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Abstract. Sir Alan Cottrell led the transformation of metallurgy from an observational science to 
analytical description.  The following ditty, written for an analysis of the influence of polycrystal 
grain size on mechanical strength properties, could very well have been inspired by subliminal 
guidance from Cottrell: 
 

The physically-weaker mortals are supported 
With stronger materials, needfully, more so every day. 

How so, you say – by brain power exhorted 
To restrict the role that cracks and dislocations play! 

 
The following account is an honoring contribution in recognition of the great man’s leading 
researches on one of several materials-based topics that he led: the dislocation mechanics of 
fracturing. 
 
 
1. Introduction 
 
     A previous festschrift for the 70th birthday celebration meeting in honor of Sir Alan Cottrell [1] 
may be compared with related recognitions given some years previously for Professors Egon 
Orowan [2], Norman Petch [3], and Takeo Yokobori [4], and a few years afterward, for Professor 
George Irwin [5].  The fracture-related research accomplishments of Cottrell were intimately 
connected with those of the persons who are referenced.  Cottrell made quantitative use in a real 
sense of the dislocations figuratively invented by Orowan [6], and are also credited to Polanyi [7] 
and Taylor [8].  With Norman Petch, Cottrell developed the ductile-brittle transition theory for 
understanding the onset at lower temperatures or higher applied loading rates of brittleness in 
steel and related metals [9, 10].  Cottrell and Yokobori shared the vision of producing an 
understanding of fracturing on a combined microscopic and macroscopic level, this relating to 
encouragement from Cottrell for the founding by Yokobori of the International Congress on 
Fracture (ICF) [11].  Among Yokobori’s earliest research articles is one on the Cottrell-Bilby 
theory of yielding of iron [12].  And, the later Bilby, Cottrell and Swinden [13] model of crack 
propagation with an attendant localized plastic zone at the crack tip provided a breakthrough 
example of fracturing at macroscopic dimensions, as pioneered also by George Irwin [14].   
    Four sub-topics among Cottrell’s notable contributions to fracturing are to be covered: (1) the 
ductile-brittle transition temperature (dbtt); (2) the dislocation reaction mechanism for crack 
initiation; (3) the limiting theoretical strength of metals; and (4) the dislocation mechanisms of 
slip intrusions and extrusions involved in fatigue cracking.  The following descriptions are 
intended to build onto the recent memorial articles honoring Cottrell by J.F. Knott [15], L.M. 
Brown [16] and D. Hull [17]. 
 
2. Dislocation mechanics of the ductile-brittle transition temperature        



  
    Both the Cottrell-Bilby theory of carbon-locking of dislocations for the yield point behavior in 
steel [18] and the Hall-Petch (H-P) dislocation pile-up model for a reciprocal square root of 
average grain diameter dependence of the yield and cleavage fracture stresses[19, 20] entered into 
Cottrell obtaining an implicit description of the dbtt in the relationship [9] 
 
                                                              ky(σ0yℓ1/2 + ky) = CGγ                                                      (1) 

 
In Eq. (1), ky is the H-P microstructural stress intensity required for breaking-free Cottrell-locked 
dislocation sources so as to provide transmission of plastic flow across grain boundaries, ℓ is the 
polycrystal grain diameter, σ0y is the friction stress resistance for individual dislocation 
movements in slip band pile-ups, G is the shear modulus, γ is the cleavage crack surface energy, 
and C is a numerical constant.  Hull called attention in [17] to his measurements made with 
Mogford [21] showing an increase in σ0y from neutron irradiation damage, thus raising the 
magnitude of the left-side of Eq. (1), and promoting brittleness.  Petch obtained an explicit 
dependence of the dbtt on the temperature dependent component of the friction stress and on the 
ductile fracture stress dependent H-P determined value of kf, as [10] 
 
                                                 TC = (1/β)[lnB – ln{(CGγ/kf) – kf} - lnℓ-1/2]                                 (2) 
 
In Eq. (2), B is the limiting value of the temperature dependent component of the friction stress at 
T = 0 and β is the exponential temperature coefficient. 
 

