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Abstract  The virtual crack closure technique is applied to the calculation of stress intensity factor (SIF) in 
the framework of meshless Shepard interpolation method (MSIM). In the MSIM interpolation, the Shepard 
shape functions are used for the partition of unity and the local cover functions are separately constructed for 
the nodes on the boundary and inside the domain. There are three desirable properties in the MSIM including 
the completeness property, the delta property which lead to easy boundary treat and the low computational 
expense of the shape function. In the virtual crack closure technique, the assistant finite element mesh is 
added beside the crack tips, and the SIFs are calculated naturally and effectively near the tips by using the 
MSIM. Numerical result for a star-shaped crack in a square plate is reported to demonstrate the correctness 
and robust of the present method. 
Keywords  Meshless Shepard interpolation method, Partition of unity method, Virtual crack closure 
technique, Stress intensity factor 
 

1. Introduction 

Calculating of parameters such as stress intensity factor, J integral and strain energy release rate are 
always highly important but not well addressed in fracture mechanics, and lots of efforts have been 
devoted by the researchers and engineers in recent years. Analytic solutions for some particular 
structural components have been proposed and expressed as functions, line graft or tables, which 
can be referred in some handbooks compiled for the engineers [1-3]. However, the limited number 
of analytic solutions is far from the satisfaction of the need in the real world. The numerical 
calculations for the parameters in fracture mechanics become necessary in term of the realistic when 
considering the dramatically development of the hardware and software of computers [4-9]. 
J integral was proposed by Rice in 1969 and was introduced into the element free Galerkin method 
by Brighenti [7]. This method is attractive for the calculation of SIF because of its completeness of 
theory, high accuracy and path-independent integration. But the inappropriate determination of the 
radius of the integration circle may degrade the accuracy of J integral when dealing with problems 
involving short crack segment such as broken cracks and crack tips near the boundaries. 
Virtual crack closure technique (VCCT) requires only 2 parameters (the nodal force and 
displacement near the crack tip) which can be obtained naturally in the FEM method to evaluate the 
SIF and, besides, the calculation results are often reliable and not effected by the small length of 
crack tips. Consequently, it is paid increasingly more attention by the researchers. However, at 
present, the VCCT is always carried out in the framework of the FEM, which is unavoidably 
encountered with the mesh refinement. More details about VCCT can refer to [10]. 
To alleviate this drawback, the meshless Shepard interpolation method (MSIM) [11] is used to 
model the discontinuous stress field near the crack and stress singularity near the crack tips and then, 
the stress and displacement results are used by the VCCT to evaluate the SIF. The time consuming 
remeshing process is unnecessary in this method and makes the simulation much more reliable and 
possessing high accuracy. Details of meshless simulation of discontinuous model and the 
determination of the SIF are provided. In the end, the method described here is used to analyze a 
square plate with a star-shape crack. The results obtained by the present method are compared with 
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reference solutions available showing the implementation effectively to model the discontinuous 
and to evaluate the SIF. 
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Figure 1. Discrete model of domain  
 

2. The PU-based meshless Shepard interpolation 

Consider a two-dimensional domain ，and let   be discretized by N  scattered nodes as 
shown in Fig. 1. For each node i , a circle cover (subdomain) 

}:{ mii rC  ixxx ,		 	 	 	 	 	 	 	 	 	 	 	 	 （1） 

is attached. Here, mir  is the radius of the cover iC . The displacements associated with the node i  
are denoted by ),( 00 ii vu .  
For a given point		Xሺܺ ∈ Ωሻ	, based on the PU concept, a new interpolation		ݑሺܺሻ	at X can be 
defined by 

ሺܺሻݑ ൌ ∑ ∅
ሺݔሻ

ିଵ ݑ
ሺܺሻ                                  （2） 

where n  is the total number of neighboring nodes where the position of point x  located in the 
cover support. )(xl

iu  are the cover interpolations defined on the cover of node i . 
In MSIM, the interpolations are constructed separately for the nodes on the essential boundary or in 
the domain..  x0

i is the Shepard function or zeroth-order function 
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where  xiw  is the weight function associated with node i . 
The Shepard function  x0

i  in Eq. (3) satisfies the delta property if weight function is singular at

ixx  . The weight function[12] adopted here is  
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where iid xx is the Euclidian distance between the point x and node ix , and  is a small number 
to avoid the numerical difficulty resulting from the singularity at nodes.  
On each cover iC , a local approximation is first expressed as 
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where m is the number of terms in the basis,    ......,,,1T xyyxxp are the nominal basis functions, ia  

is their coefficients. Here, the bilinear basis   ],,,1[T xyyxxp  is used as an example to introduce 

the construction of the MSIM interpolation.  
 

2.1 Cover interpolation for the nodes not located on the essential boundary 
 
For the typical node i not located on the essential boundary, the local cover approximation is directly 
taken as 

xyayaxaauu iiiii

l

i 4321

ln )()(  xx                               （6） 

Let the cover function at the node i  satisfy the condition 

04321

ln )( iiiiiiiiiii uyxayaxaaxu                            （7） 

Hence, 

iiiiiiiii yxayaxaua 43201                                      （8） 

Substituting Eq. (8) into Eq. (3) leads to 
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ln
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where 
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Similarly, the y-displacement interpolation )(ln
ii xv is given by 
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where 
T
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i
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Eq. (9) and (12) can be rewritten in the form 
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 Tiiiiiiii
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),( 00 ii vu are the nodal displacement of node i , ),,,,,( 443322 iiiiii bababa are the extra freedoms of cover iC . 
From Eq. (14), we observe that 
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It means that the cover function of the node i is interpolated in terms of nodal displacements ),( 00 ii vu . 

