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Abstract  In this report, we investigate variation of stress distribution and intensity of stress singularity near 
the cross point of inclusion and free surface based on 3D element free Galerkin method (EFGM). We 
especially focus on influence of radius of curvature at vertex for stress singularity field. As for computational 
model, silicon and resin bonded structure is employed. 
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1. Introduction 
 

Intensity of stress singularity near interface edge for bonded structures is investigated by a lot of 
researchers [1], [2]. Variation of intensity of stress singularity with respect to thickness of adhesive 
layer, interface width, slanted side surface have already investigated. As for the computational 
methods, the boundary element method (BEM) and the finite element method (FEM) are frequently 
used to compute stress distribution. In addition, the element free Galerkin method (EFGM) is also 
recently employed for stress analysis[3]. In this study, the EFGM is employed in stress analysis for 
bonded structures. In addition, eigen analysis based on the FEM is carried out to obtain order of 
stress singularity[4]. As the computational model, a structure made by resin with silicon plate 
inclusion is employed. We especially focus on influence of radius of curvature at vertex for stress 
singularity field in this study(See Fig.1).  
 

Contents of investigations 

1) Influence of radius of curvature for intensity of stress singularity
2) Influence of Young’s modulus of resin for intensity of stress singularity

Bonded structure model 
with radius of curvature at vertex of inclusion
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Figure 1. Image diagram of target model 
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2. Stress analysis by the EFGM and analysis of order of singularity by the FEM 
 

The characteristics of the EFGM is that the interpolation function at evaluation point is given by 
the information in the domain influence (See Fig 2.). Example of the interpolation function is 
written as Eq. (1). 
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where q  indicates shape function, and n  indicates number of referred nodes in the domain 
influence. In addition, forth order spline function is employed as the weighting function in the 
EFGM. Procedure of discretization is same as the traditional FEM. Detail of discretization is shown 
in reference [3]. 
 

 
Figure 2. Domain influence 

 
In addition, if the order of singularity is expressed by λ , the stress distribution is written as 

11/1/1 −− ==∝ pp
ij rrr λσ . Here, p indicates characteristic root. Because the stress is expressed as 

gradient of the displacements iu , the relationship the displacements and distance r is given p
i ru ∝  

by  the integration of 1−∝ p
ij rσ . If displacements for each element are expressed by interpolation 

function shown in Eq. (2) and the interpolation function is substituted to equation of the principle of 
virtual work, a characteristic equation is finally derived as shown in Eq. (3). 
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where iu is expressed by oi uu − , and iu and ou  represent spherical displacements at an arbitrary 
point in the spherical surface. In addition, ih indicates the shape function. In the Eq. (3), p  
indicates characteristic root and vector { }x  denotes superposed displacement vector in entire 
domain, and matrices [ ]A , [ ]B  and [ ]C  represent the coefficient matrices derived by finite 
element procedure. Detail of this formulation is shown in reference [4]. 
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3. Numerical experiments 
 
3.1. Variation of intensity of stress singularity K1φφ with respect to radius of curvature R 

 
In this study, a structure made by resin with silicon plate inclusion shown in Fig.3 is employed 

as a numerical model. Nodal distribution around target area and material properties are shown in 
Fig.4 and Tab.1. In case of computational model of R=0, order of stress singularity λ at vertex on 
silicon surface is obtained as 0.436. In this study, the radius of curvature R at vertex of silicon plate 
is changed as shown in Tab.2. 
   In case that tensile stress, 10MPa, is applied to top surface, stress distribution σφφ on surface in 
silicon plate with respect to angle φ is shown in Fig.5. It is seen that gradient of stress distribution 
σφφ is almost same for each angle φ. Next, comparison of stress distribution σφφ on silicon surface at 
angle direction φ=315° is carried out. The result is shown in Fig.6. It is found that stress value 
decreases with increasing the radius of curvature R and constant stress region of σφφ near point O, 
i.e., stress singularity disappearance region, increases with increasing the radius of curvature R. 
Here, in Fig. 6, solid line indicates fitting line by σφφ= K1φφr－0.436. In addition, relationship between 
intensity of stress singularity K1φφ and radius of curvature R is shown in Fig.7. From this result, it is 
found that intensity of stress singularity K1φφ almost linearly decreases with increasing the radius of 
curvature R.  
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Figure 3.  Computational model 
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Figure 4.  Nodal distribution around target area 
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Table 1. Material properties 
 Silicon Resin 

Young’s modulus (GPa) 166 5.49 
Poisson’s ratio 0.26 0.32 

 
Table 2. Computational conditions 

Radius of curvature R (μm) 0.000 3.125 6.250 12.500 
Number of nodes 27,607 15,467 16,423 21,727 

 

 
 

Figure 5.  Variation of stress distribution σφφ on silicon surface 
with respect to angle φ (R=0mm) 

 

 
Figure 6.  Variation of stress distribution σφφ on silicon surface at angle direction φ =315° 

with respect to radius of curvature R 
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Figure 7.  Relationship between intensity of stress singularity K1φφ and radius of curvature R 
 

 
3.2. Variation of intensity of stress singularity K1φφ with respect to Young’s modulus of resin 
 

Next, in case of computational model, R=3.125μm, relationship between stress distribution and 
Young’s modulus of resin is investigated. In this section, Young’s modulus of silicon and resin are 
expressed by E1 and E2. First of all, order of singularity λ is listed in Tab.3. It is seen that order of 
singularity λ gradually decreases with increasing Young’s modulus of resin E2. Fig.8 shows variation 
of stress distribution σφφ on silicon surface at angle direction, φ =315°, with respect to Young’s 
modulus of resin E2. It is found that value of stress σφφ decreases with increasing Young’s modulus 
of resin E2. In addition, variation of intensity of stress singularity K1φφ with respect to Young’s 
modulus of resin E2 is shown in Fig.9. It is seen that intensity of stress singularity K1φφ decreases 
with increasing Young’s modulus of resin E2. 
 

Table 3. Order of singularity λ (In case of R=0 model) 
Young’s modulus of resin E2 

(GPa) 
0.10 0.50 1.00 5.49 10.00 

Order of singularity λ 0.545 0.437  0.429 0.436  0.384 
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Figure 8.  Variation of stress distribution σφφ on silicon surface at angle direction φ =－45° 
with respect to Young’s modulus of resin 

 

 
 

Figure 9.  Variation of intensity of stress singularity K1φφ  
with respect to Young’s modulus of resin E2 

 
4. Conclusins 
 

In this study, we investigated about the relationship between intensity of singularity K1θθ and 
radius of curvature R for computational model of a structure made by resin with silicon plate 
inclusion. As numerical methods, the EFGM is applied to stress analysis, and the finite element 
eigen analysis is applied to obtain order of singularity at vertex on silicon surface. Conclusions in 
this study are shown below. 
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Examinations for change of radius of curvature around singularity point 
・ Stress value σφφ decreases with increasing the radius of curvature R. 
・ Constant stress region of σφφ near point O, i.e., stress singularity disappearance region, increases 

with increasing the radius of curvature R. 
・ Intensity of stress singularity K1φφ almost linearly decreases with increasing the radius of 

curvature R.  
 
Examinations for change of Young’s modulus of resin in case of R=3.125μm model 
・ Value of stress σφφ decreases with increasing Young’s modulus of resin E2. 
・ Intensity of stress singularity K1φφ decreases with increasing Young’s modulus of resin E2. 
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