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ABSTRACT

In this paper influence of correlations between components of
random stress tensor on the calculated fatigue life of the ma-
chine element has been analysed. The covariance matrix for com-
ponents of biaxial stress state was considered. This matrix was
determined on the basis of the measured strains in the element of
the vibrating screen for aggregate. Computer simulation was rea-
lized with four criteria of multiaxial random fatigue. It has
been shown that covariances between components of stress state

tensor strongly influence the calculated fatigue life.
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INTRODUCTION

Many elements of machines and structures working under multiaxial
service loadings undergo fatigue failures. For evaluation of life
time of such elements suitable criteria of multiaxial random fa-
tigue have been formulated (Macha,1984) ., They are used for deter-

mination of the equivalent stress oeq(t), (t-time) or strain.
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Next the well-known procedures for fatigue damage cumulation un-
der uniaxial random loading can be applied. The algorithm for
evaluation of fatigue life 1is based on many assumptions - at
present they are verified by fatigue tests and simulation calcu-
lations. For instance, it is assumed that components of the ran-
dom stress tensor are stationary and ergodic stochastic proces-
ses. From correlation theory of stochastic processes a problem of
correlations between components of stress state tensor results.

This paper shows how the calculated fatigue life of the material
is influenced by correlations between stresses under plane

stress state.

FATIGUE CRITERIA UNDER RANDOM BIAXIAL STRESS STATE

[. Criterion of the maximum normal stress in the fracture plane

2

5 - "
Geq[(t)=lIaxx(t)+mlayy(t)+2llmiaxy(t) (1)

II. Criterion of the maximum normal strain in the fracture plane

aaq”(t)=[If(lw)—u]a”(t)+[&;f(1+u)-u]o”(t)+2(1+u)i mo, ()
(2)

[II. Criterion of the maximum shear stress in the fracture plane

12_12 ~3 "2 _ Aa A s
Geqlxx(t)=(l1-1a)axx(t)+(m1-m3)°yy(t)+2(l,m,‘lama)axy(t) (3)

IV. Criterion of the maximum shear and normal stresses in

the fracture plane

22 12 T LT 2 ~2 ’2 Y .
o qu(t)=([11—13+K(11+13) ]axx(t)+[m1—m3+K(m’+m3) ]oyy(t;

+[2(11m1—13m3)+2K(11+13)(m1+m3)]0xy(t)}/(1+K) (4)
where: o , 0 , O - components of plane stress state, K - a
XX Yy xy
material constant determined under cyclic loadings, v - Poisson’s
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ratio, 1n, &n, n_, (n=1,2,3) - mean direction cosines of prin-
cipal stresses ai(t) 2 oz(t) 2 c3(t). The expected fatigue frac-
ture plane position is defined with these cosines.

From equations (l1)-(4) it appears that the expected fatigue frac-
ture plane position strongly influences the equivalent stress.
Under plane stress state a position of vector normal to the fati-
gue fracture plane can be described with one angle ¢ in relation
to the Ox axis. Thus, direction cosines of stresses %y and o, are
11=cosw ’ m1=sin¢, 13=—sinw, m, =cos¢.

The fatigue fracture plane position is usually not known and for
calculation of fatigue life 1its expected position is determined
with one of these methods: the method of weight functions, the
method of variance, the method of damage cumulation (Macha,1989).
In this paper the method of variance was used (Bgdkowski,Macha,
1987). This method consists in searching a critical position in

which variance of the equivalent stress reaches its maximum.

COVARIANCE MATRIX OF BIAXIAL STRESS STATE

For determination of the experimental covariance matrix of stress
state components a vibrating screen for aggregate, working under
service loadings, was chosen. Measurements of strains were made
on a side wall of the screen where fatigue cracks had occured.
For measurements strain gauges forming a rectangular rosette were
applied. Signals from the bridges were registered and processed
by a microcomputer measuring system. As a result of calculations
the following covariance matrix of stresses axx(t), ayy(t),

o (t) was obtained
xy

Hyy iy By ri.005%10* 7.828*10° 5.8362107
u=| o, My, My, | o= 7.828%102 8.664%10°2 3.790%10%] [MPa’] (5)
T 15.836%10° 3.790%102% 8.484%10"

From matrix (5) it results that stress state components are

strongly correlated. Covariance between normal stresses, u

12
plays the most important role. Also the values of covariance bet-
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ween narmal stresses and shear stress, u and Hy o should be no-

ticed; they are greater than variance of the shear stress H,,

CALCULATIONS AND RESULTS

For simplification eight types of covariance matrices were intro-

duced. The covariance matrix including all the covariances was

called Matrix 1. Next certain

neglected. It means that

covariances of matrix (5) were
suitable elements of the matrix, p‘j=0.
(i#j), are assumed and we have the further types of matrices

1 1 1 1 0 17 "110'
Type 1 = 1 1 1 y Type 2 = 0O I 1], Type 3 = 1 1 1
1 1 1 L1 1 1 | _011_]
[1 1 ] (100‘ [1 1 ]
Type 4 = I 1 0 {, Type 5 = 0o 1 1 y Type 6 = 1 1 o0 |,
L1 0 1 | 0 1 1 | L0 o ]
0 ] [1 0 o
Type 7 = 0 1 0|, Type 8 = 0 0
L1 o 1 | . 0o 1

Fatigue life TR was calculated in some stages. At the first stage
variance of the equivalent stress Hy is calculated for each
considered criterion and for eight types

The expected direction

of covariance matrix.
of fatigue fracture plane was searched -
values of the angle ¢ were discretely changed with a step Ap =
n/180 rad in the interval 0O- -n rad. Values of the angle p for
which variance of the equivalent stress Hyo

determine

reaches its maximum
the expected fatigue fracture plane position for a gi-
ven type of covarlance matrix.