                                
 
Fig. 1. Tensile ductile-brittle transition temperatures for two grain sizes, A of 100 μm and B of 5     
            μm; and, then of A altered by neutron irradiation to A* with raised value of Δσoy* [22].  
     Figure 1 provides an illustration produced at the U.S. Oak Ridge National Laboratory of the 
dbtt behavior as obtained on the basis of computed tensile test results applicable to grain size and 
neutron irradiation hardening [22]. In the figure, a comparison is made between the temperature 
dependences of the yield and cleavage fracture stresses of two annealed mild steel materials, “A” 
having a conventional grain size of ~100 μm and “B” having a grain size of ~5 μm.  In addition, 
the yield stress is shown to be raised after neutron irradiation hardening of steel “A”, now labeled 
“A*”, but for which its cleavage stress is unchanged.  As indicated in the figure, steel A has a 
lower dbtt because of the H-P inequality: kC > ky.  And steel “A*” has an appreciably raised dbtt 



due to addition of the athermal component Δσ0y* to σ0y, in the manner described by Hull and 
Mogford [21], thus raising the ambient temperature yield strength up to that of steel “B”.  The 
danger indicated in the figure, which was deemed important at the time, was that steels “B” and 
“A*” could have the same ambient yield strengths and temperature dependencies of them while 
exhibiting appreciably different values of the dbtt [23].     
     A historical note is that Orowan had drawn attention to the condition of the yield stress being 
raised to the level of the cleavage fracture stress as a criterion for the onset of brittleness in steel; 
and, this consideration, taken together with a plastic constraint factor for the notch in a Charpy 
impact test [24], provided for a quantitative description of the dbtt in the same vein as described 
by Cottrell and Petch [25]. Wessel reported at ICF1, in Sendai, on the correlation of changes in 
TC associated with changes in σ0y and ky for a structural pressure vessel steel [26]. 
 
3. The Cottrell crack-forming dislocation reaction 
 
     In the seminal article by Cottrell on the dbtt [9], a breakthrough explanation was provided for 
the crystal structure dependent observation of cleavage occurring on cube-face {001} crystal 
planes in steel and related body-centered cubic (bcc) metals.   On the basis of the bcc slip systems 
having lattice parameter, “a”, focus was placed on the [uvw] direction- and (hkl) planar-
dislocation reaction for two (mixed-type) dislocation lines mutually oriented along the [010] 
crystal axis as: 
 
                                          (a/2)[11-1](101) + (a/2)[-1-1-1](-101) = a[00-1](001)                                  (3)                                 
 
The (001) plane is not a slip plane in the bcc lattice and under an [001] directed tensile axis, the 
thus-formed [00-1] edge type dislocation with line direction along [010] would anyway be a 
sessile dislocation.  Cottrell proposed that the reacted dislocation could form a cleavage crack 
nucleus.  Chou, Garofalo and Whitmore, followed up Cottrell’s model proposal with a 
quantitative analysis of arrested dislocation pile-ups which would be blocked at such intersection 
in alpha-iron [27].  And experimentally, Hahn et al. reported observations of initiated cleavage 
micro-cracks at temperatures centered on the dbtt for a number of polycrystalline iron and steel 
materials [28].  The observations relate to the Cottrell-Petch dbtt descriptions in that it had been 
proposed that break-out of cracking from within individual grains was required for material 
failure.  Antolovich and Findley have reported on a re-examination of the Cottrell model [29]. 
    Nevertheless, the importance of Cottrell’s mechanism of crack initiation also took hold for 
other observations of cracking in single crystal experiments.  Most notably, Keh, Li and Chou 
applied the Cottrell model to explaining the occurrence of cleavage cracking observed on 
otherwise unfavorable {110} type planes at aligned diamond pyramid hardness impressions put 
into rocksalt-type structure MgO (001) crystal surfaces [30].  Figure 2 shows a schematic view of 
the dislocations distributed among the indentation-activated {110}<1-10> slip systems [31].  For 
this crystal geometry, the Cottrell-type reaction is specified [32] as 
 
                                         (a/2)[10-1](101) + (a/2)[0-11](011) = (a/2)[1-10](112)                                 (4) 
 
The line direction of the reacted dislocation of Eq. (4) lies along the [11-1] direction.  The square 
“picture frame” structure immediately encompassing the residual indentation is formed by 
volume accommodating slip on secondary <110>{1-10} slip systems.  The sub-surface 
interaction of dislocation pile-ups at the intersection of conjugate slip systems, for example in the 
second quadrant of the (001) picture frame, produces the sessile Cottrell-type dislocation reaction 
described in Eq. (4).   
      



                                               
 
Fig. 2.   The dislocation deformation pattern surrounding an aligned diamond pyramid microhardness  
              indentation with indenter edges parallel to <100> put into an (001) MgO crystal surface [31].  
 
