ON MAXIMAL STRESSES IN ELASTIC ISOTROPIC
PLANE WITH A CRACK OF NONLINEAR
DEFORMATIONS

LLA. PRUSQV and LV. PRUSOVA

Byelorussian State University
220050, Minsk-50, Skarina Avenue, 4

ABSTRACT

We consider here an elastic isotropic plane S belonging to a
lane of a complex variable z = x + iy. On a line segment
-@<Xta) of a real axis there is a rectilinear crack whose

length is 2d. At infinity of this domain the components of the

stresses are defined by expressions

G, = P = const, Gy =Ty = 0 (1)

The load on the edges of the crack is absent. The dependence
between the deformations and stresses in some vicinity of the
ends A (/x;=a) is nonlinear and in the rest of the domain S
is linear. By virtue of this we assume that the stress Gy at
the points A takes the finite value Cu o

Finding the value G, presents the main problem. The solution
of this problem is reduced to finding the expression

for normal stress G ,(x) on the 1ine Lo, (ix{>a) belonging to
the axis x. In this paper we give an approximate expression of
this function satisfying the conditions glven below. The for-
mulation of the problem begins with the consideration of the
analogous problem for a plane with an elliptic hole.
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HEADING
Extension of a Plane with an Blliptic hole. Let the contour of
the hole e an e psis h semi-axes a and ¢ ¢oinsiding

with the coordinate axes x and y. If ¢ —» 0,it transforms into
a cut (crack) with the length 20, We denote a plane with such
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stresses at infinity are defined by expression (I), the ex
terior load on T is absent; in the vicinity of the vertices
A (IxX{=a) of the contour L the deformations are nonlinear,
¥e denote the expressions of normal stresses on L for linear
and nonlinegr deformations by Sy(x) and &*(x) respectively,
Consequently, their main vectors in the interval L. are de-
fined by the following expressions

Ve )= [ wy. = (& fu
x g, Y0 Aéa(u)du (2)
dg(i): AYe /e, €, (x)=dY(ad/clx (3)
ég:g;‘iéngnt%°(Muckhelishvili, I966) we find for linear defor-
S s - PR r 7-m (7-m)(2+m)
v\F) —.(«5*"”*‘1——'“-— ][ 1/‘)
4 s 2 -
where ) ~am/pt = g f )
R=(a+b)/2, m =(a-b)/(arb) x = R(p+m™/¢)
5:_-lal/(cm+h)«-(ch/(cxrb)‘-n.)‘/‘ %)
Applying formula (3) we get, 167
zgm>:(3~m)|’/(1-m), K=(3+m)/(1-m) (7)

where k
the poin%sA? coefficient of the concentration of stresses at

Now let us find the stress €,
y(a) and the coefficient of ¢
:at{iess foncentration ke at the point A for nonlinear defgg-
iy ton‘ n the above given sense. In this case we consider
a8t 6¢(x) satisfies the following conditions. D& jx)=é™a)
ctftra?onang tends to P for x woo, 2) Any part of the plane S
ot Lgc stlige LcPisti? ?rix equilil)mium when stresseség(x)
o y = 8t infinity. 3) If the zones t -
rcxggrzl' jie;forma;-.tion tend to zero the expression 6;(x)on°Laflr?13§%
- stoet}\lrith the well-known eéxpression <, (x)° foungd accor-
thegstrain:dlgggig ;?eor%r.d4)dAs for nonlinear deformations
& body depends on itg mechanical -
:i::yf;?essggrsgfignxG;ﬁ(:)Lon L. must satisfy the gongil.?:f:rl;
= < the equalit SE(P)=&
holqd Where_ée. is the stress found in an expgrir?xéil%al ;a;l?St

The main robl . )
i ne intervaly 1, 7¢7H°e o finding tne expression y*(x)
an i

s Therefore we
anprox:Lmately that T (p) is defined by one expregg?:rild::
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Y»(P)fV(F)(i-/(/(/l-rPZ_m)), (8)
whora Y(f)is a function defined by relation (4); A 1is an
nrbitrare positive parameter.,

Applting then formula (3) and taking into consideration (6)
#a gat the explicit expression of the function €5(¢)on Le
1ntisfying all given above conditions. Here A 1ig defined
from the quadratic equation but the normal stress and the
oefficient of stress concentrations at the point A (p=1)
nre defined by the following expressions:
Q;‘;(n\=L3r‘f“)l:‘/(fv»/i-m)7 Ry (3tm)/(4+A-m) (9)

"™e Plane with the €dut along the line Se ent. Assuming that
In"reTation (8) m = I we ge%
(10)

Ye (£) = (g*-1D*pay2p (j+p*- 1)
SYE) = Ple D r 240/ e p® D] Jprp2 0 (11)

Prom (II) it follows that at the point A corresponding to
¥ = T the normal stress and the coefficient are defined by

the expressions
8 () =4P/j, Ky =4/A (12)
In this case according to condition (4) A is defined from
the quadratic equation .
P 2 : Z _
(B2 1/CN+ 1)+ 24p%(j» B7-1)% = ne (13)

where n_ = &./ P; &,1is the value of é;(x)for =5,

The Transformation of Ex ressions (I0) and (II). Taking into
consideration that there exist dependences between £ and
L

xe L, . .
(xi=(QPr Ypd/2 , x-=2a/a
S\:lil*‘(iz_,’)b, f_1/?:2(:£2_,l)1/f (I4)

relation (IO0) and (II) may be represented in the form

Julx) = 2Pam*/ D (15)
@ ()= 2P| l>1+A/D1/D (16)

where D:/\lo'cl+(2—/\)/‘4,
(7

1
M = ((x?- 1)
For A = O relation (I6) takes the form
. A
SY(x) = P |xi/(x2-a2)2
This result holds for linear deformations everywhere in the
domain S,

