic, dielectric permittivity, magnetoelectric, magnetic permeability, pyroelectric and
pryomagnetic constants, respectively. g, and f, are the stress-temperature coefficient.

Application of the equilibrium equation leads to the following partial differential equations

Ciyly o +Cagly, + (Cia + €U, 5, + (&5 +€5)8,, + (s +5),, = .6, (11)
Cagl 5 +C3aU, ,, +(Cia +Cyu U, 5, + €558, +E330, + N5, + N0, = 5,0, (12)
€15U, o +E33U, ,, + (€3 + 45Uy, —E1f s —Exsf,, — U@ — Uy, =—P,0, (13)
hisU, o + o, ,, + (yy + U, —03d s —aad,, — 10,005 — taep,, =—M,0, (14)

On the other hand, from the theory of the Fourier heat conduction, one has the following
constitute and equilibrium equations

06 00  oq, oq
:—/1 -, 7 A, _X+_Z:0 15
% * X a 0z oxX oz (19)

Then it follows that
2 2
/12%#9—‘29:0, Ao X (16)
oX® oz A

z

3. Thermal stress intensity factor

Since the considered problem is linear and only related to the stationary behavior of a cracked
thermo-magneto-electro-elastic solid, the magnetoelectroelastic field can be obtained by
considering the superposition of that induced by applied magneto-electro-mechanical loadings and
that induced by applied uniform heat flux. For the temperature field, similar to those given in [13],
one can easily obtain the jump of temperature change across the crack as

0(x,0) :-%\/az X, _a<x<a. (17)

Moreover, using the known results in [12], we give the jump of elastic displacement across the
crack, namely

4
uz(x,O):#znﬂaJaj\/az—xz, —a<x<a (18)
j:lﬂ”aj =
where the constants A, «;,a;and n;;are defined as those given in [12]. From the third relation in

Eq. (1), Egs. (17) and (18), the heat flux g°can be calculated as
¢ 4
B A qoz,-:lﬂljaj
- e 4 4
A Zj:lﬂljaj +/1/1zaozj=1’731“jaj

c

q for o,#0, (19)
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29, Ba
o =——; 02y — for 0,=0,D,%0, (20)
A zj:1ﬂ4jaj +A4,(D,—D )212177310516‘1
ACQOZ%, Bs;d;
q° = o) for 0,=0,B,#0. (21)

C 4 C 4
APy + A4, (By = B%) Y st
As observed in [10], the heat flux g°is dependent on the material properties, applied mechanical

loading and thermal conductivity of crack interior. In addition, applied magnetoelectric loadings,
electric permittivity and magnetic permeability of crack interior also have influences on the heat

flux g° since they may affect crack opening displacement. Moreover, when A° =0, one has
q° =0 and the crack is thermally insulated. When A° — oo, we get q° =q, and the crack is fully

conductive.

On the other hand, we can give the explicit solution of the stress field near the crack tip induced
by applied uniform heat flux. For saving spaces, we neglect the detail solution procedure and give
the thermal stress intensity factor as

_x(g,—0%a I
Ky = gﬂl ZﬂZj i1 (22)
where
1 1 1 17
[bkj ]4)(4 — ﬂll ﬂlZ ﬂlB ﬂl4 (23)
ﬂ41 1842 1843 ﬂ44
ﬂﬁl 1862 1863 1864
The constant « is only related to the material properties and it can be calculated as
4 4 4 4
B M12j=1ﬂzjbil _Klzj=1ﬂ21bjz _Kzzj=1ﬂzjbja _K3Zj=1ﬂ21bi4 (24)
= 4 b
Zj:lﬂzjbjl
with
|\/|1 Gy — /12044 _(013 + C44)ﬁ~ _(e31 + els)/l _(h31 + hls)l /Bx
M 2| _ (C13 + C44)/1 Cy — C33/12 €5 — e33/12 hl5 - hss/12 ﬂz/1 (25)
M 3 _(e31 + els)/1 63312 — €5 &~ ‘933/12 d11 - dss/12 pz/i
M 4 _(h31 + hls)/1 h33/12 - hlS d11 - daa/12 Hy — ﬂ33/12 mz/i
K, =C,M, —C;;M,A—e;;M A -h ;M , A -3,, (26)
K, =eyM, —e;M, A+ e,M A +d, ;M A+p,, 27)
Ky =hyM, —h M, A +d ;M A+ 1M A +m,. (28)

It is seen that the thermal stress intensity factor K, is dependent on the heat flux at the crack faces
q°. Whenq® =0, corresponding to a thermally insulated crack, the thermal stress intensity factor is
only dependent on applied thermal loading, material properties and the crack length. When q° =q,,

corresponding to a fully conductive crack, the thermal stress intensity factor is zero. When a crack
is full of a medium, the thermal stress intensity factor is dependent on applied
thermo-magneto-electro-mechanical loadings and various physical properties of the medium inside

the crack. For convenience, the thermal stress intensity factor for q° =0 is rewritten as K_ and
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one get
LT (29)
Km qO
That is, application of (19)-(21) yields
4
K A2,00) . 15058,
K_u: — == for o, #0, (30)
m A Zj:lﬁljaj +Mz‘702121’7310‘131
A2, (D,-D)Y! naa
K _ — ° 21‘103’ _ for 0,=0,D,#0, (31)
Ko 23 Buay +44,(Dy =D 5,8,
¢ 4
K, A2,(By =B 108,

— =T —7 for 0,=0,B,#0. (32)
Ko A4 zjzlﬁmaj +14,(B,-B )zj:ﬂsj'ajaj

4. Numerical results and discussions

In order to investigate the effects of applied magneto-electro-mechanical loadings and the
physical properties of crack interior on the thermal stress intensity factor, we choose a special
thermo-magneto-electro-elastic solid for numerical computations and the material properties are
given in Table 1 [3]. For the sake of simplicity, we further suppose thate =y =4 =w .

