
13th International Conference on Fracture 
June 16–21, 2013, Beijing, China 

-1- 
 

 The Crack Growth Behavior in electrolyte membrane under 
Mechanical-electrochemical Loading 

 

Yun J Chen1, Yi Sun1,*, Yi Z Liu1, Chen Wang1 
 

1 Department of Astronautic Science and Mechanics, Harbin Institute of Technology, Harbin 150001, PR China 
* Corresponding author: sunyi@hit.edu.cn 

 
Abstract  As the key component of SOFC (solid oxide fuel cell), a theoretical framework has been 
built to illustrate the coupling effect between oxygen vacancy concentration and stress field in early 
works. Here, the coupling theory is expanded and more affecting factors are taken into 
consideration. An electrolyte membrane with a macro crack is studied by a modified multi-scale 
method under fully coupling effect. It can be observed that the crack propagates with the increase of 
remote loadings, and the fracture mode is brittle fracture. The local stress concentration at the crack 
tip influences significantly the electromechanical fields and the fracture toughness of the 
stoichiometric sample (Ce0.8Gd0.2O1.9) may be reduced from 0.9493MPa•m1/2 of uncoupled value to 
0.5142MPa•m1/2. It can be concluded that the coupling effect is important for the electrolyte in the 
working environment; especially in the case of the existence of a crack. 
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1. Introduction 
As an energy conversion device, solid oxide fuel cell (SOFC) can generate high efficiency electric 
power without environment pollution[1], and it has attracted more and more attention for its 
excellent property. Meanwhile, as the core component, considerable researches have been 
completed to study the performance of the electrolyte[2].  
The GDC (Gadolinium (Gd2O3) doped ceria (CeO2)) is regarded as a promising candidate 
electrolyte material for its higher ionic conductivity[3]. When two cerium ions (Ce4+) are replaced by 
gadolinium ions (Gd3+), an oxygen vacancy is generated to maintain electrical neutrality. And 
oxygen ions can transport through the electrolyte at high temperature. In the working environment, 
the effects of temperature and stress are inevitable, the electrolyte actually works in a complicated 
coupling field[4-6]. 
In the present work, a modified multi-scale method is introduced and applied to simulate the 
electrolyte with a crack under the full coupling effect. Based on the simulation results, the reasons 
and the process of the electrolyte failure can be further revealed. 
2. Framework of the coupling effect 
2.1. The stress-induced diffusion potential 
When the electrolyte (GDC) is at low oxygen partial pressure, extra oxygen vacancies are generated 
owing to reduction reaction, and the elastic constants of the material can be assumed a function of 
the vacancy concentration: 

 ( )0
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where, αρ is the molar fraction of defect α , and 0
ijklC is the elastic constant of stoichiometric 

material ( )0
α αρ ρ= . For isotropic material, there are only two independent parameters: E , v . 

 ( ) ( )( )( )(1 )(1 2 ) 2 1ijkl ij kl ik jl il jkC Ev v v E vδ δ δ δ δ δ= + ++ − +  (2) 

Here, αη , Eαη  and vαη  are introduced for convenience: 

 ( ) ( ) ( )0 0 0 3 , ,  E vdV V d dE E d dv v dα αα α αη η ηρ ρ ρ= = =  (3) 

where, 0V , 0E  and 0v  are volume, Young’s modulus and Poisson’s ratio of the stoichiometric 
material. The real Young’s modulus and Poisson’s ratio are: 
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In the next, η∑ , E∑  and v∑ are introduced to represent α α
α

η ρΔ∑ , Eα α
α

η ρΔ∑ and vα α
α

η ρΔ∑ . 

By using these symbols, formula (2) can be rewritten as: 
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where 

 ( )( )( ) ( )( )( )0 0 0 0 0 0 01 1 2 2 1ijkl ij kl ik jl il jkC E v v v E vδ δ δ δ δ δ= + − + + +  (7) 

Based on formula (6), the constitutive relation can be defined: 
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where *
ij ijα α

α

ε η ρ δ= Δ∑ is the eigenstrain caused by non-stoichiometry effect, αη  is called 

coefficient of compositional expansion (CCE), and ( )0 0 0 0/ (1 )(1 2 )K E v v= + − . 

The full diffusion potential for isotropic material can be described[7-8]: 
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Because the Poisson’s ratio has less affected by oxygen vacancy, vη can be set zero. Once Vτ  is 

obtained, it can be plugged into diffusion and mechanical equations[8]. The distribution of oxygen 
vacancy and stress field under coupling effect can be calculated.  

