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ABSTRACT

The elastostatic problem solved in this paper 1is of an
isotropic homogeneous infinite plate, with two arbitrarily
oriented cracks of different lengths subjected to uniform
pressure and tangential shear at the crack surface. The
problem is formulated in the complex plane using the Kolossoff-
Muskhelishvili stress functions and further Schwarz alternating
method is used to solve the problem of doubly connected region.
Mode I and II stress intensity factors at all the four crack
tips for various crack length ratios, crack angles and crack
spacings are found. The fracture angles at the four crack tips
are evaluated using strain energy density theory. The minimum
strain energy density factor is also computed at all the crack
tips and the crack initiation angle is found out.
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INTRODUCTION

The boundary value problem in two dimensional elasticity can be
reduced to the solutions of two complex stress functions given
by (Muskhelishvili, 1953). By using this approach the problem
of infinite plate with one hole of arbitrary counter can be
solved by making use of a suitable mapping function which will
map the region to a unit circle. This procedure is rather
cumbersome for multiply connected regions. The Schwarz
alternating method reduces a problem of a multiply connected
region to a sequence of problems in simply connected regions
(Sokolnikoff,1956). The problem considered is as shown in
Fig.1. An infinite plate contains two cracks AB and CD of
lengths 2a and 2g, makes angles B and -y with reference to x-
axis, the center of two cracks are z, distance apart and

subjected to uniform pressure P & Q as well as tangential shear
T, and T, respectively.
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APPROACH

The problem is solved for a single crack subjected to given
loading condition. The stress functions valid near the first
crack is first rotated, so that the axes of the stress function
lies along and perpendicular to the second crack and then

translated to the center of the second crack. These
transformed stress functions give the boundary condition on the
surface of second crack. To achieve true boundary condition on

the second crack surface, a new problem is solved by applying
negative of the boundary condition obtained from transformed
stress function and actual boundary condition i.e. loading at
the second crack surface. This gives the corrected stress
functions. Superposition of transformed and corrected stress
functions give the second approximation to the stress field
valid near second crack.

Similarly starting from second crack, the second approximation
stress functions valid near the first crack are found, the
procedure is same as given by Ukadgaonker (1971) .

FIRST APPROXIMATION

The Muskhelishvili stress functions for a crack C, of length

‘2a’ in an infinite plate subjected to uniform normal pressure
‘P’ and wuniform tangential shear ‘Ty’ can be obtained by

mapping the crack in z-plane to unit circle in the ¢,;-plane
using mapping function (Savin, 1951) as shown in Fig.2.

= )_a +1 "
z = w((, —E(C' E) (1)

The stress functions obtained are
(P+iT,) a

¢1(C1) = = 2 ¢,
(P+iT,) a (1 + &)
Yi(Gy) = = ——n— {1+ — (2)
26 (¢ -1
Similarly for crack C, as shown in Fig. 1. Stress functions
are given by
(Q+iT;) g
$2(C) = - Tcz—
(Q+iT;) g (1 + &)
Ya(C3) = - z ¢ 1+ — (3)
< ( Cz = 1)

Where (,-plane corresponds to the center of crack C, in the
mapped plane and ({,-plane corresponds to the center of crack C,
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in the mapped plane.
i btained
i i i the stress field can be o
o e 3 approxlmatlonlutt:oionseof the two cracks superposed on

single crack so : d on
f:zozagl:e othegr. However this does not account the interac

effect of the other crack in the vicinity.

SECOND APPROXIMATION

; s t
Starting from crack C;, to account for the interaction effecd
f two cracks, the stress functions given (2) arei t;a:s;oimj
20 the second 'crack position by rotating by an angle ;

nd translating to the second crack center O, through distance
a

Cco, in the mapped plane given by

2 (4)
2y = -2— (co + C—)
0
The transformed stress functions obtained are
(P+iT,) a e~2!& 5
$12(C2) = - m
2 L21a
(P+iT,) a [1+ (Catco) e ]
11
1 *
bghla) =~ — ="
2 (&, Cop) [(cz +CO)2 210 — 1
. —-21x
(P+1iT;) a e 485
+ co

2
2(¢; + So) .
i i ion
These transformed stress functions give a boundary conditio

