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ABSTRACT

A question on the initial development of plastic zone in the
vicinity of corner point of the boundary separating two homo-
geneous isotropic mediae with different elastic constants is
considered under the conditions of plane static symmetrical
problem (plane deformation). The plastic zone is modelled by
two rectilinear cuts - slip-lines, emerging from the corner
point. The corresponding boundary problem of the theory of
elasticity is reduced to Wiener-Hopf functional equation. The
exact analytical solution of the equetion is obtained and the
stress intensity factor at the end of the slip-line ig deter-
mined. The length of the slip-lines and the angle of their
inclination to the media-separating boundary (the directions
of the initial slip-lines development) are found on the base
of obtained solution and proposed by Cherepanov selection
principle.
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Formulation of the Problem. Let media-separating boundary of
the region, composed of two homogeneous isotropic parts with
different elastic constants, has a corner point. The region
is supposed symmetrical relatively to the bisector of this
angle. Let us consider the symmetrical relatively to the men-
tioned bisector a problem on the initial development of plas-
tic zone in the vicinity of the given corner point. We shall
model the plastic zone by two straight slip-lines, emerging
from the corner point.

Since the lenzth of the slip-lines is small in comparison
with the sizes of the rezion, we come to the plane static
symmetrical problem of the theory of elagticity for the piece
-homozeneous plane with the media-gseparating boundary in the
form of two rays, having a common initial point, including
two straizht slip-lines, emerging from the last one.
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Jump of the value a,;’Q==T; . ing>O ( avicward expressions
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‘he equation (4) is a characteristic equation of the canoni-
cal singular problem A.

‘he solution of the problem thus formulated is the sum of the
3olutions of the two following problems. The first one differs
due to the fact that instead of the first condition (2) we

have A
6=0, 1< , Thy="T,-Cgv )

and at the infinity stresses are attenuated as 0(4/49 (par-
ticularly, in the third formula (3) the first addend is ab-
sent). The second problem is the problem A (it means its solu-
tion, mentioned above). Since the solution of the second
problem is known, we are to deal only with the solution of

the first one.

Solution of the Wiener—Hopf Tuctional Equation. Making use of

the lellin ftransform with the parameter p to the equations of
equilibrium, the condition of simultaneodus deformations,
Hooke’s law, conditions (1) and taking into account both the
second condition (2) and the condition (5), we come to the
‘liener-Hopf functional equation (Noble, 1962; Ufland, 1967)

??pﬂj}i%}/{pwjﬁcf?px G(p) @—(p) (6)
(&< ReP< &),

+ x® -

CP( p)=j’E,IwC PQ,O)PPJPJ ?(p): 4/%(31»1/ 3'(%: o ppdp
1 0 0

Gp=tgpr[A,p+A, e+ (pe>]/[2Ap]
D=8 [(G- 4652860, =0, (25 6+
+20, 85t 949, 610) - [§5 (49,46 -4 &5
94 Ci/zé;z] ) Az= —28, (85d1+2d14y)
6;.=St}z£pg,+pzsiar12§ ; dZ-—-ae,,SMQPﬁ—ps@Qﬁ
d;.—_sin pR—Psin’s , Gg=2,sin’pp+pZsin’p
dy = C0s2p@-p—c0s 2 (@-B), Gy, = Sin Ip(e-p) +
+0Sia2 @-B), d;4= CoS2p(M-a4)— Cos (T-- o B)
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8= stp(EoL+p+ PSin2(T-ol+p)
@=—092 » =4, p=a44
( Ej are sufficiently small positive numbers),

The solution of the equation (6) is as foll i
1986; Kipnis and Cherepanov, 1989); viows {Kipais, 1981,

(P(+p)= -KpGp Jé iy /(p+pp]{4/ (K6~ o)
/[ PG p]} (Rep<o)

?fph pG?p)/ K J}i T/ [(prepK Teppx
«GYep] (Re p>0)
exp{4 /(QIL)J [&G(Z)] /(z-pd

~{oo

Kt(p)-—'r('i:P)/f—(%;P)

(I(® - Buler’'s gemma-function).

