13th International Conference on Fracture
June 16-21, 2013, Beijing, China

Fatigue Cracking Paths and Compliance Analysis
in Round Bars under Tension and Bending

r . . * . r r
Jesius Toribio"", Juan-Carlos Matos’, Beatriz Gonzalez', José Escuadra’

! Department of Materials Engineering, University of Salamanca, E.P.S. Zamora, Spain
? Department of Computing Engineering, University of Salamanca, E.P.S. Zamora, Spain
* Corresponding author: toribio@usal.es

Abstract The aim of this paper is to calculate how the surface crack front and the dimensionless
compliance evolve in cracked cylindrical bars subjected to cyclic tension or bending with different initial
crack geometries (crack depths and aspect ratios). To this end, a computer application (in the Java
programming language) that calculates the crack front’s geometric evolution and the dimensionless
compliance was made by discretizing the crack front (characterized with elliptical shape) and assuming that
every point advances perpendicularly to the crack front according to the Paris law, and using a
three-parameter stress intensity factor (SIF). The results show that in fatigue crack propagation, relative
crack depth influences more on dimensionless compliance than the aspect ratio, because the crack front tends
to converge when the crack propagates from different initial geometries, the compliance showing greater
values for tension than for bending. Furthermore, during fatigue crack growth, materials with higher values
of the exponent of the Paris law produce slightly greater dimensionless compliance and a better convergence
between the results for straight-fronted and circular initial cracks.
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1. Introduction

The problem of fatigue crack propagation in round bars is of great interest in fracture mechanics,
applied to linear structural elements. These components, usually subjected to oscillating load, may
fracture after surface fatigue crack growth, frequently with semi-elliptical flaws contained in a plane
perpendicular to the loading axis.

Several criteria have been stated in the past to characterize fatigue crack growth in these geometries, e.g.,
prediction of the 90° intersecting angle of the crack with the surface or the iso-K criterion along the crack
front [1]. The most used are those based on the Paris-Erdogan law [2-7], requiring the knowledge of the
dimensionless stress intensity factor (SIF), ¥, along the crack front in the round cracked bar. It has been
deducted by several authors following different procedures: compliance methods, finite element analysis,
boundary integral equation methods, experimental techniques, etc. [1, 8-11].

Dimensionless compliance in round cracked bars under tension or bending depends on the crack
geometry. If the crack is characterized by an elliptical shape, there are two factors exerting
influence: the relative crack depth (crack depth divided by the diameter), which causes an increase
of its value, and the aspect ratio (ratio of the crack depth to the other semiaxis of the ellipse), which
causes a decrease of its value [3, 12]. Thus, there is a relation between the change in compliance
during fatigue crack growth and the crack geometry evolution, depending on the specimen material,
the initial crack geometry and the type of applied load [11, 13].

The aim of the present paper is the numerical modelling of crack front evolution for semielliptical
surface cracks (under the hypothesis that every point at the crack front advances according to a
Paris-Erdogan law), as well as analyzing how dimensionless compliance evolves during fatigue of
round bars of different materials (Paris coefficient m of 2, 3 and 4), with different initial crack
geometries (circular and quasi-straight, both crack shapes linked with initial relative depth (a/D), of
0.1, 0.3 and 0.5) and applying tensile load or bending moment.
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2. Numerical Modelling

A computer program in the Java programming language was developed to determine the
geometrical evolution of the crack front according to the Paris law, for a transverse surface
crack in a cylindrical geometry subjected to tensile loading or bending fatigue moment (Fig. 1).
This would be the basis to determine the change taking place in the dimensionless compliance
of the round bar during the fatigue crack propagation process.
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Figure 1. Cracked bar under tension loading (left) and bending moment (right)

2.1. Aspect Ratio

The basic hypothesis of the modelling consisted of assuming that the crack front can be modelled as
an ellipse with centre on the bar surface [13] and the fatigue propagation takes place in a direction
perpendicular to this crack front, following a Paris Erdogan law [14],

da _ cage (1)
dN

Every elliptical arc of the crack front was divided in z segments with exactly the same length using
the Simpson’s rule in order to discretize the front. The point on the round bar surface was not taken
into account, since it presents some difficulties regarding the computation of the dimensionless SIF
(there is a plane stress state on the crack surface).