£ t on second crack as
12 (t2) ot

)
20T () + dia(t) (7)

iti i wéétzt)rue boundary condition at the
EZéin?g?:ZEybgf::;:;?n Ilns on:()i(eroé:o cha(:mf;L;iCt‘;;'is asur;oejweciz?jblig
i o $ e . : .
gggaltnifvlentatfe tt?elal‘)::un:l;?; ccorndition (7.) and true loading (Q+iT,)
i.e. uniform pressure ‘Q’ and tangential shear T,.
(%) = - —(8%1%): (t, + tiz) - £12(t3) (8)
The corrected stress function valid near the second crack are

fio(tz) = ¢12(t2) +

i b
arven = 1 f2(tz) At
$22(C2) = - ey { _(—t—z:c—z)—_
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(Q+iT;) g (P-iT,) a &' 2T, + (3T5-1) ¢,
_
2 C
2 2 (T2 - 1)2 (1 + Ty¢,)2

(P-iTy) a g, e*'* |2 + 7, (T + 1) ¢,
- 7
2 (1 = 1)® (1 + 7,L,)2

=21
(P—iT,) a e 2la [o7Y-] (1 + Col,) + o

(% ™% 1) [(1 + Toly)%e ™ —cj]

(P-iTy) a c, ' [ 1 + 214,

+ R (9)
222 (1 + Tye,)°
1 f£,(t,) dt Ca(1 + ¢2)
baalta) = - % - A‘?;Z(Cz)
ambel (€3 -1)
(Q - iT,) (P-iT e
Vaa (el = ~ \Zf_g_- __')L
C2 To (1 + Tyly)
(P-iTy) a e7'% | (2 | 1) &, - 2¢, C2(1 + ¢2)
- T, | - ——— " " 4/ (C,)
(2 - 1)° (&2 -1) -y =7

The stress functions valid near the second crack can be

obtaiped by Superposing the transformed and corrected stress
function as

¢2(C2) == ¢12(C2) #+ ¢22(C2)
WZ(CZ) = V’tz((z) + sz((z) (11)

which are found to satisfy the boundary condition exactly on
the seconq crack.

stress functions valid for the second crack and transforming

them to first crack position. The final form of the stress
functions are given by
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(Q+iT,) g g e

$(Cy) = - 2 (¢, - oy 2 ¢,

(P+iT,) a

(Q-iTy) g ™% 27, - (3¢}-1) ¢,

2 (22 - 1)2 A = &))"

2

1 - E,C,)Z

(Q-iT,) g T, e 1 [2 - T (Cf + 1) ¢,
2 (28 - 1) [

(Q-iT;) g ™' [ Gome o cxg)]

(77 e¥%*- 1) [ [(1 - Tt e ”clzJ

- (12)
2 ¢ [(1 - T,8,)°
(Q+iT;) ¢ [ 1+ (& -¢)® e'z“"J
2
= - ——— 7 11+
V1 (1) T o :
[(cl _cl) e~2ta 1
__ (Q+iT,) g e*'“ (P-iTy) a  (0-iT,) g e 2'%
—C - v
2
2(& - c‘)z “ T (1 + ©q)
(Q-iT;) g ™% [(cf + 1) ¢, + 2¢, C(1 + €5 ) o e
- 2 2 2 - 2 “( !
(cy - 1) (¢y -1) (€7 -1)
(13)
where
g 1
2 = 5 (c, + ;:T) (14)

which are found to satisfy the boundary condition at first
crack exactly.
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CALCULATION OF STRESS INTENSITY FACTORS

The mode I and mode II stress intensit i
: g y factors for tip-C and
tip-D can be found by using (9) as, (Sih et al., 1962) P

. m
Ky, - iKygp, = 2E (£ 1)

B J—i{ (P+iT,) a e~2ia . (Q +iT,) g (P -iT,) a e2i® (32-1)
9

2 2

2 (cg t 1) 2 2

2 (T2 - 1)° (T £ 1)

. |2t ¢ (3c§—1)} , o
. (P -iT,) a T, ezml[ (P -iT,) a Tp e*1%(147f)

(s - 1) (5 +1)°

[2 T, (c§+1)]