Glp,Rep<0
H =
} Gp), Rep>0

izkégi use of (3), (7) and Abel’s type theorem (Noble, 1962),
H=V2g A+ %)/ [G et
~VB/[V2 G )T VT

The Length of the Slip-Lines and the le of Their Inclina-

tion To the Media-Separatl Bounda E

] the o Equati the stress in-
ten31¥y factor to its critical value - slip tgﬁghness, which
determines the resistance of the material to the development
of the slip-lines in it and can be considered asg the given

constant of it, we obtain the e uation for determi
length of the slip-lines. 1 FHLRRE of the

Let us assume that the resistance of the material to the de-
velopment of the slip-lines in it is neglectly small. Then
by means of (8) we obtain the following formula for determin-
ing of the length of the glip-lines:
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D=Ly~ B={2l4I "2+ 3G )/ (9)
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The angle of the inclination of the slip-lines to the media-
dgeparating boundary we shall determine on the base of the ge-
lection principle (Cherepanov, 1974). According to this prin-
ciple, among all possible directions of the glip-line deve-
lopment the direction corresponding to the largest value of
the rate of energy dissipation is the only one realized.

Since on the slip-line is valid the first condition (2), ac-
cording to the selection principle and on the base of (7),
(9), among all posmible values B as the angle of inclination
of the slip-lines to the media-separating boundary to be
found that one must be selected, which gives the largest va-
lue of the function (the parameter C is supposed as a pogi-
tive increasing or a negative decreasing function on time)

£ .
Vip=(, [{uy, 0= QW F 10)

Q=r/0sdferassy/[verasa) "
Welgl A8 ] Y [6 )
F= 10 Cagne /4r222)

The point in (10) denotes differentiation in time.

The analysis from the point of view of the largest value of’
the functiorf\&ﬁg and the corresponding function in the case
of the slip-lines located in region 2 by various values of
the angle oL and elastic constants€>1,Y,% allows to make
the following conclusions (below the Poisson’s ratios are
supposed to be fixed).

The slip-lines are located in the region 2.

Let us assume that €, are fixed. At O<ad<ay (c:l,n;;ol,h‘(e‘.,,1)_“1)2)J
n=1,2,3) the slip-lines develop at an angle to the media-
separating boundary, which diminishes with the growth ofa,
At ol,4so[,< d’z they develop along the media-separating boundary.
If. the case ol=ol, 15 realized, then from the corner point
there emerge four slip-lines, two of which are located at
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the media—separating boundary, and the other two - at an
angle to it. At dy<d <Tf2 endfT/2<d <dj; the slip-lines and
the media—separating boundary again constitute the angle
thet diminishes when the growth of o, , and at o, =< ¢ <T
the slip-lines develop along the boundeary. ’

Let us assume that 8° increases. The region J();dqf of va-
lues of ¢ » &t which the initial inclination of the slip-
lines from the media—separating boundary takesg place, dimi-
nishes. At fixed ol the angle of the initial inclination of
the slip-lineg from the media—separating boundary diminishes.
Subject to diminishing is the value ofob, beginning from
which the slip~lines do not deviate from the media-seperat-
ing boundary. ‘

Let’s present Some values of the angle of the inclination of
the slip-linesg to the media-separating boundary, when the
value of the angle @, is equal to 5°, 30°, 45°, 60°, 120°
(\% = 0,333,'91 = 0,250). At@, = 2 the correspondinz values
°f the angle of the inclination are: 37°, €°, as8°, ?3", 12°,
If in this cese the engle &b 1is equal or greater than 135°,
then the slip-lines are located along the medie-gevarating
boundary. ‘

Ata9°=05 thg valges gf the angle of the inclination ere equal
297, 0, §6 » 727, 8", If the angle o ig equal or greater
than 130°, the slip-lines ere located alcong the media-
separating boundary.

At €, = 10 the values of the angle of the inclinaetion will be
as follows: 20°, 0°, 85°, 72°, 6°. If the angle ol is equal
Oor greater than 1250, the slip-lines ere located along the
media—separating boundery.
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