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ABSTRACT

Stress and strain state and limiting equilibrium or a plate
reinforced by a system of parallel stringers and weakened by
an arbitrarily located curvilinear crack are investigated
The plate is subjected to biaxial tensile stresses at
infinity, and self—equilibrating forces are assumed to act
at the faces of a crack. The stringers are joined with the
plate by rivets, which are simulated by round rigid inclu-
sions of small radius. Interaction between the stringers
and the plate at attachment points is substituted by action
of unknown point forces applied at the rivet centres. The
boundary value problem is reduced to a sin%ular integral
equation (SIE) in a displacements Jump derivative. Unknown
point forces involved in this equation are found from
compatibility conditions for displacements of corresponding
points of the stringers and the plate. Stress intensity
factors (SIF) and eritical load in the plate are determined
on the basis of numerical solution of the SIE.
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REDUCTION OF THE PROBLEM TO INTEGRAL EQUATIONS
Consider an infinite plate of thickness h weakened by a
curvilinear crack L and strengthened by a system N, of

parallel stringers (Fig.1). All the stringers are supposed
to be of constant cross-sections, to work only under tension-
—compression conditions and to be Joined with the plate by
means of N3 rivets the radii values ¢f which are small as

compared with those of other plate linear dimensions such as
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the crack length, the stringer interspacings and the rivet « . . . o = 1,N,, v = T,N,), applied
interspacings. The rivets are simulated by rigid inclusions | the effect or point forcgb Ym'l_’ 'm, B G i Lt
which fill up the corresponding holes 1in the plate and f 1t the rivet centers (z;ﬂ, points) in direction paralle (o}
stringers. The cracked plate with stringers is under ! . - and Mirsalimov, 1949). To deduce the
generalized plane stress conditions. é?g O{higésféﬁgggegﬁogu@osed to be kr.lown.”‘l‘f.]_eil' calculation
will be considered later. The boundary condition (2) for the
crack faces can be expressed as

i —_— =y i T T T
TLEs ] = DT, ) % exp(—Eia)(dt1/dt1)[T1<D (Ty) + ¥(T, )] =
- p1(t;), T; = t;exp(ia) t 2.ty € L. (3)
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The complex potentials ®(z) and ¥(z) are (Savruk, 1981)
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Fig.1. Scheme of reinforcement of a plate containing a i where
curvilinear crack by a set of parallel stringers. i , 2G d b B

| g1 (t)= ——— —[[u (¢ )rtv, (] [y (54 tv, (8, )] o
#e use the basic Cartesian coordinate system, which is 1 T (1+2) dt1
introduced so that the Oy axis is parallel to the stringers, . . . %
and the local X, O.1y1 one to which the crack contour L refers. is the derivative of the displacement Jump of u + iv on the

> i cal coordinate system;
The relationship between the point coordinates in the basic crack _0?;1‘(3$Er?.(ut1 gLe)a.rénPo};_ggon}gﬂ Fatte  and theyplaté
coordinate system and those in the local coordinate system 2 = (3 M5 M,

is determined by shear modulus respectively; ’I'1= tyexp(ia) + Zgy.
z2 =1z, exp(ta) + z_, Z =X+ ly z,= X+ ly,, (1) Satisfying the boundary condition (3) with the aid of the
1 0 ' ’ L 1 ! complex potentials (4) gives the SIE as
where Zy 1is the origin coordinate of the local coordinate ’ ) , —
system. Mutually perpendicular stresses p and q act at infi- i ,:—C [{ Ki(tyty) gy(ty)dt, + Ly(tyaty) g4 (ty)at, } &
nity in the plate plane, the stresses P being directed at an
angle of 7Y with the Ox axis. Self-equilibrating stresses L von
1 ; 2 73
34 + 1 P i ‘ ‘
N (&) + 4D (t) =p,(t), te¢ur, (2) Py ) M (B0 )Y, = by (b)) + B (4), b€l (6)
2mh (1+)e=, 5
where N and T are the normal and tangential stresses m=1v=1 ta -21ia —;
respectively, are specified at the faces of the crack. The & 1 e dt
index + (-) denotes the boundary value of the function at L h K, (4 t') - -+ _1 ;
when approaching the latter from the left (right). where 107105 > T,- T, 51_ E; dt;

