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Abstract A unit cell is adopted to numerically analyze the effect of plastic anisotropy on frac-

ture evolution in a micro-reinforced fiber-composite. The matrix material exhibit size-effects and

an anisotropic strain-gradient plasticity model accounting for such size-effects through a mate-

rial length scale parameter is adopted. The fracture process along the fiber-matrix interface is

modeled using a recently proposed cohesive law extension having an additional material length

parameter. Due to the fiber-matrix fracture a sudden stress-drop is seen in the macroscopic

stress-strain response which defines the failure strain of the composite. The effect of the two

material length parameters on the failure strain of the composite is studied. For small values

of the material length scale parameter conventional predictions are obtained. Larger values of

the material length scale parameter result in corresponding larger failure strains, but only up

to a material length scale parameter approximately equal to 15% of the reinforcement size. At

this point, the failure strain becomes smaller again for further increasing values of the material

length scale. It is shown that the cohesive length parameter monotonically affects the failure

strain as a decreasing failure strain is predicted for smaller value of the material parameter. a
lccc
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1. Introduction

Failure mechanisms of fiber-reinforced composite materials are still a challenging topic
due to the large number of failure modes compared to conventional homogeneous ma-
terials[1]. A unidirectional fiber-composite subjected to transverse tensile loading often
fail by either matrix damage or microcracks evolving at the fiber-matrix interfaces. For
longitudinal loading the most often seen failure modes are matrix and fiber cracking.

For a composite reinforced at the micron scale, two competing mechanisms affect the
overall behavior: (I) interfacial failure reduces the strength and (II) strain-gradient effects
enhance the strength. When analyzing such composites in general a full 3D analysis is
required in order to fully represent the geometry, the loading and the boundary conditions.
Such analyses are complicated and the computations become very time consuming when
anisotropic plasticity and progressive debonding is to be accounted for. Thus, assuming
a periodical distribution of the reinforcement allows for greatly simplified approaches.
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Figure 1. The plane strain cell model for the composite. (a) Periodically distributed fibers. (b) The cell
used for modeling with initial dimensions, loads, supports and coordinate systems.

Here, a composite material having a periodical distribution of reinforcement is analyzed
using a plane strain unit cell approach. Thus, the results presented in this study approxi-
mate a composite of rather long, almost aligned, stiff reinforcement which is subjected to
a fixed stress state that is acting mainly in the transverse direction of the reinforcement.
Fig. 1(a) shows the distribution of fibers and Fig. 1(b) shows the unit cell adopted here.
The orthonormal basis, ni, of the principal axes of plastic anisotropy, x̂i, is defined by the
angle θ, from from the global Cartesian coordinate system, xi. The applied conventional
boundary conditions are

u̇1 = 0, Ṫ2 = 0 on x1 = 0 and u̇1 = ∆1, Ṫ2 = 0 on x1 = ac

u̇2 = 0, Ṫ1 = 0 on x2 = 0 and u̇2 = ∆2, Ṫ1 = 0 on x2 = bc
(1)

where ui are the displacement components, ∆1 and ∆2 are displacement increment
quantities on two sides of the cell, which are calculated such that the ratio of the average
true stresses σ2 and σ1 remains fixed, σ2/σ1 = κ. These stresses are calculated as

σ1 = 1
bc+∆bc

∫ bc+∆bc
0

[T1]x1=ac+∆ac
dx2

σ2 = 1
ac+∆ac

∫ ac+∆ac

0
[T2]x2=bc+∆bc

dx1

(2)

Here ∆ac and ∆bc denote the accumulated elongations of the cell sides whereas T1 and
T2 are normal tractions. The corresponding average logarithmic strains are

ǫ1 = ln(1 + ∆ac/ac)
ǫ2 = ln(1 + ∆bc/bc)

(3)

In this study, a micro-crack evolving at the fiber-matrix interfaces is analyzed for a two-
phase composite material, where the matrix material exhibits size-effects. The higher-
order strain-gradient plasticity model of Fleck and Hutchinson accounts for such size-
effects and will be adopted here in the anisoropic version proposed by Legarth [2,3]. In
this model a higher-order stress work-conjugate to the gradient of the effective plastic
strain is introduced together with a material length scale parameter. The reinforcement
is assumed to be much stiffer than the matrix material and will therefore be considered as
perfectly stiff. As dislocations cannot penetrate into the perfectly elastic fiber they pile up
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at the interface which corresponds to zero plastic deformations. Thus, zero plastic strain
is imposed at the bonded part of the interface. This is known a higher-order boundary
conditions. The fracture process along the fiber-matrix interface is modelled using a
recently proposed cohesive law extension[4]. Hence, plasticity will affect the fracture
process as both the average as well as the jump in plastic strain across the fiber-matrix
interface are taking into account in this cohesive law. Using this extended cohesive law
ensures stress-free crack faces after failure. The formulation used here only demands one
additional interfacial cohesive zone parameter.