After that, every single point was shifted according to the Paris-Erdogan law perpendicular to the
front and so as to keep constant the maximum crack depth increment, Aa(max) = max Aa;, all over
the process [7]. The advance of every front point, Aaj, can be obtained from the maximum crack
increment and the ratio of the SIF at that point to the maximum SIF over the crack front,

Aa, = Aa(max) { Y(ril/iax) } (2)

The newly obtained points, fitted by the least squares method, generate a new ellipse with which the
process is repeated iteratively until the desired crack depth is reached. Due to the existing symmetry,
only half of the problem was used for the computations.

2.2. Dimensionless SIF

The dimensionless SIF, Y, depends on three-parameters for the crack modelled as an ellipse with
centre on the round bar surface and its value depends on the crack geometry (depth and aspect ratio)
and on the point on the front where it is calculated. The dimensionless SIF used in the computations
is that proposed by Shin and Cai [11] obtained by the finite element method and the virtual crack
extension technique, whose value is function of the relative crack depth a/D, the crack aspect ratio
a/b, and the position of the point considered on its front x/4 (Fig. 2).
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Figure 2. Elliptical crack model used by Shin and Cai [6]

B
\
Al,
/

The fitting of the results provides a three-parametrical expression which is defined as a function of the
coefficients M;y for tension with free sample ends [11], i.e., unrestrained bending during tension,

r-333m(3)(5)3)

=0
and the coefficients Njj for bending [11],

LG

1

2.3. Dimensionless Compliance

Experimentally the geometrical evolution of the crack front in a cylindrical bar can be observed
post mortem (once fractured) and there are several techniques to mark the front according to the
material studied. It is possible to relate the crack front geometry with compliance, one of the few
characteristics which can be measured during the crack propagation [15].

If tensile load is applied, it is obtained that the local displacement u is related to the applied force F'
through compliance as follows:
u=AF (%)

If bending is applied, in this case the angle ¢ is related to the applied moment M through
compliance as follows:
¢ =M (6)

The strain energy U can be expressed taking into account the equivalence between the energy
release rate G and the stress intensity factor in plane strain K,

2 2
dU:GdA:%dA (7)

where v is the Poisson coefficient and d4 the differential of the cracked area.

On the other hand, the strain energy for a cracked bar subjected to tensile load is, introducing the
value du from eq. (5),

dU = leu = led/I (8)
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and the strain energy for a cracked bar subjected to bending is, introducing the value du from
the eq. (6),

dU =%Md(p=%M2d/1 9)

The SIF in plane strain for the geometry of the study can be obtained as follows:

K =Yo~/na (10)
where the stress ¢ for axial tension is calculated as:
4F
o= 11
nD? (i
and the maximum stress ¢ for bending is calculated as:
32M
o= 12
D’ (12)

If equations for strain energy are made equal and introducing values K and o, the isolated
compliance is obtained for tension loading:

y i j Y’ad4 (13)
and for bending moment,

z=—jY2adA (14)

Solving the integral which appears in eqs. (13) and (14) is not trivial. In order to achieve that, the
Cartesian coordinates (x, y) were change into parametrical coordinates (a, #), relating themselves
through the expressions:

x=bcosb (15)
y=asinf (16)
where the correspondence between angles ¢ and 6, deducted from Fig. 3, is as follows,
tand = 2 = L tang (17)
x b
y
0
5 X
h
b

Figure 3. Relationship between J and 6 angles
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The differential of the ellipse area modelling the crack advance is:

d4=dxAdy (18)
differentiating the coordinates (x, y) according to the new coordinates (a, 9),
dx=>'(a)cosfda-bsinfdo (19)
dy =sinfda+acosfdf (20)
and substituting these expressions on the eq. (18), it is obtained:
d4 :(ab'(a) cos’ H+bsin20)da/\d0 (21)

The problem that arises in calculating eq. (21) can be found in the previous knowledge of the

variation of the parameter b with the crack depth a. The definition of the derivative at a point can

be used to this purpose,

_blatAa)-b(a)
Aa

b'(a) (22)

Introducing eq. (21) in eq. (13), that allows the computation of the compliance in a cracked round
bar subjected to axial tensile loading, it is obtained:

64(1-v) e ¢ ey

AZWI th a(ab'(a)cos’ 0 +bsin’0)d6 da (23)

0 acos—
b

Introducing eq. (21) in eq. (14), which allows calculating compliance in a cracked round bar
subjected to bending loading, it is obtained:
4096(1-v*) a =2
z:# j j ¥’a(ab'(a)cos’d +bsin’0)d6 da (24)
wE g
aCOSg

where f'is defined as the dimensionless compliance due to tensile or bending load:
a m/2

= ! [ v —s(ab'(@)cos® 0+ bsin®0)d da (25)

acos—

b

The dimensionless compliance value can be calculated incrementally with the crack growth, where
the integral,

Ay /2

f=Zj j RdOda (26)

i ) h
4 acos—
b

it is solved using the trapezoidal rule (where R is the corresponding expression according to
eq. (25)), following the scheme on Fig. 4, dividing every crack increment in eight parts for half of
the problem, so they correspond with the coordinate’s isolines (a, 6).

Figure 4. Divisions with the isolines used in the trapezoidal rule

-5



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

The compliance increment in every crack advance is calculated using the following expression,

7 (R(i,j)+R(z',j+1)+R(i+1,j)JFR(Z”FLJ'JFI))Jr

f:Z(ai+1'ai) Z(Qjﬂ-@j) 4

=0

~

(27)

L (6:-6,) (R(i,7)+R(i+l,7)+R(i,8))J
2 3

In order to obtain the dimensionless compliance of the initial crack, the process is similar to that just

described, but easier, because it considers that every previous crack front has the same aspect ratio as

the initial one. Furthermore, cracks smaller than the minimum ones used by Shin and Cai (a/D=0.067)

were not taken into account in the compliance calculation.

3. Numerical Results and Discussion
3.1. Fatigue Cracking Paths

The study of the convergence was performed to obtain the number of segments in which each
ellipse is divided, z=14, and the value of the maximum crack increase, Aa(max)=D/1000. The
geometrical evolution of the crack front, characterized as part of the ellipse, was determined for
every relative crack depth, a/D, through the aspect ratio, a/b, for materials with Paris exponent
m=2, 3 and 4, starting from different initial crack geometries (corresponding to the beginning of
each curve, i.e., the point of minimum crack depth a/D) under tension loading and bending
moment (Figs. 5 to 7).

Under fatigue loading, different initial crack configurations tend to a preferential path (in a plot
al/b-a/D), the convergence (proximity between the curves representing the crack advance from
different initial crack shapes) being faster for higher values of the m coefficient of the Paris law and
greater for the bending loading than for the tensile loading. When subjected to bending, growth
curves generally present lower values for the a/b parameter than under tension, with the exception
of the deepest cracks growing from an initial crack aspect ratio (a/b)y=0. If the initial crack is
circular (i.e., (a/b)o=1), the aspect ratio a/b diminishes with the crack growth, whereas when the
initial crack is quasi-straight (i.e., (a/b)o=0), the aspect ratio a/b increases at the beginning and
decreases later (with the exception of initially deep cracks with (a/D)¢=0.5, where the aspect ratio
a/b always increases), cf. Figs. 5 to 7.

It is observed that results depend on the exponent of the Paris law (Paris coefficients), so that for m=2
and m=3 the crack fronts are more distant between them than for m=3 and m=4, where the m=3 front
is between m=2 and m=4. In the case of growth from circular initial cracks (i.e., (a/b);=1), the
maximum discrepancy with regard to the crack fronts appears for intermediate cracks (a/D~0.5), a/b
being lower for higher values of m-exponent in the Paris law.

