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Abstract  Research interdependent correlations among various calculations models, relationship between 
their calculations parameters, and relationship between their materials constants in equations on strengths 
and life predictions, which are elastic-plastic steels with cracks. Thereby obtain and suggest to adopt several 
new calculations models and their calculations methods on crack propagation rates, which are respectively 
suitable for calculations of crack propagation rates under different stress ratio loading, or are suitable for 
calculations under symmetrical and unsymmetrical cyclic loadings, the work stresses less than or greater than 
the yield limit. Also the material constants 2B in new models are defined as comprehensive material constants 
and give also out their physical meaning and geometric significances that are having a function relation with 
other parameters. Moreover provide yet a calculation example of crack propagation rate. Anticipate that the 
works will be having practical significances for fatigue - damage - fracture tests to save 
experimental times, fund inputs and to expand engineering applications. 
Keywords  Elastic-Plastic-materials, Comprehensive material constants, Crack growth rate, Calculation 
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1. Introduction 
 
In the engineering fields, loading conditions are very complicated. In the engineering designs and 
calculations, there are a lot of calculating models are applied. In traditional design methods, for 
their calculating parameters, for their material constants adopted in the models, in addition to some 
key calculating parameters, in addition to some limited materials constants which are showing the 
material properties, they must be by means of the experiments to take data. However there are also 
some of the traditional calculating models, their calculating parameters and material constants had 
been already extensively applied, which had been derived usually from the relationships between 
various calculation parameters or from the relationships between all kinds of material constants, 
afterwards again applied to engineering design calculation and analysis.  
The same, for including cracks structures and materials undergone to very complicated loadings, the 
calculations on their strengths, crack propagation rates and service life, in all kinds of calculation 
models also must refer to many calculation parameters and material constants, but these required 
parameters of designs and calculations got from experiments are always limited. In fact, between 
these calculations parameters or between these materials constants each other, there are also usually 
some functional relations. So that to research and analyze these calculations models, their 
calculations parameters and materials constants, of course, some new models and their parameters 
and constants can also be derived from them and would be applied to designs and calculations in 
engineering. 
The author researches various strengths, crack propagation rates and life calculations models, to 
analyze and find interdependent relationships between the various calculation parameters and all 
kinds of material constants, proposes respectively several new calculation models and calculation 
methods for the elastic-plastic steels with cracks. But also puts forward specially the new concepts 
of comprehensive material constants and their calculation methods, its purpose is in combination 
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with limited experimental data and conventional material constants, thereby to realize the 
calculations for the crack growth rates and to do the life predictions which are in different stress 
ratio under complicated loading conditions. Moreover, provides yet homologous calculation 
examples. Anticipate that the works will be having practical significances for fatigue - damage - 
fracture tests to save experimental times, fund inputs and to expand engineering applications.  
 
2. The calculations of crack growth rate for elastic-plastic steels 
 
In references [1，2] provide the relation between the fracture life fcN2  and half-cycle of amplitude 

value 2/tδΔ of crack tip open displacement at crack growth stage,  
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But if it is expressed to adopt one-cycle of crack tip open displacement range tδΔ , it become as 

following form  
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And relation between the crack growth rate 22 / dNda  and one-cycle of crack tip open 

displacement range tδΔ is as discussed [3~4], 

                                  2
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Where the equations (1) and (2) can be described as the reversed beeline 12CC in bidirectional 

combined coordinate system and bidirectional curves in the whole process( Fig.1)［5~7］, that is 
predigested by logarithm transacting just is showed the relation between the life and the crack tip 

open displacement. And the equations (3) can be described as the positive direction beeline 21CC , it 

just is showed for the relation between the crack growth rate and the crack tip open displacement. 

Research and discover that in fact the relations among equations (1), (2) and (3) are consistent. Here 

the parameters 2λ , 2c and 2B  are all material constants. 2λ and 2c are exponents of 

equations, 22 1/c−=λ , its geometrical meaning is the slope of force triangle bevel edge. Of course 

some key material constant in the engineering calculations must be obtained from experimentations. 
But actually in a number of calculation models, there are functional relationps between some 
parameters or between some material constants each other, so that we can use the kinds of having 
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important significances of correlations, can derive a number of beneficial formulas, obtain some 
calculation methods on the strengths, crack propagation rates and life predictions. For example 

between the material constant 2B and other constants are having functional relations as formulas 

below,  

                  ))/(()2(2 02202222
2 NNaaB ccfc −−= −λδ )0( =mσ                    (4) 