2. Material models

The material model used accounts for small elastic and finite plastic strain in an updated
Lagrangian formulation in which the current configuration is taken as the reference con-
figuration, i.e. J = 1 but J̇ = ǫ̇kk when J is the determinant of the metric tensor and
the superposed dot denotes the time rate.

2.1 Higher order elasto-plastic constitutive model

The fibers are assumed to be purely elastic with a stiffness much larger than the elasto-
plastic matrix material, which is assumed to obey the strain gradient model proposed by
Fleck and Hutchinson [2]. Denoting the velocity field u̇i the components of the second-
order velocity gradient tensor, ėij, are determined by ėij = u̇i,j . The symmetric part of
ėij is the strain rate, ǫ̇ij, and the antisymmetric part is the continuum spin tensor, ω̇ij.
Following the multiplicative decomposition of the deformation gradient into an elastic and
a plastic part the kinematics of the material can be written as

ǫ̇ij = 1
2
(ėij + ėji) = ǫ̇e

ij + ǫ̇P
ij

ω̇ij = 1
2
(ėij − ėji)

(4)

with ėij = ǫ̇ij + ω̇ij and e and p denote the elastic and the plastic parts, respectively.

Plastic anisotropy is accounted for using the anisotropic version of the Fleck and Hutchin-
son model as suggested by Legarth [3]. Thus, the effective plastic strain, Ėp, is enriched
by the gradients of the conventional effective plastic strain, ǫ̇,pi , and a material length
scale parameter, l∗, as

Ėp =

√

2

3
ǫ̇p
ij ǫ̇

p
ij + l2

∗
ǫ̇,pi ǫ̇,pi ; ǫ̇p

ij = ǫ̇pNp
ij = ǫ̇p ∂Γ

∂σij

; ǫ̇p =

√

2

3
ǫ̇p
ij ǫ̇

p
ij (5)

The work-conjugate effective stress is denoted σc and is given in Tab. 1 for the four posible
cases of isotropy or anisotropy with and without strain gradient effects. Plastic anisotropy
enters through the effective stress measure Γ whereas the higher-order stress, ρi, relates
to the strain-gradient effects as the work-conjugate stress quantity to the gradient of the
plastic strain rate, ǫ̇,pi . The work-conjugate stress quantity to the effective plastic strain
rate, ǫ̇p is denoted q.

Two different anisotropic yield surfaces are adopted here, namely the classical anisotropic
Hill yield surface [5] and the more recent non-quadratic proposal by Barlat et al. [6], here
denoted Hill-48 and Barlat-91, respectively.
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Table 1. Summary of the effective stress, σc, for different materials.

Conventional materials Higher order materials
(l∗ = 0, ρi = 0) (l∗ 6= 0, ρi 6= 0)

Isotropic ρi,i = 0 ρi,i = q − σe

(Γ = σe) σc = σe σc =
√

(σe + ρi,i)2 + l−2
∗ ρiρi

Anisotropic ρi,i = 0 ρi,i = q − Γ

σc = Γ σc =
√

(Γ + ρi,i)2 + l−2
∗ ρiρi

Hill-48

For the case of plane strain conditions with σ13 = σ23 = 0 the yield surface of Hill is

Γ =
√

3
2(F+G+H)

[F (σ̂22 − σ̂33)2 + G(σ̂33 − σ̂11)2+ H(σ̂11 − σ̂22)2 + 2Nσ̂2
12] (6)

The Cauchy stresses, σ̂ij, refer to the principal axes of plastic anisotropy. For F = G =
H = 1 and N = L = M = 3, Eq. (6) equals the isotropic Mises yield surface, σe.

