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ABSTRACT

The phenomenon discussed is the bifurcation in deformation mode of a material undergoing
homogeneous extension at high rate under plane strain conditions. The formation of diffuse
necks as precursors to dynamic ductile fracture is of particular interest. The problem is first
discussed within the context of the theory of bifurcation for incompressible, incrementally
linear, rate-independent materials, with particular attention on the influence of material
inertia on bifurcation conditions. This is followed by description of some results on neck
formation at high strain rates obtained by finite element simulation of the rapid radial
expansion of an elastic-viscoplastic ring under plane strain conditions. These simulations
show that the first departure from uniform deformation occurs at the site of quasistatic
neck formation, but this incipient neck grows too slowly to be significant. Instead, a critical
mode of a much smaller wavelength is found somewhat later in the deformation history.
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INTRODUCTION

During extension of a ductile plate or radial expansion of a ductile shell, deformation is
often found to proceed more or less homogeneously within the plastic range until it is
interrupted by the formation of localized necks or shear bands. These regions of localized
deformation then typically evolve into ductile fractures. The focus here is on the formation
of such necks during high rate extension of a plate or shell as a bifurcation phenomenon,
and particularly on the influence of inertia on the stress level necessary for bifurcation.

To this end, a bifurcation problem is formulated for a rectangular block of an incompressible
elastic-plastic material deforming at high rate under plane strain conditions. The block can
be viewed as a segment of a plate or shell when symmetry is enforced. Opposite ends of the
block are subjected to a uniform normal velocity V5. The faces of the block are otherwise
free of traction. The block initially undergoes a nearly homogeneous deformation, and the
goal is to establish conditions on loading, geometry and material properties under which
the homogeneous deformation can give way to a nonhomogeneous deformation with the
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The imposed end velocity V; acts in the 1-direction, and the instantaneous stretching rate
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where p is the material mass density.

A m.lmbe.r cff studies of the conditions for bifurcation of the elastic-plastic block under
quaslsta.btlc mmposed extension or compression have been reported. Hill and Hutchinson
(1975? identified the regimes of behavior and ranges of moduli for which the overnin

equ.atlons are elliptic, parabolic or hyperbolic. They also calculated the spectrunf of bifuf
cat1<?n stresses for symmetric and antisymmetric diffuse deformation modes. Young (1976)

FIELD EQUATIONS

Consider once again the problem of plane strain extension of the block outlined in the
Introduction. The constitutive equations for the incompressible, i
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planes, respectively.

In the present analysis, the focus is on elastic-plastic materials with parameters in the in-
terval 0 < p/p* < 1. (Note that for a hypoelastic-plastic material o= %E‘s and u~ = 1 E,
where E; and E; denote the secant and tangent moduli, respectively, of the uniaxial tensile
stress—strain curve. For the case of a material described by a (piecewise) power hardening
law, ¢¢*/p is the strain hardening exponent (cf. Tvergaard, Needleman and Lo (1981)).

Elimination of the hydrostatic stress rate p leads to the form of the constitutive equa-
tions used by Hill and Hutchinson (1975), that is,

11— O =2u" (D11 — Da3) , 12 =2uDyy (4)

Incompressiblilty is assured if
D1+ Dy =0 (5)

The balance of momentum is conveniently expressed in terms of the nominal stress s, which
is related to the Cauchy stress o by

F.s=0o (6)

where the deformation gradient F is constrained by the condition detF = 1 in light of
(5). The momentum balance can be written in component form relative to the Cartesian
material frame X; as

Sijri = pil; (7
where u; is the material displacement, p is the material mass density, the comma denotes
differentiation with respect to X; at fixed ¢, and the superposed dot denotes differentiation
with respect to ¢ at fixed values of X;. The incremental form of (7) for the incompressible
material is

Sijri = pU; (8)

where v;( Xy, X2,t) is the material particle velocity.