))/(()1(22 022022

-

2
22

2

NNaaB cc
fc

m
fc −−×⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

λ

δ
δδ , )0( ≠mσ           (5) 

Where fc2δ in (4~5) are critical value of the crack tip open displacement, cfc δδ =2 , the 2B is 

defined as comprehensive material constants. Its physical meaning is a concept of power, is a 
maximal increment value, and also is given out energy in one cycle made specimens to failure. Its 
geometrical meaning is a maximal micro-trapezia area to approximate to beeline, and is also an 

intercept between 43 OO − (Fig.1). And slope of micro-trapezium bevel edge just is corresponding 

to the exponent 2λ of formula (4, 5). ca2 is a critical crack size, 20a is initial (or precrack) crack 

size. 02N is initial life, 002 =N ; cN2 is a critical life.  
mδ is a mean value of the crack tip open 

displacement, )/2( minmax δδδ +=m , here maxδ and minδ are the maximal and minimal values of 

the crack tip open displacement. Moreover if its unit of the parameter 2B is calculated by ‘mm’, then 

the value of 2B must be again multiplied by 1000. 

For the sake of safety, the comprehensive constant 2B should be calculated as following form, 
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Where effB2 is also an effective comprehensive material constant, its physical meaning is a given out 

effective energy in one cycle made specimens before failure. Here 

pvpveff vNNaa =−− ))/(( 02022 , pvv is defined to be the virtual rate, )/(* cyclemvvpv =  [6,8]. 

)/(,*103~103 -7-8 cyclemvvpv =××≈ . effa is an effective size during steady growth course. 

pvN is a virtual life.  
2effδ is an effective value of crack tip open displacement, that is the parameters 

during steady growth course, they must be all obtained from experiment. Here suppose that 
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c2 )4.0~3.0( δδ =eff .       

                      
It should point that for elastic-plastic materials, the calculating validity of the crack tip open 
displacement is restricted by different work stresses σ , their calculation expressing forms would 

be different for work stress under sσσ < or sσσ >  condition. Such, calculations of the crack 

growth rate in equation (3), in addition to directly calculate from the experiment achieved data, and 
can also use the following varied calculation methods to calculate it. 

2.1 Calculations for crack growth rate under work stress sσσ < condition 
According to the D-M’ as discussed by [9] mathematical model to calculate the crack tip open 

disparagement tδ , it can be adopted as following equation.  
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Under ct δδ >− , cKK 11 >− condition, and the work stress 1/ <<sσσ ( sσσ 5.0≤ ), for the D-M’ 

model is made by simplify treatment, it is 
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Here 2y is correction coefficient related to crack size and shape. The coefficientβ  is 1=β under 

plane stress condition, and 2/)(1 2νβ −=  under plane strain condition. ν is Poisson's ratio. If 

1=β and under cyclic loading, the crack tip open displacement can adopt three of kinds 

calculations methods as following forms.  

(1) The calculations methods used by the stress intensity factor )( I2 KK =  

For this method, the comprehensive material constant effB2  and the crack tip open displacement 

tδΔ  range in the crack propagation rate equation 22 / dNda are all to adopt the stress intensity 

factor to express. Here the crack tip open displacement range tδΔ  can be [9],  
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Here for sσσ < ，and under the symmetrical cyclic loading ( 1/ maxmin −== δδδR )， 
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But for 1/ maxmin −≠= σσσR  (or 1/ maxmin −≠= δδδR ), for 1=β , the parameters mδ in 

equations (6) should be also changed as follow forms, 
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ctheff KKK 1≈  or ceff KK 1)55.0~25.0(≈                (13) 

Where effK is an effective stress intensity factor, thK is threshold stress intensity factor. max1K and 

min1K are respectively the Maximums and minimums value of stress intensity factor. E is a modulus 

of elasticity. In fact the (12) is consistent with (6). 

(2) The calculation methods used by the stressσ  

For this method, the comprehensive material constant effB2  and the crack tip open displacement 

tδΔ  range in the crack propagation rate equation are all to use the stress to express. Here the crack 

tip open displacement tδ  and tδΔ are as below [10] 
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Under cyclic loading, and for stress ratio 1/ maxmin −== δδδR , the crack tip open displacement 
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range is,  
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Then equation of crack growth rate is  
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And for different stress ratio, the effB2  are respectively,   
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Where meffσ is maximal effective stress, smeff σσ )55.0~5.0(= . meffa  is a maximal effective 

crack size,  
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(3) Calculation method of combination of the stress and the stress intensity factor  

For this method, the comprehensive material constant effB2  in the crack propagation rate equation 

adopts the stress intensity factor to express, and the crack tip open displacement tδΔ  range adopts 

the stress to express. So their forms are as bellows  
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It must point that the equations (10), (16), (20) and (21) can also only apply to work stress 

1/ <<sσσ ( sσσ 5.0≤ ). 

