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Abstract. Distributions of the singular (KI, KII) and the non-singular (Txx, Tzz) terms along the 3D crack front 
are analyzed for the case of mixed (mode I and II) loading. Relations between the singular, non-singular 
terms and specimen thickness are calculated in the specimen middle plane for different values of the mixity 
parameter. The values of the mixity parameter are varied through 1 (pure mode I), 0.75, 0.5, 0.25–0 for pure 
mode II. It is shown that the increase of thickness in 8 times influences on values of KI , KII and Tzz . The 
strong effect of thickness and mixed mode loading conditions on the Tzz-stress is observed. At the same time, 
there is not the effect of thickness on the non-singular Txx at the same loading conditions.  
 
Keywords T-stress, Mixed mode, In-plane and out-of-plane constraint, Specimen thickness 
 
Introduction 
 
 The development of modern fracture mechanics is closely related to the formation of 
two-parameter approaches and criteria, which introduce and nonsingular components of the stress 
field at the crack tip, such as the T-stress. Primarily it is due to the fact that the fracture toughness of 
structural materials shows a significant effect of the specimen geometry and thickness, load 
conditions, etc. (e.g. [1, 2]). The results of analytical and numerical calculations show that stress 
fields in the vicinity of the crack tip, in many cases, are strongly dependent on the non-singular 
terms of the stress field [3, 4]. Introduction of an additional parameter, namely, the nonsingular 
Txx-stress in the criteria allows to eliminate the above-mentioned effects [5, 6]. It should be noted 
that the Txx-stress describes in-plane constraint. In contrast to the Txx-stress, out-of-constraint is 
connected with the Tzz-stress. However, investigation of joint influence of the nonsingular T-stress 
(Tzz and Txx) terms on the fracture mechanics parameters is not carried out yet. 
 Present paper deals with numerical analysis of three-dimensional stress fields in the vicinity of 
through-thickness crack tip under mixed mode (I + II) loading. The combined effect of thickness on 
the effective stress intensity factor and T-stress terms are discussed.   
 
Statement of the problem 
 
 An analysis of 3D stress field in the vicinity of the crack front is performed on the 
CCCD-specimen with the thorough-thickness crack of arbitrary space orientation. The specimen is 
loaded by 2 compressive forces acting in the vertical direction (Fig. 1). This configuration of the 
specimen is very suitable to create different conditions of mixed loading [7].  

Finite element method is employed to estimate the 3D stress field in the vicinity of crack front. 
The orientation of the crack plane with respect to the disk can be arbitrary, since it is determined by 
both the angle α (Fig. 1) and the other two spatial angles. Changing the combination of angles can 
provide almost any relationship between the magnitudes of the KI, KII, KIII. The geometrical 
parameters of the model are given in dimensionless form, namely, b=B/R, l=a/R (Fig. 1). Note that 
the developed procedure for the construction of the model allows taking into account the spatial 
symmetry of the problem and getting the best mesh in terms of accuracy and speed of calculation. 
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Figure 1. Model of the CCCD-specimen 
 
 The stress field in the vicinity of the crack tip of mixed type (I+II) can be represented in the 
form [8]: 
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where x is the direction formed by the intersection of the plane normal to the crack front and the 
crack plane, y is the direction orthogonal to the crack plane, z is the direction orthogonal to x and y 
directions (tangent to crack front); r and θ are the in-plane polar coordinates in plane x0y. Here, E 
and ν are the elastic modulus and Poisson’s ratio, respectively. 
 The value of the angle α and the corresponding parameters Me, which characterize loading 
mode mixity, for the specimen under consideration are shown in Table 1. Note that in the case of 
mode I crack (KII=0) Me=1, in the case of mode II crack (KI=0) Me=0. 
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Table 1. The mixity parameter and crack orientation 

α, º 0 5 10,5 18 27 
Me 1 0,75 0,5 0,25 0 

 
Determination of KI, KII, Txx, Tzz 
 
 The evaluation of the stress intensity factor (SIF) is based on the well-known approach that 
includes the calculating of the SIF in a number of points (at varied r) using relations obtained from 
Eq. (1): 
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and extrapolation of the obtained values of the SIFs to the point r=0. 
 The computational procedure considers the nodes of the finite element mesh as the calculation 
points, but the nodes are located at some small distance from the crack front. To obtain the 
distribution of the SIF along the crack front, this procedure is used for a number of planes (x0y) 
orthogonal to the crack front. Their location is characterized by local coordinate s along the front 
and starts from the center of the crack front. 