In the case of growth from quasi-straight initial cracks (i.e., (a/b)y=0), the maximum discrepancy in
the matter of the crack fronts appears for short ((a/b)y~0.3) and long ((a/b)o~0.7) cracks, whereas for
intermediate ((a/b)o~0.5) cracks the results for different Paris coefficient m almost match. For short
cracks a/b is higher for greater m; whereas for long cracks a/b is higher for lower values of m (again
with the exception of initially deep cracks with (a/D)y=0.5).
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Figure 5. Evolution of the aspect ratio a/b with crack growth (represented by the relative crack depth a/D) for m=2,
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starting from different initial crack geometries under tension loading (left) and bending moment (right)
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Figure 6. Evolution of the aspect ratio a/b with crack growth (represented by the relative crack depth a/D) for m=3,

a/D

a/D

starting from different initial crack geometries under tension loading (left) and bending moment (right)
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Figure 7. Evolution of the aspect ratio a/b with crack growth (represented by the relative crack depth a/D) for m=4,
starting from different initial crack geometries under tension loading (left) and bending moment (right)
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3.2. Dimensionless Compliance

The evolution of the dimensionless compliance f during fatigue crack propagation is shown in
Figs. 8 to 10, for different initial crack depths ((a/D)y={0.1, 0.3, 0.5}), initial crack aspect ratios
(a/b)y=0.08 (quasi-straight front) and (a/b);=1.00 (circular front), and different loading conditions
(tension under free ends and bending).

In cracked cylindrical bars, dimensionless compliance f depends on the loading conditions, on the
relative crack depth a/D and on the crack aspect ratio a/b. During fatigue crack growth starting from
different initial crack geometries, it is observed how the dimensionless compliance f increases with
the relative crack depth a/D and how the influence of the crack aspect ratio a/b is lower as the crack
grows, due to the marked geometrical convergence taking place for the deepest cracks, in which the
compliance reaches the highest values. The dimensionless compliance f for initially quasi-straight
cracks is approximately twice than that for initially circular crack, both being really small at the
beginning (initial cracks) and increasing clearly and approaching between them under fatigue.

The dimensionless compliance f'in the cracked bars is higher under tensile loading (with free ends)
than under bending moment, the ratio being as high as five for the deepest cracks of the present
analysis (a/D=0.7). The f-a/D plots starting from an initially circular crack front (a/b);=1 and from
an initially quasi-straight crack front (a/b);=0.08 are closer when (i) the applied load is bending
instead of tension, (ii) the exponent m of the Paris law is higher, (iii) the initial crack depth (a/D)y is
lower. Furthermore, during fatigue crack growth, materials with higher values of the Paris
parameter m produce slightly greater dimensionless compliance.

4. Conclusions

According to the Paris-Erdogan law, in fatigue propagation the different initial crack geometries
tend to a unique path on the a/b vs. a/D plot, this convergence (proximity between the curves
representing the crack advance from different initial crack shapes) being faster for higher
coefficients m of Paris and quicker for bending moment than for tensile loading.

With quasi-circular initial geometries (i.e., (a/b)o=1), the crack aspect ratio a/b always diminishes
with the crack growth, whereas when the initial crack is quasi-straight (i.e., (a/b)y=0.08), the aspect
ratio a/b increases at the beginning and decreases at the end (with the exception of initially deep
crack with (a/D)y=0.5).

In fatigue crack propagation, relative crack depth a/D influences more on dimensionless
compliance f than the aspect ratio a/b, because the crack fronts tend to converge as the cracks
propagate from different initial geometries, the convergence being quicker for initially short cracks
than initially long cracks.

The f~a/D plots starting from an initially circular crack front (a/b);=1 and from an initially
quasi-straight crack front (a/b);=0.08 are closer when the applied load is bending, the exponent m of
the Paris law is higher or the initial crack depth (a/D), is lower. Materials with higher values of the
Paris parameter m produce slightly greater dimensionless compliance during fatigue crack growth.

The greater the m coefficient of the Paris law, the greater the convergence of the different initial crack
conditions: geometry of the crack front (a/b) and dimensionless compliance f. The difference between
the results for the different values of m is always bigger between m=2 and m=3 than between m=3 and
m=4, which implies that, as this parameter increases, there is less dependence of results on it.
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Figure 8. Evolution of the dimensionless compliance f'with crack growth (represented by the relative crack depth a/D)
for m=2, starting from different initial crack geometries under tension loading (left) and bending moment (right)
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Figure 9. Evolution of the dimensionless compliance f with crack growth (represented by the relative crack depth a/D)
for m=3, starting from different initial crack geometries under tension loading (left) and bending moment (right)
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Figure 10. Evolution of the dimensionless compliance fwith crack growth (represented by the relative crack depth a/D)
for m=4, starting from different initial crack geometries under tension loading (left) and bending moment (right)
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