2.2 Calculations for crack growth rate under work stress sσσ => condition 

On the other hand, for work stress sσσ =>  condition, it must be changed to use as following 

calculating equations. Here there are also two kinds of methods  

(1) The calculation methods used by the stressσ  

It also can directly use the stressσ to calculate the tδ  and tδΔ  [10]. Here the crack tip open 

displacement tδ  and tδΔ are as bellows [10] 
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Where ceff δδ )35.0~3.0(= . 

(2) The calculation methods combined by stress and strain 

Its method is that the comprehensive material constant effB2 to adopt the effδ to express, and the 

crack tip open displacement to adopt the stressσ to express, its form as follow 
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Here can take 0≈mδ . 

 
3. Calculation example 

A pressure vessel is made with steel 16MnR, its strength limit of material MPab 573=σ , yield 

limit MPas 361=σ , modulus of elasticity MPaE 200000= . Critical stress intensity 

factor mMPa7.2912 == cc KK . Suppose shape correcting coefficient of long crack 01.12 =y . Its 

local stress =maxσ 450 MPa  at stress concentration point, 0min =σ . Other computing data is all in 

table 1. Try to calculate the growth rate 22 / dNda  at crack size ma 001.02 = under 

391450 =>= sMP σσ  MPa conditions.  

Table 1.  Calculation data    

mMPaK c ,1  mMPaK eff ,  mMPaKth , pvv  2m  mfc ,2δ  2λ  2y  β  

92.7 28.23 8.6 7102 −×  3.91 0.00018 2.9 1.01 1 
 
(1) Calculations for relevant parameters  

1) According to table 1, take the virtual rate, (m/Cycle)102 7-×=pvv . 

2) Take effective crack tip open displacement, 

)(103.600018.035.035.0 5 mmceff
−×=×=×= δδ ; Take 0≈mδ . 

3) Calculation for effective crack size 
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4) According to (26), calculation for comprehensive material constant effB2   
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The experiment value of Steel 16MnR, 845702 =B , and here its calculation value 84151, so that 

it is close to experimental data.   
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5) According to equation (23), computing for crack tip open displacement range tδΔ   
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(2) Calculation for crack growth rate under sMPa σσ >= 450 condition. 

According to equation (24), at ma 001.02 = , its crack growth rate is 
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4. Conclusions 

(1) The correlating equation 2'
222/ c

fcfct N×=Δ δδ  between half-cycle of crack tip open 

displacement amplitude tδΔ /2 and life fcN2 , the correlating equation 22
22
cc

fct BN =×Δ −δ between 

one-cycle of crack tip open displacement range tδΔ and life fcN2 and the correlating equation 

2
222 / λδ tBdNda Δ= between one-cycle of crack tip open displacement range tδΔ and crack growth 

rate 22 / dNda , which the interrelations among three of kinds relation- expressions actually are 

consistent.  

(2) The crack growth rate equations (10), (16), (20), (21), (24) and (28) of suitable for elastic-plastic 

steels are also consistent with the rate equation (3) in [3, 4]. But the material constant 2B in latter (3) 

is obtained from experiment under constant stress ratio condition, so that only applying to 
corresponding loading. And the former, they can respectively do calculations for cracks growth 
rates of suitable for different stress ratio and loading conditions which they are only in combination 
with a small number of experiment data, Therefore they can expand the application ranges, and 
increase the calculating reliabilities and safeties.  

(3) The comprehensive materials constants 2B  and effB2 in crack growth rate equations are to 

have interdependent functional relationships with parameters effδ , 2λ , mδ and pvv . Its physical 
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meaning of the effB2 is to give out effective value of energy in one cycle made specimens before to 

failure. Its geometrical meaning is a maximal micro-trapezia area to approximate to beeline. 

(4) The crack growth rate equations (24) and (28) are generally suitable for under sσσ => ; and the 

(10), (16), (20) and (21) can only applied to under sσσ 5.0<= . If the (10), (16), (20), (21) are 

applied to under sσσ 5.0> and sσσ < , their calculation error are larger.  
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