Barlat-91

Barlat et al. [5] proposed the non-quadratic yield function

Γ = [S1 − S2]
d + [S2 − S3]

d + [S1 − S3]
d (7)

where
S1 = 2

√
I2 cos

(

θ̄
3

)

S2 = 2
√

I2 cos
(

θ̄−2π
3

)

S3 = 2
√

I2 cos
(

θ̄+2π
3

)

(8)

I2 = 1
3

[

(f̄ F̄ )2 + (ḡḠ)2 + (h̄H̄)2
]

+ 1
54

[

(āĀ − c̄C̄)2 + (c̄C̄ − b̄B̄)2 + (b̄B̄ − āĀ)2
]

I3 = 1
54

[

(c̄C̄ − b̄B̄)(āĀ − c̄C̄)(b̄B̄ − āĀ)
]

+ f̄ ḡh̄F̄ ḠH̄

−1
6

[

(c̄C̄ − b̄B̄)(f̄ F̄ )2 + (āĀ − c̄C̄)(ḡḠ)2 + (b̄B̄ − āĀ)(h̄H̄)2
]

(9)

0 ≤ θ̄ = arccos

(

I3

I
3/2
2

)

≤ π (10)

with
Ā = σ̂22 − σ̂33 ; F̄ = σ̂23

B̄ = σ̂33 − σ̂11 ; Ḡ = σ̂31

C̄ = σ̂11 − σ̂22 ; H̄ = σ̂12

(11)

For θ̄ = 0 or θ̄ = π in Eq. (10) the derivatives in Eq. (5) are singular. For these particular
cases Eq. (7) reduces to

Γ = 2 · 3dI
d
2

2 for θ̄ = 0 or θ̄ = π (12)

which are then directly used to evaluate the strain increments. If the coefficients of
anisotropy, ā, b̄, c̄, f̄ , ḡ and h̄, are chosen to be unity and the exponent to d = 2, this
criterion reduces to the von Mises yield surface.
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2.2 Higher-order cohesive model

The bi-axial loading on the unit cell, Fig. 1(b), will tend to cause both normal and tan-
gential interfacial separation, un and ut, respectively, at the fiber-matrix interface. The
cohesive zone model proposed by Tvergaard[7] takes both types of separation into account
and therefore this model may seem suitable for the present study. However, due to the
existence of the higher order stress, ρi with the corresponding higher order tractions, ρini

additional terms need to be included in order to have a conventional as well as higher
order stress-free surface after debonding failure. Hence, a non-dimensional damage pa-
rameter is introduces as[4]

λ =

√

√

√

√

(

un

δn

)2

+

(

ut

δt

)2

+ l2
∗

[

(

< ǫp >

lA

)2

+

(

[ǫp]

lJ

)2
]

(13)

where < ǫp > is the average (subscript A) and [ǫp] is the half jump (subscript J) in
plastic strain across the interface, respectively, whereas lA and lJ are corresponding critical
interfacial length scale parameters. For λ ≥ 1 total separation have occurred. It is noted,
that since the fiber is taken to be purely elastic in this study the average plastic strain
across the fiber-matrix interface equals the jump, i.e. < ǫp >=[ǫp]. The corresponding
tractions are

Tn =
un

δn

F (λ) ; Tt = α
ut

δt

F (λ) ; TA = l2
∗

δn

l2A
F (λ) < ǫp > ; TJ = l2

∗

δn

l2J
F (λ)[ǫp] (14)

with α = δn/δt and F (λ) = 27
4
σmax(1− 2λ + λ2) for 0 ≤ λ ≤ 1. The maximum interfacial

stress is denoted σmax. For the numerical implementation, an incremental version of these
tractions can be stated generally as















Ṫn

Ṫt

ṪA

ṪJ















=









ann ant anJ anA

atn att atJ atA

aJn aJt aJJ aJA

aAn aAt aAJ aAA























u̇n

u̇t

[ǫ̇p]
< ǫ̇p >















(15)

where the a-coefficients can be found from the cohesive law. Using this higher order
cohesive law ensures that the debonded part of the fiber-matrix interface is stress free
both in terms of the conventional stress, σij, as well as the higher order stress, ρi.

3. Computational Method

The problem is solved incrementally by a finite element code based on the principle of
virtual work. In the updated Lagrangian formulation the incremental form of the principle
of virtual work is, see [3,5]

∆t
∫

V

(

▽

ς ij δǫ̇ij − σij(2ǫ̇ikδǫ̇kj − ėkjδėki) +
(

q̇ − Γ̇ς
)

δǫ̇P+
∨

ρi δǫ̇P
,i

)

dV

+∆t
∫

SI

(

Ṫnδu̇n + Ṫtδu̇t + ṗδ[ǫ̇P] + q̇δ < ǫ̇P >
)

dS = ∆t
∫

S

(

Ṫiδu̇i + ρ̇iniδǫ̇
P
)

dS
(16)