    The sub-surface dislocation structure leading to observation on the surface of diagonal <110> 
type cracking is illustrated in the cut-away diagram of Fig. 3. As mentioned, the cracking is on 
the unfavorable {110} planes compared to normally observed {010) cleavage planes.   
 

                                 
Fig. 3. Sub-surface dislocation reaction on intersecting <110>{1-10} slip planes in MgO [32].   
 
 
     The same type of crack-forming dislocation reaction mechanism was shown to occur at 
aligned microhardness impressions put into the (-210) crystal surfaces of body-centered 
tetragonal ammonium perchlorate (AP) crystals [33].  In this case, greater plastic anisotropy was 
reflected in the distorted shape of the residual diamond pyramid indentation such that cracking 
was only initiated in the adjacent top two indentation quadrants of the indented crystal surface in 
which a pair of intersecting slip systems had produced greater plastic deformation --- thus giving 
emphasis to the Cottrell mechanism of cleavage cracking being attributed to the local intersecting 
slip system blockages. 



 
 4. The theoretical strength and brittleness 
 
     The theoretical limiting strength of materials [34], including computations of the limiting 
strength to be obtained in cleaving perfect crystals [35], was of considerable research interest in 
the mid-1960’s.  The computations made in the latter reference built onto estimations of crystal 
strength that were described earlier in the pioneering article by Orowan [24]. Kitajima provided a 
report on the topic at ICF1 [36].  The situation was re-examined at the time in an important article 
by Kelly, Tyson and Cottrell [37] who looked in a fresh way into the stress required for 
separation of crystal lattice planes of potential cleavage systems.  Such calculations provided a 
benchmark of local stress values needed at the tips of dislocation pile-ups in order to initiate 
cracking, for example, as described by Stroh [38].  Once such a smallest imaginable crack might 
be initiated, however, the question still obtains as to whether it would grow in the elastic manner 
described by Griffith [39] or its growth would be restricted because of initiation of plastic flow at 
the crack  tip.  As will be described subsequently, the larger scale consideration of crack growth 
with an associated plastic zone at the crack tip is another topic on which Cottrell and colleagues 
have provided an important analysis.     
    Figure 4 was developed based on the model consideration that the intrinsic brittleness of 
materials could be determined by whether a small crack would grow elastically by the (Griffith) 
mechanism or by initiation of plasticity at the crack tip [40].  Calculation of the ratio of the two 
stresses led to a suggested susceptibility factor of (γ/Gb)1/2 to gage the intrinsic brittleness of 
metals.   A tabulation of computed susceptibility factors for different metals and semi-metals 
demonstrated that low values of the ratio correlated reasonably well with the known propensities 
of the materials for cleavage.   The model calculation was refined by Rice and Thomson [41] and 
then examined in further detail by Rice [42] who obtained the same type of agreement as 
originally proposed.  Xu has produced a review of the subject, including further refinements of 
the model.  In particular, Xu described a numerical evaluation of a single crystal type of dbtt 
controlled by the thermally-activated nucleation of dislocations at the crack tip [43].        
    

                                                    
 
Fig. 4(a,b). Model for dislocation nucleation at the tip of a penny-shaped crack [40]. 
 
5. The Bilby-Cottrell-Swinden model of crack growth  
 
    Bilby, Cottrell and Swinden (BCS) had produced at micro- to macro-scopic 
dimensions, compared to the atomic-scale model illustration given in Fig. 4(a,b), the 
counterpart breakthrough description of critical crack growth with an attendant plastic 
zone at the crack tip [13].  Dugdale had also reported related results for a plane stress 



description of cracking in thin sheet material [44].   The BCS analysis involved use of the 
method of continuous distributions of dislocations to model both the elastic stress state of 
the crack and extent of the plastic zone (as an inverted dislocation pile-up).  Unstable 
growth of the crack was specified for a ratio of plastic zone size, s, to crack half-length, c, 
at fracture stress, σF, and yield stress, σy, in the transcendental equation 
 
                                                 (s/c) = [sec(πσF/2σy)] – 1                                                 (5)     
 
In turn, Eq. (5) was shown to be well-approximated by the relationship [45] 
 
                                                     σF ≈ Aσy [s/(c + s)]1/2                                                   (6)  
 
The equation, with σy replaced by σC for crack-free material, was shown at ICF3 to 
describe the crack size dependence of the brittle fracture stress for several reference steel 
materials and for polymethylmethacrylate (PMMA) glass material.   In Eq. (6), A = (π/2) 
for (s/c) < 1.0 and A = 1.0 for (s/c) → 1.0 [46].   
 