 To assess the accuracy of the values of SIF, the comparison of magnitudes of the J-integral, 

calculated as contour integral (Eq. 4a) and based on the known relationship (Eq. 4b), has been done. 
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 The calculation of the Txx- and Tzz-stress is performed using the stresses in the points on the 
crack surface: 

      
[ ]

[ ]
πθπθ

πθπθ

σσ

σσ

+=−=

+=−=

+=

+=

zzzzzz

xxxxxx

T

T

2
1
2
1

         (5) 

 
 The determination of Txx Tzz is similar to the procedure for SIF including extrapolation to the 
point r=0. 
 The special macros that carry out the automatic computation of the SIF, J-integral and 
T-stresses (on referred above relations) along the crack front are created in ANSYS environment. 
 Estimation of the accuracy of the numerical model and computational procedures is based on 
comparison of the calculated values of the SIF and the T-stresses with one presented in [7] for the 
СССВ-specimen in case of R=50 mm, b=0,8, l=1/3. Comparison of the results shows that there is 
good coincidence and only in some cases the relative difference is close to 10%. 
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Discussion of the results 
 
 The results of distribution of the SIF and the T-stress along the crack front for different mixed 
mode loading conditions are summarized in Fig. 2 and 3. To study the effect of specimen thickness 
on Tzz-stress, the compressive load was adjusted so that the Txx-stress was remained approximately 
constant at variation of the specimen thickness (b= 0,2; 0,4; 0,8 and 1,6) at constant l=1/3 (for the 
corresponding values of mixity parameter Me). 
 The increase of the specimen thickness is 8 times greatly reduces (in absolute value) the 
Tzz-stress (up to 75% at Me=0,25), whereas the value of Txx is virtually unchanged (Table 2). The 
predicted results are consistent with the data of numerical calculations [6]. Thus, magnitudes of the 
Tzz- stress have significant correlation with thickness of the specimen and allows taking into 
account the level of the out-of-constraint which should be included into assessment of the fracture 
toughness of full-scale structures.  
 

Table 2. The effect of thickness on the SIF and T-stresses for Me=0,25 
b KI, MPa·m0,5 KII, MPa·m0,5 Txx, MPa Tzz, MPa 

0,2 0,105 0,252 -2,691 -0,309 
0,4 0,104 0,255 -2,681 -0,206 
0,8 0,099 0,254 -2,647 -0,121 
1,6 0,087 0,246 -2,581 -0,079 

 
To reflect mixed mode loading conditions, an effective SIF (Keff) is introduced into consideration as 
follows 
         22

IIIeff KKK +=          (6) 
 
 There are dependence of Keff on Txx and Tzz in the middle plane of the crack front (s=0) for 
varied parameters Me at different thickness (b=0,2; 0,4; 0,8; 1,6) of the specimen and constant value 
of l=1/3 ( Fig. 2 and 3). 
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Figure 2. The effect of Txx, Me and thickness on Keff at s=0 
 

 
Figure 3. The effect of Tzz, Me and thickness on Keff at s=0 at s=0 

 
Conclusions 
 
 The three-dimensional stress field ahead of the through-thickness crack under mixed mode 
(I+II) loading conditions is analyzed. The in-plane and out-of-plane constraint effect are discussed 
by means of the non-singular terms, namely, Txx-stress and Tzz-stress, respectively. The distribution 
of the singular and non-singular terms along the crack front has been predicted. The significant 
effect of specimen thickness on the Tzz-stress in the middle plane of the crack front has been 
observed. 
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