Here, ∆t is the time step, V the volume,
▽

ς ij denotes the Jaumann rate of the Kirchhoff

stress with Γ̇ς = NP
ij

▽

ς ij and Ti = σijnj are the surface tractions on the surface S with
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the unit outward normal ni. Due to the updated Lagrangian formulation all integrations
are carried out in the current deformed configuration. The Jaumann rate of the Kirchhoff
stress entering the virtual work principle is

▽

ς ij ∆t = Rijkl

(

∆ǫkl − NP
kl∆ǫP

)

= ∆ςij − ∆ωikσkj − σik∆ωjk (17)

where Rijkl are the isotropic elastic moduli determined by Young’s modulus, E , Poisson’s
ratio, ν, and Kronecker’s delta, δij, as

Rijkl =
E

1 + ν

(

1

2
(δikδjl + δilδjk) +

ν

1 − 2ν
δijδkl

)

(18)

The finite element procedure adopted here follows the method used by de Borst and
Pamin[8] for time-independent plasticity and Borg et al.[9] for viscoplasticity, where both
the conventional displacement increments, ∆D, as well as the increments of the effective
plastic strain rates, ∆ǫ̇p, appear as unknowns. However, they solved for ∆D and ∆ǫ̇p

simultaneously, even though the system of equations decouples. Here, the numerical so-
lution is obtained by decoupling the equations. In doing so, the stiffness matrices become
symmetric, less sparse and more well conditioned, leading to a significantly improved
computational time. Thus, the equations to solve are

Ke∆D = ∆F1 + ∆F1c (19)

for the displacement increments and

Kp∆ǫ̇p = ∆F2 + ∆F2c (20)

for the increments of the conventional effective plastic strain rate. Here 8 node isopara-
metric elements are used for both the displacements as well as the plastic strain field using
the shape functions N and M , respectively, within the bulk material. Thus, the field of
total strains within an element is bi-linear whereas the plastic strains vary parabolically.
The local stiffness matrices and load vectors are

Ke
NM =

∫

V

(

EN
ij RijklE

M
kl + σij

(

NM
k,jN

N
k,i − 2EM

ik EN
jk

))

dV +
∫

SI

(

{ann(QN
i ni) + ant(Q

N
i ti)}(QM

i ni)+

{atn(QN
i ni) + att(Q

N
i ti)}(QM

i ti)
)

dS (21)

KP
NM =

∫

V

((

ǫ̇P

ĖP2 (m − 1)q + σc

ĖP

)

MMMN

+l2
∗

ǫ̇,Pi
ĖP2 qMMM,Ni + ǫ̇P

ĖP2 (m − 1)ρiM,Mi MN

+l2
∗

ǫ̇,Pi
ĖP2 ρkM,Mk M,Ni + σc

ĖP
M,Mi M,Ni

)

dV (22)

∆F1
N =

∫

S
∆TiN

N
i dS + ∆t

∫

V
EN

ij RijklN
P
klǫ̇

PdV (23)

∆F2
N =

∫

S
∆ρiniM

NdS − ∆t
∫

V

((

NP
ijRijkl(N

P
klǫ̇

P − ǫ̇kl)

+ ǫ̇P

ǫ̇m
0

ĖPm dg
dEP

)

MN + ǫ̇,Pi ĖPm dg
dEP

l2
∗

ǫ̇m
0

M,Ni

)

dV (24)

where Eij = 1
2
(Ni,j +Nj,i ) and m is the rate sensitivity parameter. The additional load

vectors ∆F1c and ∆F2c resulting from the higher order cohesive zone are

∆F1c
N = −∆t

∫

SI

(

{anJ [ǫ̇p] + anA < ǫ̇p >}(QN
i ni) +

{atJ [ǫ̇p] + atA < ǫ̇p >}(QN
i ti)

)

dS (25)

∆F2c
N = −∆t

∫

SI
(aJnu̇n + aJtu̇t + aJJ [ǫ̇p] + aJA < ǫ̇p > +

aAnu̇n + aAtu̇t + aAJ [ǫ̇p] + aAA < ǫ̇p >) RNdS (26)
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Figure 2. Example of mesh adopted.

Here, 6 node isoparametric elements with the shape functions Q and R for the displace-
ment field and the plastic strain field, respectively, are used for the cohesive zone where
the normal and tangential unit vectors are introduced as ni and ti, respectively. It noted
that the incremental cohesive tractions, Eq. (15), depends on the rates of the displace-
ment and the plastic strain, whereas the solution procedure outlined here solves for the
rates of the displacement and the plastic strain increments, meaning that the higher order
contributions from the cohesive law only enters through the load vectors, ∆F1c and ∆F2c.
The conventional part of the cohesive law also gives an stiffness contribution, Eq. (21).
An example of a mesh used is shown in Fig. 2 for

af

bf
= ac

bc
= 1.