                   
Fig. 5. Compilation of fracture mechanics stress intensity, K, values for mild steel [47]. 
 
 
    The BCS description provided very importantly for specification of fracturing in terms 
of a critical crack tip opening criterion that has proved to be very useful in fracture 
mechanics testing [47].  But in either case of the critical stress criterion in Eq. (6) or in 
terms of the BCS-described crack tip opening, a same dependence on grain size and 
plastic zone size was obtained for the plane strain fracture mechanics stress intensity, KIc 
[48].  For yielding in plane strain on a von Mises basis, a value of KIc was given [49] as  
 
                                                 KIc = (8/3π)1/2[σ0C + kCℓ-1/2]s1/2                                        (7) 
 



In Eq. (7), the quantity in square brackets is Petch’s relationship for the cleavage fracture 
stress [20].  A compilation of cleavage fracture stress measurements was reported at ICF4 
[50].  At constant plastic zone size, as appears to generally obtain in engineering fracture 
mechanics tests, a Hall-Petch type of dependence is obtained for KIc.  Figure 5 shows a 
compilation of results reported for mild steel and related steel materials [51-55].              
An unusual aspect of Fig. 5 is that an increase in fracture toughness is shown for 
materials obviously exhibiting an increase in yield stress (according to the corresponding 
H-P relationship for σy).  In such a fracture mechanics test, however, yielding begins at 
the H-P determined σy at the root of the notch and the induced plastic zone strain hardens 
until a higher grain size dependent value of the cleavage stress, σC, is reached [56].   
Knott provided an important review of the science and engineering aspects of fracture 
mechanics at ICF8 [57]. 
 
6. Slip band intrusions and extrusions   
 
     There is grain size dependence in the fatigue strength of metals also [25] but the 
situation is more complex, in no small part because of the occurrence of persistent slip 
bands (PSBs) and their increasingly pronounced behavior under cyclic loading [16, 17, 
58]. 

                           
Fig. 6. Cyclically-induced slip intrusions/extrusions and internal dislocation structures.  
 
    Cottrell and Hull had produced a seminal description of surface intrusions/extrusions 
produced during fatigue testing [59].  Figure 6 provides a schematic illustration of the 
surface relief and internal dislocation structure accompanying cyclic loading [60].  
Cottrell gave emphasis to the mechanical aspect of the nucleation and growth of cracking 
in a PSB as compared with the importance of mass transport by diffusion because of 



results obtained by Hull on copper tested at temperatures as low as 4.2 K [17, 61].  More 
recently, Coupeau, Girard and Rabier have provided excellent observations via scanning 
probe microscopy of slip step heights at opposing dislocation pile-ups on parallel planes 
and evaluated the results in terms of mutually blocking dislocation pile-ups [62].  Head 
had reported the first numerical calculations of such opposing dislocation pile-ups [63].  
A major result from the dislocation modeled behavior was that at sufficient applied shear 
stress and corresponding local stress concentration, the leading dislocations passed each 
other and formed dipoles.  The behavior is in agreement with the associated slip band 
structure becoming more pronounced in PSBs in part because the self-stress associated 
with individual dislocation dipoles decreases more rapidly with distance, of the order of 
~(Δr)-2 as compared with the normal (1/Δr) individual dislocation behavior, and therefore 
leading to many more dislocations being fitted into a cyclically-defined slip band length.  
A sub-surface role of diffusion of atomic vacancies that has generated later research 
interest should be additive in the process [16]. 
 
7. Summary 
 
A number of Sir Alan Cottrell’s notable contributions, with colleagues too, on the 
dislocation mechanics of fracturing have been briefly described on four sub-topics.  The 
listed contributions have been in the sequence of: (a) conditions for a ductile to brittle 
transition in steel and related metals; (b) evaluation of the theoretical limiting strength of 
crystals; (c) dislocation-modeled crack growth in relation to a fracture mechanics 
description; and, (d) geometrical aspects of the development of persistent slip band 
structures in fatigue.  The purpose was to provide cogent examples, first, of the 
importance of original insights provided by Cottrell in producing a better understanding 
of relevant issues and, secondly, to show a positive connection with further developments 
already made or continuing to be made on the same subjects.  In this regard, a note is 
added from the interview of Sir Alan at ICF4 in Waterloo, Canada, to the effect that more 
work needed to be done on multiple dislocation group dynamics, a topic that has been 
pursued in the interim time period and continues to be an important research activity [64].  
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