The effect of the stringers on the plate is substituted by



-ia P
) e 1 (T,- T, )e dt
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2~ @, (P~ 12, ) dt,
; 1 1 -2 -1 t,
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. 1 dt 21 (1-a)
FT(t1)=~;[p+q—~?(p-q)e J
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1

A solution or the ST i iti
conditicn, namely e must satisty an raditonal

J g1(t1)dt1 =9, (7)

L

hich provides uni ueness in i i
? - q the displacements on traverslng

T .
t:ﬁnzzn.p012f forces Yﬁv (m =1,N2,v =1.N3) may be defined on

L.2a81s of conditions for compatibility of dis lacements
of utrlnger elements and those of corresponding plgte points.

m . . . .
To do this, each stringer is arbitrarily devided into N3- 1

of elements. For each stri
oL, nger element Hooke's law ocan be
#ritten down as (Cherepanov and Mirsalimov, 1969; Poe, 1971)
E_A
P o= mom 1 _ 1 .
y [Vm(zmj) Vm(zmj+1)]’ m= 1-N2- J= !N3_1° (8)

mJ b

J
s
Here, PM} = z: Yﬁv are the forces, which stretoh the Jjth

=1

element of the mth stringer; bmj is the length of the corres-
s ’

pogdlng element; Y= - Yoo (V= 'TN;) are the corresponding
pelnt forcee in stringers; Am, Em are the cross-section area
3ndUYoung's modulus of the mth stringer respectively; 2! =
=’zm]+ir are the coordinates of points at the edges ofmthe
rivets; r is the rivet radius; v (z1v) is the vertical
displacement or the corresponding strgngzi point.

Since each of the stringers is in equilibri
ce ~ the s uilibrium,
additional conditions haverfé be fulfilled:q o sone

= 0, m = 1,N3. (9)
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A complex-valued displacement vector for the plate is found
from (Muskhelishvili, 1966)

26 [u(z) + tv(z)] =2 0(z) - z B(z) - P(z), (10)

#here O(z)=[®(z)dz, ¢(z)=[U(z)dz, and the complex potenti-

als @(z) and ¥(z) can be obtained from the equation (4).
As a result, we obtain

1 , _— -
2Gv(z) = — Imj{f1(t1,z) g1 (t)dt, + £,(t,,2) g1(t1)dt1} +
o
L
] N, N,
0
b E: }: £.(2,20 ) Y+ P, (2), (11)
27&1(14‘2) &= 62, 3 my my 4

gy ——m
where f1(t1,z) = e [ 1n (T1— z) - 2 1n (T1- z) ] -

_iav FEEsy —
f2(t1.z) =e (T1— z) / (T1— z) ;
fj(z,zgv) = 22 lnj|z - zzvl - Re[(z = zzv)/(z - zzv)];
2-1 p-q 2ty _
Fylz) = Im [ — (p+q)z+ e z ] H
4 2

Im( ), Re( ) are the imaginary and real parts of the complex
function respectively.

'aking into consideration the equations (8),(9) and (11), the
displacement compatibility conditions can be expressed as

o [{ Az, (ty.zl ) g (boat, + AL, (520 ) B sdt, ) s
: 1\ 510307 811t )dYy 2 10 8p /) 8T )AL,
L
N, s
201 emb_.5,.1 Y
2 [= aryal,.2l,) + omivi] Ty AP (z) ) (12)
b=y 14 (1+)br_| h i
- m
N,
2 e ————
Y., =0, m=1,N,,  §o=1,N1.
=1
(z, (z) ) L {1forv<j
Here, Af(z_.) = f(z_.) - f(z. . : 3,. = ?
T L mIELT i 0 for v > j;

km= AmEm/(bhE) is the relative stiffness of the mth stringer;
b = min {bmj}; E 1is Young's modulus of the plate; the
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functions of ff(t,z) (t = 1,2,3), F4(z) are obtained from
the equation (11).