4. Results

Fig. 3 shows results for a load case with κ = σ2

σ1
= 0.5 corresponding to bi-axial plane

strain tension. The fiber volume fraction is Vf =
πaf bf

4acbc
, with

af

bf
= ac

bc
= 1. The initial

yield stress is σ0/E = 0.003, where E is Young’s modulus. The coefficients of anisotropy
using Hill-48 are F = 0.7, G = 3.33, H = 1 and N = 9.6 with θ = 0o and σmax = 3σ0.
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Figure 3. Bi-axial tension results, κ = 0.5, for isotropy and Hill-48 anisotropy. (a) Average stress-strain
curves, Eqs. (2) and (3). (b) Contours of effective plastic strain for a conventional anisotropic material
with debonding (c) Contours of effective plastic strain for a higher order anisotropic material without
debonding.
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For both isotropic and anisotropic behavior the effect of the material length scale pa-
rameter, l∗, is an increased load carrying capacity. A sudden stress drop occurs due to
debonding which defines the failure strain of the composite, ǫf . In Fig. 4 this failure
strain is plottet as function of the normalized material length scale parameter of the
matrix material, l∗/

√

afbf . It is seen, that the failure strain, ǫf , does not vary monoton-
ically by the material length scale parameter, l∗, but reaches a maximum approximately
for l∗/

√

afbf = 0.15.
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Figure 4. The failure strain as function of the material length scale parameter, l∗, normalized against the
fiber radius, R. Isotropic results are shown for κ = 0.5 .

On the other hand, a monotonic effect on the failure strain is found when studying the
influence of the length scale parameter of the cohesive law, lA = lJ in Eq. (13). Fig.
5 shows the failure strain as function of the new cohesive length scale parameter, LJ ,
normalized against the matrix material length scale parameter, l∗. Both isotropic results
as well as anisotropic results are shown using Hill-48 as well as Barlat-91. The coefficients
of Barlat-91 are chosen such that the same plastic anisotropy as modeled by Hill-48 is
reproduced. Thus, the two anisoropic results are directly comparable.
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Figure 5. The failure strain as function of the cohesive length scale parameter, LJ , normalized by the
matrix material length scale parameter, l∗. Isotropic as well as anisotropic results are shown for κ = 0.5 .
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Compared to isotopy, the failure strain is larger using Barlat-91 and smaller using Hill-48.
However, a significant effect of lJ/l∗ = lA/l∗ is seen for decreasing values as the failure
strain decreases as well. On the other hand, for increasing larger lJ -values the plastic
behaviour of the cohesive law is supressed and conventional results are obtained as shown
by the asymptotic lines. For the Hill material the effect is very small, as debonding failure
occurs at a rather small plastic strain, see Fig. 3. Thus, the influence of plasticity in the
cohesive law is limited.

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

ǫ1 = 0.02
(a) (b)

Figure 6. Bi-axial tension results, κ = 0.5, for Hill-48 anisotropy at ǫ1 = 0.02 . (a) Contours of effective
plastic strain for a conventional anisotropic material with debonding (b) Contours of effective plastic
strain for a higher order anisotropic material without debonding.

In Fig. 6(a) the micro-crack evolving at the fiber-matrix interface can be seen and the
contours of the effective plastic strain shows severe strain with larger gradient at the
crack-tip. Such large gradients are costly if strain-gradient effects are accounted for. Fig.
6(b) illustrates this for a case where a micro-crack has not evolved but the strain field
is much more smooth. It can also be seen that the plastic strain near the fiber-matrix
interface vanishes due to the imposed boundary conditions.

5. Conclusion

In conclusion, this study analyzes numerically the combined effects of plastic anisotropy,
size-effects and debonding in a composite material. Debonding is seen as a sudden stress
drop and plastic anisotropy highly affects the failure strain, while the size-effect is observed
as an increased load carrying capacity. The material length scale of the cohesive law tends
to reduce the failure strain of the composite, but as the parameter becomes sufficient large
conventional results are predicted. This holds for both isotropic as well as anisotropic
materials. The material length scale of the matrix material shows a non-monotonic effect
on the failure strain such that a maximum failure strain is predicted for approximately a
material length scale parameter of 15% of the fiber radius.
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