Whenw =0, the crack is fully thermo-magneto-electric impermeable. Whenw — «, the crack is
fully thermo-magneto-electric permeable. When @ =1, the crack is full of air.

Table 1. The material properties

Elastic constants Piezoelectric constants Dielectric permittivity
(x10°N/m?) (C/m?) (x10™C?/Nm?)

Cu Cis Ca3 Cas €31 €3 €5 i €33
741 393 836 1.32 -0.16 0.347 -0.138 8.26 9.03
Magnetic permeability Electromagnetic constants Piezomagnetic constants

(x10°Ns?/C?) (x10"*Ns/VC) (N/Am)
My Hag dy ds, h,; hs, hys
5 10 -3612.68 -2.4735 580.3 699.7 550
Thermal moduli  Pyroelectric constant Pyromagnetic constant Heat conduction coefficients
(x10° N/Km?) (x10°C/N) (x10°N/AKm) (W/Km)
ﬁx ﬂz pZ mZ ﬂ'X ZZ
6.21 5.51 -2.94 5.187 9 9

Fig. 2 is depicted to show the variation of the normalized thermal stress intensity factor
K, /K, versus @ under the loadings of o,=10MPa, D,=1x10"*C/m* and B,=0.01N/Am.

It is seen from Fig. 2 that with the increasing of @, the normalized thermal stress intensity factor
K, /K, is decreasing rapidly. The phenomenon is in accordance with that given in [10] for an

opening crack in a purely elastic material. For @=0, one has K, /K =1. For @ —>x,
K, /K, =0. For a crack full of a medium, the thermal stress intensity factor is located between



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

that for a fully permeable crack and that for a fully impermeable one. One can see that the thermal
stress intensity factor is always overestimated for a thermally insulated crack.

08 65=10MPa
Do=1x10-4C/m?2
0.6
Bo=0.01N/Am

0 5 10 15 20 25 30 35
(O]

Figure 2. The variations of the normalized thermal stress intensity factor K, /K_versus @ under the
loadings of &, =10MPa, D,=1x10*C/m* and B,=0.01N/Am.
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Figure 3. The variations of the normalized thermal stress intensity factor K, /K _versus D, under the
loadings of o, =10MPaand B; =0.01N / Am for an air crack.

Moreover, for an air crack, it is very interesting to investigate the effects of applied
magneto-electro-mechanical loadings on the thermal stress intensity factor, since the important
issue is little to be considered in the open literatures [5-9]. Fig. 3 presents the variations of the
normalized thermal stress intensity factor K, /K, versus the electric loading D,for o, =10MPa

and B, =0.0IN/Am. One can find from Fig. 3 that a positive electric loading enhances the

normalized stress intensity factor, and a negative one impedes the normalized stress intensity factor.
It is attributed to the fact that for an air crack, a positive electric loading aids the crack opening
displacement and a negative one decreases the crack opening displacement [12]. Similarly, it is seen
from Fig. 4 that the effects of applied magnetic loadings on the normalized thermal stress intensity
factor are in agreement with those of applied electric loadings. On the other hand, Fig. 5 is drawn to
show the dependence of the normalized thermal stress intensity factor on applied mechanical
loadings. It is found that an increase of applied mechanical loading o, enhances the normalized

thermal stress intensity factor, which is similar to the observation in [10]. For a practical situation,
always a combination of applied thermo-magneto-electro-mechanical loadings is acting on the
smart devices. One can observe from the above phenomena that to address the thermal stresses near
the crack tips, the effects of applied magneto-electro-mechanical loadings and the physical
properties of crack interior should be considered comprehensively.
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Figure 4. The variations of the normalized thermal stress intensity factor K, /K, versus B, under the

loadings of o, =10MPaand D, =1x107*C/m? for an air crack.
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Figure 5. The variations of the normalized thermal stress intensity factor K /K _versus o, under the
loadings of D, =1x10*C/m”and B, =0.01N/Am for an air crack.

4. Conclusions

To address the effects of various physical properties of crack interior on the thermal stress
intensity factor, an opening crack model is proposed in the paper. Eight ideal crack models are the
limiting cases of the proposed one. The problem of an opening crack embedded in an infinite
thermo-magneto-electro-elastic solid is investigated. The closed-form solution of the thermal stress
intensity factor is given. Numerical results are carried to show the influences of applied
magneto-electro-mechanical loadings and various physical properties of crack interior on the
thermal stress intensity factor. The results reveal that for an opening crack full of a medium, the
effects of applied magneto-electro-mechanical loadings and various physical properties of crack
interior on the thermal stress intensity factor should be considered. Under the assumption of
thermally insulated crack model, the thermal stress intensity factor is always overestimated.
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