In the present work, the electrolyte is 0.8 0.2 1.9Ce Gd O (20GDC), the corresponding non-stoichiometry 

chemical formula is 0.8 0.2 1.9Ce Gd O δ−  (δ represents the VρΔ  in formula (8)). The parameters in the 

coupling theory can be calculated by molecular dynamics simulations: 0 236.036GPaE = , 
0 0.267v = , 0.0728η = , 0.9571Eη = − [9]. 

2.2. The coupling effect of the planar electrolyte 
In this section, a planar electrolyte is selected to study the coupling effect, as shown in Fig.1. 

   
Figure 1. Schematic of electrolyte membrane 

The thickness of the membrane is h , and it is completely fixed along y and z directions. The 
displacement boundary conditions are: 

 1 2 3( ),  0u u x u u= = =  (10) 

where, /x x h= , and the range of values allowed for it is 0 1: . The strain tensors are: 

 1 1 11 1( ) ( )ij i jx du x dxε δ δ=  (11) 

Stress tensor can be obtained: 

 ( ) ( ) ( ) ( )( )0 0 0 0 0
11 1 11 1 1( ) (1 ) ( ) 1 1 ( ) 1 1 c

Vx K v x v v x v vσ ε η ρ ε= − − + − Δ − + −  (12) 

 ( ) ( )( )0
22 1 33 1 11 1 1

0 0 0 0( ) ( ) ( ) ( )1 1 c
Vx x Kv x xv v v vσ σ ε η ρ ε= = − Δ −+ +  (13) 

where 0 (1 )EK K αη ρ= + Δ , and cε represents constant strain. Here, pressure is low and no shearing 

strain exists, so 11σ  can be assumed zero. According to formula (12), 11 1( )xε can be obtained: 

 ( ) ( ) ( ) ( )11 1
0 0 0 0

1( ) 1 1 1 1 ( )c Vx v v v v xε ε η ρ= + − + + − Δ  (14) 

Then, the stress tensors can be rewritten as: 

 ( )22 33 1 1( ) 1 ( )c
V E VEE x xσ σ η ρ ε η ρη η= = − Δ + + Δ  (15) 
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where 0 0/ (1 )E E v= − . Bringing formula (15) into (9), we can obtain: 

 ( ) ( ){ }2 3

1 0 1 1 2 1 3 1( ) ( ) ( ) ( )V V V Vx E P P x P x P xτ ρ ρ ρ= + Δ + Δ + Δ  (16) 

where: 
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Besides, the oxygen partial pressure is ( ) ( )( )2 2O O
log P 0 / P 1 20x x= = = − , and the chemical 

boundary conditions can be obtained based on experimental datas[10]: ( 0) 0.1407xδ = = , 

( 1) 0xδ = = .Until now, all necessary parameters are obtained: 0 236.036GPaE = , 

(0) 0.1407VρΔ = , 0 0.1ρ = , 0.0728η = , 0.9571Eη = − , 0 0.267v = . 

3. Description of the multi-scale method 
Here, the multi-scale method is defined a combined method of MD simulation with finite element 
method (FEM). As illustrated in Fig.2.(1), the center-cracked specimen can be decomposed into 
three parts: in the far field, it is governed by the linear elastic fracture mechanics, at the crack tip, 
the region is modeled by MD simulation, and the between is called transition region[11]. 

  
(1)                                 (2) 

Figure 2. Illustration of the multi-scale model 
As seen in Fig.2.(2), an intemediate model is introduced, its size is far smaller than the initial model. 

During the calculation process, the stress intensity factor (SIF) IK  of the initial model is 

calculated firstly by FEM. Then the external load 2σ for the intermediate model can be computed 

with the same IK . For the intermediate model, the element size around crack tip is controlled as 

the same as the lattice constant of CeO2, as seen in Fig.2.(2) (c). After the second FEM calculation 
is completed, the displacements of boundary nodes can be obtained. And then, these displacements 
are applied to the MD model as boundary conditions for MD simulation. In MD simulation, NPT 
ensemble is selected, temperature is controlled at 1100K, time step is 1fs (1e-15s), and the in-home 
potential is used[9]. 
4. Simulated results and discussion 
The electrolyte membrane with a crack is presented in Fig.3.(a), the length of the crack is 0.04mm, 
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with the thickness of membrane is 2mm. When the model is loaded, the vacancy concentration near 
crack tip will be influenced significantly by the high stress field, the interesting phenomenon is 
called local stress effect. 