Here, the attention is on the possible onset of a spatially nonuniform deformation field
as a bifurcation from the velocity field (1) at a current configuration which represents
some fully developed advanced stage of deformation. A useful simplification of the bound-
ary value problem formulation is obtained by choosing the current configuration, whose
state is being interrogated, as the reference configuration and by choosing the time scale so
that the system is in this configuration at ¢ = 0, as has been done in (1). Thus, the velocity
field (1) evaluated at ¢t = 0 is that of both the current and reference configurations, and
F is the unit or identity tensor. All equations can be satisfied by continuing homogeneous
deformation beyond the reference configuration as in (1). However, the goal is to seek
conditions for which the governing equations can also be met for a continuing deformation
beyond the reference configuration which is not homogeneous. For this choice of reference
configuration, s = o instantaneously and the increments in nominal stress and Cauchy

stress are related by
s=0—-TI: 0+ otr(D) 9)

where I' is the spatial velocity gradient and the Jaumann rate of Cauchy stress is

6=6-2-0+0-02 (10)
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Here ¢ is the uniform uniaxial stress acting in the 1-direction and pr is the hydrostatic
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ﬁlpoleiVe for all adrni.ssible velocity fields. In analogy with the linear theory of elasticity,
€ uniqueness of the incrementally linear rate problem is therefore assured if ’
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The coefficients in the constitutive equations (12)-(14) are different from those in the
quasistatic case because of the pressure p;. Thus, the failure of the inequality (20) can
be expected to occur under different conditions in the dynamic case, in general, than the
conditions for bifurcation in the quasistatic case. Hutchinson’s (1974) sufficiency criterion
for quasistatic bifurcation of a plastic solid with a smooth yield surface under multiaxial
stress states would be unaffected by the additional hydrostatic pressure due to inertia since
stress measures entering this criteria are deviatoric. Thus, a possible dynamic bifurcation
from the uniform velocity field (1) differs from the quasistatic bifurcation because of the
different constitutive coefficients or because other types of restrictions arise from the high
velocities in the background motion (1). Obviously, the coefficients in the constitutive
equations (4) reduce to the coefficients relevant for the quasistatic case for rectangular
blocks with a large aspect ratio since the effect of lateral inertia as given by (2) vanishes
with the square of the aspect ratio of the block. It is noteworthy that the classification
into elliptic, parabolic and hyperbolic regimes of the dynamical incremental field equations
without the hydrostatic pressure due to lateral inertia is identical to the classification
reported by Hill and Hutchinson (1975) for the quasistatic case. The neck bifurcation
modes are thus also relevant for the dynamic extension of a block with a large aspect ratio,
as long as these modes are otherwise admitted by the dynamic nature of the problem.

NECKING AND ONSET OF FAILURE IN DYNAMICALLY EXPANDING RINGS

In order to demonstrate some effects of inertia on high strain rate elastic-plastic deforma-
tion processes of relevance to engineering applications, results of simulation of steel rings
expanding radially under plane strain conditions due to dynamic loading are included. The
rings have an initial radius of By = 0.07m in all cases, and an initial thickness-to-radius
ratio of ho/Ro = 1/35, 1/70 or 1/140. The impact is specified as a uniformly distributed
body force acting in the radial direction. The time evolution of the body force is taken
to follow a sine curve, so that the amplitude is zero after half a period, which is defined
as the impact time. Inertia imparted to the material continues to drive the deformation
thereafter. The wall thickness is assumed to have an imperfection in the form of a periodic
variation in half-thickness Aho(8) = Eho cos 809 where 6 is the angular position along the
ring (i.e. the initial wall thickness is hg + 2Ahg). The resulting deformation is assumed
to be periodic and only a segment of 22.5° is analyzed. Fig. 1 shows results of an impact
simulation for a ring with ho/Ro = 1/70 in terms of contours of constant effective plastic
strain, contours of constant void volume fraction and contours of constant temperature (in
C°) at an instant where the overall hoop strain is approximately 0.65. As seen from the
figure multiple necking has occured and failure is developing in several of these necks.

Fig. 2 shows the nominal hoop stress T' at § = 0° normalized by the yield strength o¢
versus the hoop nominal strain AR/Ry. Two pairs of curves are shown corresponding to
thickness imperfections ¢ = 0 and 0.01 and strain-rate-hardening exponents of m = 0.001
and 0.002. When £ = 0, there is no necking in the ring segment within the range of overall
straining studied here. With a (relatively large) imperfection amplitude present in the
ring, necking occurs at a somewhat smaller overall strain for the material with the smaller
strain rate hardening exponent. The impact time of 12.2ms is relatively long and a single
neck is developed in this case, exactly as in a quasistatic analysis.