Thus, the set of equations (12) together with the SIE (¢
and additional oonditions (7) provide a complete system(o%
equations to determine the function g%(t1) (t1€ L) and the

N,= N, Ny of point forces Y (m= 1.N2; V= 1.N3)-

ANALYSIS OF NUMERICAL RESULTS

A numerical solution of the integral equations (g 7

(12) can be obtained by a method of mechanical(qiéd£a%u§€g
(Savruk, 1981)._A barametric equation for the L contour in
the local coordinate 8ystems may be expressed as

bi=w (€), €€ [-1, 1] (t4€ L). (13)
The SIF are determined by the relation

+ +

Kr -t Kip = % V()] u(:1)/mk:1). (14)
B = gy (500 €)1, W (€)= aquie))/ac;

where symbols - and + indicate the crack beginni 2= (-~
and the crack end (z=w(+1)) respectively. = g ( 1

To determine the oritical loads , We use th - :
(Panasyuk, 1968). As a result, Po € Jg-criterion

t 5] t ] 0
—-— .l O 1
p,/D = KIc/[KI ©08 3= - 3 K;sin §9 ]/005259 s (15)

wh?re K. is the critical value of SIF K1, 60 is the angle
which characterizes an initial direction of the orack growth.

The effects of stringer stiffness, crack geomet c

orientation and log:\ding type on variation of gthe SIII?'andP%I?Lg
limiti equilibrium of the plate were investigated. An
assumption was made that all the stringers had the same
stiffness (Am= A) and the same quantity of rivets (N3). the

distance between the rivets being of constant value (b_.=b).
mJ

Slnce'd;sturbance of the stress and strain state of the plate
a crack is local, only a finite quantity of
stringers and rivets was useq in calculations. Calculations
were performed for straightline (W(E)= 1¢) and parabola-like

; gﬁe resulzs obtained show as follows.

. € more the rivets in stringers, the larger the oritical
loads should be applied to the c;ack Iaceg. When the quan-
tity of rivets attains 10 further increase beyond this
number does not influence the situation at the orack tips.
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2.

Stiffness of stringers has an essential effect on
variations of the stress and strain state and the 1limi-
ting equilibrium of a plate containing a crack. With
increasing quantity of stringers, the influence of thig
parameter becomes more appreciable.

As to the crack geometry, weakly curved cracks are the
most dangerous rather than straightline or strongly
curved ones.

Until the crack tip is at a definite distance (of about
0.21) from the stringer, values of the SIF and critical
load remain almost constant. The SIFs begin to decrease
abruptly (the critical load begins to increase), when the
crack grows out under the stringer and advances the same
distance away from the stringer. Then the normalized SIFs

KI!II/(p 1) begin to increase ( the normalized critical
’
load pc/p begins to decrease) being lower (the critical

load being higher) than those for the initial crack
(Pig.2). Similar conclusions were made earlier for a plate
with a straightline crack perpendicular to a stringers
(Poe, 1971).
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Fig.2. Dependence of the normalized SIF K{/(pﬂgz) (a) (solid

5.

and dashed lines refer to {=I and {=II respectively)
and the oritical load po/p (b) on length 1/b of an in-

clined (a=0.59) straightline crack for a plate subjec-
ted to uniaxial stretohi at infinity and reinforced
by one (N2=1, a,=0), two N2=2.a1=—3b.a2=3b) and three

(N2=3,a1=—3b.a2=0,a3=3b) stringers at k=2,r=0.1b.N3=12.

A general picture of variation of the SIF and the
oritical load as a function of the crack orientation (the

le ) has been found to be similar to that for a plate
with no stringers. In partioular, for uniaxial stretching
at infinity oritical forces are minimum not for a crack
which is perpendicular to direction of the force action
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is inclined at a dsfinite
varying stiffness of
the largest critical 1o

but for a crack which
This angle varies with
For biaxial stretching,
to be at a =0 (Fig.Bg%. With increasing the angle «a
load level decreases and, at o - /2, it

corresponding value of Py for a plate with

angle.
stringers.
ad is seen
s the
approaches the
no stringers.
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Fig.3. Dependence of the normalized critical load pc/p on an

le & ) of a straightline crack for

a plate subjected fto biaxial (g=p) stretchi at infi-
nity (v =m/2) (a) and when normal and tangential load

is applied to crack faces (b) at 1 2.4b, 0.05b,

N3=1Ol N2=21 a1="3b,'32=3b-

orientation (an

there are also
of a crack (Fig.3b), the
maximum at & ~ 0.3. Also,
cause a large decrease in the

If, in addition to normal
tangential ones at the faces
critical load value will be
these tangential stresses
critical Ioad value.

stresses,
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