  
(a)                    (b) 

Figure 3. (a) Cross-section of the electrolyte membrane with crack  
(b) Distribution of concentration of oxygen vacancy when no local stress effect is considered 

Because the stress field is just affected by oxygen vacancy, so only oxygen vacancy is considered 
here for studying the local stress effect. For comparison, the coupling field without local stress 
effect is investigated firstly. The diffusion equation of oxygen vacancy is[8]: 

 ( ) ( )mJ D V D RTρ ρ τ= − ∇ − ∇  (18) 

Based on the deduction in section 2.2, the diffusion potential τ can be described as: 

 ( )3 3 2 3 2 23 3 2E EE E E Eτ η η ρ η η η ρ η ρ= Δ + + Δ + Δ  (19) 

Where, ( )0 01E E ν= − . Equation (19) is plugged into equation (18), the diffusion equation can be 

obtained: 
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 (20) 

where, ( )Ĵ Jh D= , x x h= , h  is the thickness of the membrane. The implicit solution can be 

given out by integrating the equation with chemical boundary conditions: 

 4 3 22.8751 6.8512 1.1028 0.6189 0.4431 0xρ ρ ρ ρ+ − − + − =  (21) 

The numerical solution can be calculated by programing the equation, the result is shown in 
Fig.3.(b). 
In order to study the local stress effect, the stress field of the crack-tip (where 0θ = ) is applied to 

the region around the crack tip directly. After the external stress ( cσ ) is applied, the stress tensor 

near the crack tip ( 0θ = ) can be described as: 
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Where, x is normalized. Similarly, τ  can be deduced according to formula (9): 
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For convenience, 
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Formula (24) is plugged into equation (18), we can obtain: 

 
( ) ( ){ }

{ }

2 2
0 0 0
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1
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where,  

 ( ) ( ) ( ) ( ) ( )2
0 0 03 , 2 6 , 3 2m m mA V RT A B B A V RT C A B C V RTρ ρ ρ′ ′ ′= = − = − +  (26) 

By integrating equation (25), the implicit solution can be obtained: 

 4 3 2 ˆ3 4 6 12 12 MA B C Jρ ρ ρ ρ′ ′ ′+ + + = − +  (27) 

where M  is a arbitrary constant generated during integration. 

 
Figure 4. Distribution of concentration of oxygen vacancy  

near crack tip when stress field of crack tip is applied 
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As for 2c IK xσ π= , singularity exists at 0x = . In order to obtain vacancy concentration at 

crack tip, the IK  is given firstly, and the effective scope of the local stress effect is seted as 1.5a , 

where 0.02mma =  is half the length of the crack. Then the value at 1.5x a=  is calculated, as 
seen in Fig.4, the value is compared to the corresponding value in Fig.3, it can be found that the 
difference between the two results is no more than 1%. So the value at 1.5x a=  is selected as the 
initial value for the calculation. Then the value at crack tip can be calculated through multiple 
numerical iteration. The results are plotted in Fig.4. According to the results, it can be observed that 

the range of values of ( 0)xρ ≈  is 0.75 1.2: , the range of δ  is 0.65 1.1: ( ( ) 00xρ ρ≈ − ). 

Based on the chemical formula of non-stoichiometric GDC ( 4 3 3 2
0.8 0.2 1.9Ce Ce Gd Ox x δ
+ + + −
− − ), it can be 

concluded that the value of δ at crack tip is 0.4 when the local stress effect is considered. The 

corresponding chemical formula of GDC is 3+ 3+ 2-
0.8 0.2 1.5Ce Gd O . After the multi-scale simulations is 

completed, the fracture toughness is 0.5142MPa m . Compared to the fracture toughness of 

Ce0.8Gd0.2O1.9 (20GDC) ( 0.9493MPa m ), it is reduced by 45.83%. So, in the process of 

production and application of the material, the local stress effect should be specially focused. 
5. Conclusion 
In the work, the coupling theory of the electrolyte in the working environment is presented. In order 
to study the local stress effect, the electrolyte membrane with crack is selected, and the mechanical 
behavior of the membrane is studied by using a multi-scale method. According to the simulated 
results, it can be found that when micro crack exists in the electrolyte membrane, the stress at crack 
tip is much bigger, and the concentration of oxygen vacancy at crack tip is severely affected. Based 

on the simulated results, the fracture toughness of the model is decreased to 0.5142MPa m  when 

the local stress effect is considered in the working condition, it is reduced by 45.83% compared to 

the uncoupled value ( 0.9493MPa m ). So, in the process of production and application of the 

material, the local stress effect should be specially focused. 
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