The simulations were based on a dynamic finite element procedure (e.g., see Knoche and
Needleman, 1993) with an internal variable dilatant viscoplastic material model used to
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nucleation is associated with the larger particles. The use of the strain-controlled failure
initiation or no failure mechanism at all restricts consideration to the process of dynamie
necking in steel rings. Some of the relevant data for the pvs steel ring as used here are the
strain hardening exponent N = 0.1, the strain rate hardening exponent m = 0.002, the
room temperature yield strength oo = 426 MPa, the material mass density p = 7850 kg/m?3,
the starting temperature 20°C, the coefficient of thermal expansion 8 = 1.1x 1075/°C, the
fraction of plastic work converted into heat x = 0.9, the elastic modulus E = 206.9 GPa,
the Poisson ratio v = 0.3 and the volume fraction of strain-controlled void nucleating par-
ticles f, = 0.002.

T/o,
i m=0.002
K m=0.001
i £=0.0
1.0}
m=0.002
m=0.001
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05 |-
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Figure 2. The effect of rate-dependency on the impact behavior in rings without imperfec-
tion ¢ = 0.0 and with imperfection £ = 0.01 for a slow impact (12.2ms). The copper data
from the analysis by Han and Tvergaard (1995) has been used in this case.

A study of dynamic necking in rings has been conducted recently by Han and Tvergaard
(1995) using a rate-independent plasticity model. The present computations have been
carried out along the same lines; for details on boundary conditions the reader is referred
to this study. The results described in Fig. 2 have also been compared to the results of
Han and Tvergaard (1995), which corresponds to the limit m — 0. The results suggest
that, whereas the strain-rate-hardening effects may play a significant role in delaying the
onset of necking compared to the rate independent case, they become very significant for
the delay in necking observed in the dynamic case when the standard power-low type of
dependency is assumed. However, the phenomenon of multiple necking observed by Han
and Tvergaard (95) for a rate-independent material and found here for a slightly rate-
dependent material are very similar, suggesting that strain-rate-hardening effects play a
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sEsevibary sule comparsd with the imperfection sensitivity of the viscoplastic material in
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fn wrder 1o visualize the sequence of events in the process of dynamic necking, an av-
erage eflective plastic strain rate over a cross-section, normalized by the average strain
rale /1, has been used. Typically, the average strain rate in these calculations has in-
creased Lo a value somewhat less that 104/s at the time the impact loading on the ring
ceases, and it then decays as the rate of expansion of the ring gradually diminishes. This
normalized average plastic strain rate €;(0,t) provides a useful instantaneous measure of
the deviation from uniform deformation.
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Figure 3. Deformation history represented in terms of contours of constant values of the
normalized cross-sectional effective plastic strain rate es over the 6, t-plane for rings of the
pvs-steel with the initial thickness-to-radius ratio being equal to (a) 1/140 (b) 1/70 and
(c) 1/35. The impact time is 10 ps and the body force amplitude is 108 N/kg in all cases.

This normalized cross-sectional plastic strain rate is recorded over the entire deforma-
tion history. Results in the form of contours of €s(0,t) in the 0, t-plane are shown in Fig. 3
for three impact simulations representing rings with different thickness-to-radius ratios.
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Viewed in this way, the darker shading shows plastic strain rates which are higher than the
average strain rate, and lighter shading shows plastic strain rates which are smaller than
the average strain rate. For all cases, the strain rate distribution around the circumference
is found to be nearly uniform at the time when the impact loading is completely removed,
i.e., after 10us. Initial loading through the elastic deformation regime gives rise to a vi-
bration with nodes close to the midpoints of the intervals between the thickest and the
thinnest points on the ring. With the onset of plastic deformation, this vibration dies out
and accordingly the plastic loading-elastic unloading associated with this vibration also
dies out.

After the applied load is completely removed, inertia continues to drive the deformation,
which is nearly uniform for the three cases in Fig. 3, until the time is approximately two
times the impact time (i.e. 20 us). In all cases, a slightly higher strain rate is found at the
thinnest point of the ring shortly after 20 us and this higher strain rate region grows in size
thereafter. Almost simultaneously, a strain rate slightly smaller than average is visible at
the thicker part of the ring. Even with higher resolution in the contour plots than can be
represented here, this pattern with a higher-than-average strain rate region forming at the
site of the imperfection and slowly growing in size but with a constant intensity thereafter
seems to be common to all cases.

6 (deg
20} [

R T 50 60 70 80 "90 700

Figure 4. Deformation history represented in terms of contours of constant values of the
normalized cross-sectional effective plastic strain rate €, over the 8, t-plane for rings of pvs-
materials, but with the strain hardening exponent equal to (a) N = 0.02 and (b) N = 0.25.
The impact time is 10 us, the body force amplitude is 108 N/kg in all cases and ho/Ry =
1/70.