At the next stage a time series of the equivalent stress, o, (t),
with normal probability distribution and variance Hy " calculated

in the first stage is generated.

At the third stage cycles are counted with the rain flow method

(Downing, Socie,1982). At the fourth stage fatigue life T is

calculated according to Palmgren-Miner hypothesis.
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The calculations were made for carbon steel for which fatigue li-
mit LA 230 MPa for Nf = 10° cycles, exponent of S-N curve
m=8, v=0.25, K=0.8979, Young modulus E=210 GPa. Observation
time of stress history T°=200 s.

The results of calculations of angle ¢, determining the expected
fatigue fracture plane position, and variance ua.q for different
types of covariance matrix of stress state components are shown
in Table 1. Table 1 presents also the calculated fatigue life T

for different types of covariance matrix (see Fig.1l as well).
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Fig.1l The calculated fatigue life TR according to different

types of covariance matrix.

ANALYSIS OF THE CALCULATION RESULTS

In the covariance matrix (5) stress variances are not equal and
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U . However,

they can be arranged in the following way: u >up »

11" " 22
N uzz and u22>u14 ~ “24>“44'

show direct

Hiz
Table 1 and Fig.1

stress components on the calculated fatigue life Tn' Values of Tn

influence of correlations between

are arranged inversely in relation to values of variance ”c for
eq

each criterion.
Criterion (1) 1is the least sensitive to changes of a type of the

covariance matrix. According to this criterion the least fatigue

life is obtained for Matrix 1, i.e. min TRl=T::p‘. The largest
fatigue life is obtained for Matrix 8, i.e. max TRI=T:¥pB - see

Table 1. Also the ratio of the extreme values of fatigue life TR

is the smallest for this criterion - it is maxT“/minTRl = 1.16.
Criterion (3) 1is the most sensitive to changes of a covariance
According to this criterion a ratio of the extreme
is very large and it is equal 9100.

these ratios are 10.39 and 6.14

matrix type.
values of fatigue life TR
Acording to criteria (2) and (4)

respectively.

the minimum values of fatigue life

Typ? o pT¥P7  pTYP7T  The

. RITI RIV RII

maximum values, max TR, are obtained for Matrix 6 and here
Typ6é Typé TTYPG

TRIII ? TRII RIV

Basing on the analysis of

gue life TR according to criteria (2)-(4) it is possible to divi-

According to criteria (2)-(4)

min Tn are obtained for Matrix 7 and T

influence of a matrix type upon tati-
de the matrices into two groups. The first group includes Matri-
ces 1,3,4 and 6
Matrices 2,5,7,8 belong to the second group and here values of Tn

and here the fatigue life reaches large values.

are smaller. Moreover, for the considered three criteria and the

full Matrix 1 T_is greater than for Matrix 8, i.e.
Typ1l Typ8, Typ1 Typ8, Typ1l Typ8
TRII > TRII ! TR!II 7 TRIII' Teiv 7 Terrv

Thus, a very important conclusion can be drawn here: the greater
number of elements uij, (i#j) of the covariance matrix (5) is

neglected, the less the fatigue life Tn is.

CONCLUSIONS

1. The considered algorithm for calculations of fatigue life of

machine elements under multiaxial random loadings 1is strongly
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[degrees] determining the expected fatigue fracture plane

Table 1.Values of the angle ¢ in

for

in [sec]

R

in [MPazj and the calculated fatigue life T

Jeq
different types of covariance matrix of stress state components.

variance y

position,

Type of covariance matrix

Criterion

Type 2 Type 3 Type 4 Type 5 Type 6 Type 7 Type 8

Type 1

1.3
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CIII p

RIITI
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14501
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14599

159
10155

159
14502

172
10604

157
10164
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14574
= 1.479%10° 2.943%10% 1.784%10°% 1.443%10° 3.017%10° 1.792*%10°% 2.918*10° 3.018%10°
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influenced by changes of correlations between stress state com-
ponents.

2. Criterion of the maximum shear stress in the fracture plane
is the most sensitive to elimination of correlations between
stresses. Criterion of the maximum normal stress in the fracture
plane is the less sensitive to these changes.

3. For the full covariance matrix, taking into account all the
correlations between stresses, the lowest calculated fatigue li-
fe was obtained according to criterion of the maximym shear and
normal stresses in the fracture plane and the highest one -
according to criterion of the maximum shear stress in the frac-
ture plane.

4, From the obtained results it appears that some further expe-
riments on correlations between components of stress state ten-
sor while calculating fatigue life are necessary. The obtained

results show directions of the future material tests.
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