2.2 Cover interpolation for the nodes located on the essential boundary 

For a typical node j located on the essential boundary, suppose that there M nodes in the support of 
cover 

jC (Fig. 1). At the local cover
jC , a discrete error norm is defined as 
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jx is the coordinate of node j . 

Similarly, the y-displacement interpolation )(xlb
jv is given by  
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where 
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Eq. (18) and (20) can be rewritten in the form 
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Substituting Eq. (14) and (22) into Eq. (2) leads to 

     



n

i

l
ii

h uu
1

0 xxx          
 













21

1 1

0

1

ln0

n

j

M

k

k
j

kj

n

i

ii uΦu xxxx                    （25） 

where 21 nnn  is the total number of neighboring nodes where the position point x located in the 
cover support, 1n denotes the node set not on the essential boundary, 2n denotes the node set 
located on the essential boundary. The MSIM possesses the delta property and preserves the 
completeness of the field up to the order of the basis. The proof of these properties can be referred 
to [11]. 

3. The application of virtual crack closure technique in MSIM  

Virtual crack closure technique (VCCT) is proposed by Rybicki and Kanninen [10] mainly dealing 
with two dimensional problems. In this method, the strain energy release rate for the crack 
propagation is always calculated based on the FEM analysis results. Here, taking a finite crack body 
as an example, the basic concept of virtual crack closure technique will be briefly introduced. 
The length of crack is a, and the propagation length is	∆ܽ. When the quadrangle mesh is employed, 
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the stain energy release rate of the crack could be calculated by 
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where, 1xF  and 1yF  are the node forces (X direction, Y direction, respectively) belonging to node 

1. 4,3v  and 4,3u  are the Y direction displacement and X direction displacement between node 

3 and 4, respectively. 

 

Figure 2. Illustration of calculating the strain energy release rate by the VCCT 

Due to the fact that the virtual crack closure technique is always implemented in the framework of 
FEM, the remeshing during the simulation of crack propagation are unavoidably encountered. To 
solve this problem, the virtual crack closure technique will be introduced into MSIM in this section. 
Both the advantages of the two methods will be maintained to make the evaluation of the SIFs 
much more efficient. The progress will be carried out mainly in the following steps:  
1) Construction of meshless numerical model; 
2) Calculation of the displacement of the nodes based on the MSIM; 
3) Setting the assistant mesh near the crack tip in order to calculate the nodal force 
4) Constructing the global stiffness matrix of the assistant mesh and calculating the displacement 
of the node in the assistant mesh based on the MSIM. 
5) Getting the nodal force near the crack tip by eee aKF  , where eF is the assistant nodal force, eK

is the global stiffness matrix of the assistant mesh, ea is the displacement vector of the assistant 
nodes.  

 

Figure 3. The assistant mesh employed in the MSIM to evaluate the nodal force 

4. A case study on a finite plate with star-shaped crack 

In this section, a star-shaped crack in a square plate subjected to bi-axial tension as shown in Fig.4 
will be examined. The analysis is treated as plate strain problem, and the plate size is taken to be W 
= 2.0, and the bi-axial tension to be unity. The material constants are the Young’s modulus 
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E ൌ 1 ൈ 10and the Poisson’s ratio ν ൌ 0.3. The SIF of node A and B are calculated by both of the 
linear basis function and the enriched basis function with virtual crack closure technique. A 
meshless model is constructed as shown in Fig.5. The influence of crack geometry on the SIFs is 
also investigated by varying W/a (e.g.0.1W, 0.3W, 0.5W, 0.7W). 

The normalized stress intensity factors at tips A and B are defined as aKF
A

I

A

I  , aKF
B

I

B

I  , 

aKF
B

II

B

II  . The comparison between the calculation results and the reference solutions 

available [13] are demonstrated in Table 1. From this table, the excellent agreement of the computed 

SIF results and the reference solutions can be easily seen.  

Table 1. Normalized SIFs comparison for a star-shaped crack 

a/W θ * MSIM(linear basis) RE（%） MSIM(enriched basis) RE（%） 

0.1 

A

IF  0.751 0.736 -1.998 0.754 -0.533 

B

IF  0.769 0.758 -1.430 0.766 -0.391 

B

IIF  0.000 0.000 0.000 0.000 0.000 

0.3 

A

IF  0.793 0.778 -2.031 0.789 -0.504 

B

IF  0.798 0.786 -1.253 0.795 -0.376 

B

IIF  0.002 0.002 0.000 0.002 0.000 

0.5 

A

IF  0.886 0.868 -1.891 0.883 -0.456 

B

IF  0.926 0.912 -1.511 0.922 -0.432 

B

IIF  0.018 0.0176 -2.122 0.018 0.000 

0.7 

A

IF  1.097 1.084 -1.485 1.102 0.339 

B

IF  1.237 1.218 -1.536 1.233 -0.323 

B

IIF  0.059 0.058 -1.724 0.0586 -0.678 

*Daux et al. (2000) 

 
Figure 4. A star-shaped crack in a square plate under bi-axial tension 



13th International Conference on Fracture 
June 16–21, 2013, Beijing, China 

-7- 
 

 

Figure 5. The meshless model of a star-shaped crack in a square plate 

5. Conclusions 

The application of virtual crack closure technique into the MSIM is presented in this paper. The 
remeshing and the refinement near the crack tips can be avoided in the present method, and as a 
result, it makes the evaluation of the SIF much easier and more efficient. The virtual crack closure 
technique is based on the stress analysis using the MSIM for discontinuous model here, however 
other meshless methods are equally viable, e.g., the element-free Galerkin method (EFG), and the 
meshless local-Petrov Galerkin method (MLPG). The numerical results indicate that the present 
method effectively calculates the SIF near the crack tips and possess a high accuracy. 
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