In the context of the bifurcation results for a quasistatic plane strain tension test, this situ-
ation can be described qualitatively as slow growth of the long wavelength mode which, in
the quasistatic case, would lead to a neck developing symmetrically near 0° and extending
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to a few degrees to either side of this point. However, except from the slowly growing
long wavelength mode, the three cases in Iig. 3 show rather different behavior from the
dasiatatic cane, iy that multiple, closely spaced high/low strain rate zones are seen to
develop for the dynamic cases analyzed here. The order of appearance of these high/low
rtistn rabe zones is not the same for the three cases and the intensity varies. These short

W:\\.vl‘t‘m{! b, highly non-uniform plastic strain rate patterns do not all develop into necks
with equal strain intensity. However, this mode appears to be the critical mode in the sense
that some of these neck-precursors do develop into macroscopic necks that are visible in
contour plots like those in Fig. 1 which corresponds to the final deformation state for the
history plot in Fig. 3b. It is worth noting that some of the neck-precursors corresponding

to the critical mode shown Fig. 3 die out and the strain levels in the necks in Fig. 1 varies
accordingly.

The distance between the neck-precursors in the critical mode varies along the section.
Thus, for the ring with the initial aspect ratio 1/70 in Fig. 3b, the distance between the
neck-precursors is 1.8° near 8 = 0° and 2.0° near 6 = 22.5°. This is in accordance with the
behaviour of necking modes in the quasistatic case where the distance between the necks
varies with the thickness. For the case of the thinnest ring (ho/Ro = 1/140), Fig. 3a shows
a larger number (20) of neck-precursors over the ring section than the ring with ho/Ry =
1/70, which in turn has more neck-precursors (12.5) than the thickest ring with hg/Ry =

1/35 where the number of neck-precursors is 7.5.

Figu{:e 5. Contours of (a) constant effective plastic strain and (b) constant void volume
.fractlon in a ring of pvs-steel with ho/Ro = 1/35 deformed to AR/Ry = 0.44. Impact time
is 10 us and the body force amplitude is 10® N/kg. The ring is initially thinnest at the
extreme left end and thickest at the right end in the figure (¢ = 0.01).

To indicate the influence of the strain hardening parameter NV, contours of normalized
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cross-sectional average strain rate €,(6,t) are shown in Figs. 4a and 4b for N = 0.02 and
0.25. This parameter has a large influence on the bifurcation stress in the quasi-static,
rate-independent limit. Modest changes in the value of the strain hardening parameter
have little influence on the spacing of neck-precursors. The case in Fig. 4a with the lower
hardening value of 0.02 shows the development of two groups of neck-precursors, where
the first group develops in the thicker region of the ring segment and the second group
develops in the thinner portion. With N = 0.25, the combination of the large imperfection
amplitude £ = 0.01 and the high hardening exponent does not allow the deformation to
enter a state with a strain-rate as close to uniform throughout the ring as in the other cases
reported here, and some wave phenomena are seen more clearly in this case. In the lower
half of the ring-section the strain-rate distribution is apparently closer to a constant level
and some growth of a long wavelength mode is seen in this case. The constant és(0,1)-
contours found in this case (even when many more contour levels are chosen) shows no
sign of neck-precursors beyond approximately 15°.

The plots in Fig. 5 showing contours of (a) constant effective plastic plastic strain and
(b) constant void volume fraction correspond to the situation at the end of the simulation
in Fig. 3c representing the deformation of the thickest ring (ho/Ro = 1/35). This is a case
where the failure is more pronounced than in the situations shown earlier. Void volume
fractions slightly higher than 0.16 are developed in two of the necks in Fig. 5b and com-
plete fracture is about to occur. The simulation represented by Fig. 5 has been carried out
also without the failure option and the cross-sectional average plastic strain rate contour
plots with and without the failure model are essentially identical. This indicates that the
role of the dilatant plasticity model is of minor importance in the process where the neck-
precursors in Fig. 3c develop into full necks. The constitutive features which essentially
control the failure evolution accounted for here can thus only be the adiabatic softening
and the basic viscoplastic material response. In addition, the imperfection must also have
an influence because simulations of the ring impact for the case with £ = 0 show no signs
of neck formation up to a mean hoop strain equal to 1.
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