By virtue of (I6) the parameter A is defined from the equa-
tion

[ A - A j_
AVT2M Ay +2m)2 J T o (18)
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where A=z .p3-M 0=
at the point x ;3;516 L;'.‘ €/P 4{is the value of 8% (x)

glolggzti;uentlyg (I6) represents the definite eéxpression of the
position &% (x) on L. According to this we can find the
Visionog.nzci: 311: g:li‘lzt f = J"‘-); zhich is the bound of the di-
8 Leq an 2 of nonlinear and
g:fzgrga;ignf along the line Lo. For this 1t is sufeioool
=Pu/a =& ,65(8)=Ex in relation (I6) where & is

gno;her Formulation of the Problem. According to (Ponasuk
inE thI;,iIEEE) we consider that expression (Ig) holds only
be she, ndervals L o4, but in Lo, the function &% (x) must
e tiggs,agr;dfi-nthese conditions we assume tha% the de-
rma ear everywhere in the domain S. -
tly, we may consider that the stress components iann::gugr;-

fined by formulae (Muskhelishvili, 1988)

Sy+a,= 2 LP(2) + BC2)] (19)
63 - éfgy=‘P(Z)+_Q(E)+(Z-§> PiCz) (20)

where P (z) gng S2(z) ar
e holomorphic fun
main S satisfying at large [z | thepcon tig;tons in the do-

Inq;Z)i:EM*OH/EZ)’ S2(2)=3P/4+ OC1/22) (21)
e intervals L~ a
aniTgry i boundary(([-gr’ldsiticzn:nd Lo these functions must
Prx) + 27 (x) =ql=x)
PTCx) 4 SZ*(I):Q(I) (22)

where q(x) = 0 is on L~ =
the right part of relatio:n?Iggf) T tson Loy £(x) 1

The solutio
by l‘elation: of the boundary value problem (2I) ig defined

PC2)= 2P(-C +$, (D)2~ 2L(2) r ‘C,) (zes)

hone 52(2)=2P(c, +F1(a)/z+af'(2)‘e‘cz) (ze 5) e
f,(a):[z/a +/‘/Do(2)J/Da(2)
D, (e)= AZ/a + Y Mo(2)
Mol2) = ((27/a2) - 4572
I[(2) =’5;_A [Le(',‘:)/,j('z-_z)l dz / 2T
(24)

r=2-4, x x/a
NMlx)= (42 7-‘).7L2+3'1/- CL=](‘(7(T)/¢~)0('Z/2J7
€(x) =f/\:i2+((/\zfr‘)_il-yz)//\/(:l)J/,\/(;z)
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©y 18 a real constant defined according to (2I) by the ex-
preasion C = I/8.

P

Applying then formula (20) we find that &g (x) on Les is
nlso defined by expression (I6). The parameters _A and Px
nre defined here as it was said above. The problem conside-
red 13 equivalent to the problem of finding the functions

‘P (z) and ) (z) giving the finite values of stresses on I,
for linearity of deformations everywhere in the domain S. If

<.~ (x) 1s given on the intervals of nonlinear deformations
L,¢" and along the line Lo, we must demand the fulfilment of
the nbove given condition 2). Otherwise the state of the crack
#111 be not in equilibrium. The criteria of its state is the

fulfilment of relations

~ _ _ P =
{Céy (x)-PJdx - 2a (@} (22)
61*(3) = &, for X —> a (25)
where é,, is a maximal normal stress when the material breaks.
For &f(c) =384 the 1imiting equilibrium state of the crack
takes place. If relation (24) is not fulfilled the state of
the crack will be not in equilibrium. Its length will incre-
ase 1f the left part of equality (24) is less than zero and
decrease if the same expression is greater than zero.

The C alculation on Strength. Let us consider that the crack
is in an equilibrium sfa%e at the given stress at infinity
and the stress <& (x) on L is defined by formula (I6).
Besides that we consider that the parameter “depends only
on P and that its value for eachng = ©o/ P ig defined from
equation (I8) where &, is the value of d‘;(;‘i)at the point
x = A found in the experimental way. For p° we can take the
coordinate x of any point situated on the right from the

point x = P .

The value P = P, presents the main practical interest for
which g (a)-C<] where [@1=4&,/n 1is the agsumed stress,
n - the coefficient of the reserve of strength and also the
value P = £ for €§(a)= &, , As the parameter A depends
on P and does not depend on the coordinates and ags A =0
the stress &¢(a) =4 4()=o0 and we consider that for any P in
the interval (0 < P« &) .

A =A(P/S) (26)
where A and k are arbitrary positive coefficients. To find
them we shall do the following.

Let for the point x = /3> . be found experimentally that
when P = Py and P = P, (P,<P,<&, ) the stress 84 (3) takes
the values <1 and <2 . Then according to (I8) the parameter
takes the values A1 and J\z respectively. Taking into
consideration this we find )
A= ACP/P)S, e =(8a(AJa))/ €a (Pi/PL) (50
Using then formula (I2) we find

sy*(a) = 4(P/P)SPLAL (28)
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—Sd = 9P/ P P/ (29)
©, T4 (Pi/c) Gn/As (30)

Considering that Le€land <, are known values, we find from
(29) ana (30)

ph:(‘///\:)v((‘)-a/cél)a'(‘l:g.l (31)
6}:(9//\1)“(/31/6(,,)“':6,, , X =1/Ck-1) (32)

We can use relation (32) for the experimental check of the
accuracy of the solution of the problem.
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