2 (T2 - 1)° (Tgy t1)°

P -iT,)ac’ ezic : - -
+( 1)ag; (P-iT,) ae Z‘a(cﬁe 2la )
(Té - 1)% (Tp ¢t 1)° 2 & oa 2 2ia
o o * (T, e - 1) [(12T,) e -1)
" -21 -
2 (P-iT,) a e [1 _ Cg e 2t (116&2 ]
2 -210 -21
(T2 ™%~ 1) [ (1 t Ty)%e 1)
(P-iT,) a q,ema \
¥F
J (15)

(1 ¢ T)°
Upper line signs are for tip-D and lower line signs for tip-cC.
The mode I and mode II stress intensity factors for tip-A and

:;g;$ can be found by using (12) and (13), as (Sih et al.,

. 114

KIl - lKIIl = 2{; ¢;( + 1)

) E{ (Q+iT,) g e2ic L +iTy;) a  (Q -iT,) g e™2i® (3z{-1)
a 2 -

s 2
2 (¢ ¥1) 2 (Ef _ 1)2 (T 7 1)

2

P (ch—l)]

(Q _iTz) g Ei e_Zia[ (Q 'iTg) g Cfe‘Zi“(l;cf)

2 2 2

@@ -1% (7 1)’ 2 (T2 -1)% (T, 7o)

[2 7T, (c§+1)]

(@ -iT,) gT’ e-2i@ (0-iT,) g % (ze?1%+1)
. .
@ - 12 (5 1) (c? e*'%- 1) [(17T,) e %*-1)
2 (Q-iT,) g ™% [1 =2 et (1 ci)z]
(@@ %= 111 7 Tyttt
(Q-iT;) g ¢, e =%
+ } (16)

o F ey

The upper line signs are for tip-B and the lower line signs are
for tip-A.

FRACTURE ANGLE AND STRAIN ENERGY DENSITY FACTOR
The first postulate of strain energy density criterion (Sih,
1973) states that the crack propagation takes place in a radial
direction along which strain energy density factor possesses a
minimum stationary value, i.e. the crack will grow along an
angle 6, at which,

ds a’s
e’ =0 and —— > 0 (17)
a8 | e=6, de® | 6=6o
The strain energy density factor 'S’ is given (Sih, 1973) as

16 G S = a;, Kf° + 2 ay; Ky Ki1 + 2z K11 (18)
a;,, a2, Aap are functions of 6 angular coordinates and

Poisson’s ratio, where G is shear modulus.

The stress intensity factors obtained for various cases from
Egns. (15) and (16) and substituted in Egns. (17) and (18)
which gives the initial direction of crack growth for both the
cracks.

RESULTS AND DISCUSSION

The stress intensity factors for various loading conditions and
crack orientation are computed from Eqms.(15) and (16). Some of
the results in the form of normalized stress intensity factors

(SIF) are presented.

(a) Effect crack tip distance and geometry

Fig.3 shows that variation of mode I normalized SIF with crack
tip distance d, for the case of equally pressurized cracks of
various crack length combinations. The interaction effect of
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Table-I Variation of crack initiation angle with angular
orientation of crack.

B = 10° B = 30°
I Tip-A|Tip-B|Tip-C|Tip-D I Tip-A|Tip-B|Tip-C|Tip-D Yy
0 [-179 [-179 [179 [179 0 |-177 [-177 [177 [177
10(-178 |[-178 [178 |178 10/-176 |[-175 |175 |176 u
20|-177 [-177 [177 [177 20(-176 |-174 [174 |17e & Yo
30(-176 [-175 [175 |176 30(-175 [-173 [173 |17s < \*;x
40(-176 |-174 [174 [176 40(-175 [-172 [172 175
s50[-175 [-173 [173 |175 50[-174 [-171 |171 |174 AB = 2a
60(-175 [-172 [172 [175 60(-174 [-171 |171 |174 ¢€b =g
70(-174 |[-171 171 [17a 70[-174 [-171 |171 |174 Lo Ko %o
80|-174 [-171 [171 [174 80(-175 [-171 [171 |17s
90[-174 [-171 [171 [174 90]-175 |-171 [171 [175 FIG.1 STATEMENT OF PROBLEM
n
5
.
= L UNIT RADIUS

\ G — PLANE

Z — PLANE

a 1
2= TG+

FIG.2 MAPPING OF OUTSIDE REGION OF UNIT
CIRCLE.
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