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ABSTRACT

In this investigation, a general method for three-dimensional weight function
determination is developed. It is shown that a mode I weight function for a
flat 3-D crack may be obtained from any known solution for such crack if
conformal mapping of the crack domain into the unit circle is available. As
an example, an exact three-dimensional weight function for a straight through
"tunnel" crack is established.
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INTRODUCTION

Weight function concept is a powerful tool in linear elastic fracture
mechanics analysis. When the weight function is known, the problem of stress
intensity factor determination for a given applied stress field reduces simply
to calculation of some definite integrals.

For mode I crack problem the weight function by definition is the stress
intensity factor caused by two normal opposite directed concentrated unit
forces applied to the crack surfaces, and the straightforward method for its
determination consists in solving the elasticity boundary value problem with
concentrated loads. However, dealing with two-dimensional crack problems, such
as plane and axisymmetric problems, there is no need to solve boundary value
problem with concentrated loads, since two-dimensional weight function is
available if solution for given crack geometry is known for any boundary
conditions on crack faces (Rice, 1972; Banks-Sills, 1988).

In this paper a new general method for three-dimensional weight function
determination is proposed which bases on the variational formula for crack
problems (Rice, 1985; N. M. Borodachev, 1986, 1989) and on the theory of
harmonic functions. This method allows us to compute the 3-D weight
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GENERAL 3-D WEIGHT FUNCTION REPRESENTATION

Now consider a Dirichlet boundary value problem for two-dimensional Laplace’s
equation in the crack domain S

M@ =0, fM = f,(M) 4)

where A is the Laplacian operator and f, is a specified function. From the
theory of harmonic functions it is known that the solution f(Q) may be
written in the form

f(Q) = -IbG(QM)/ﬁn(M)fo(M)ds(M) 5)

r

where G(Q;M) is the Green’s function for the domain S, and ¥dn is a
derivative in the direction of the exterior normal to the boundary.

Another representation of the harmonic function f(Q), which 1is deduced

formally from the variational formula (2), is
f(Q = C_[f(Q)W(Q;M)K,(M)dn(M)(dug(Q))”ds(M) (6)
r

Now by comparing the equations (5) and (6) the following  genergl
representation for a 3-D weight function is established

WQM) = -F@QMUQ;MIGQ;M)/ din(M) ¢

where

FQM) = f,M/f(Q, U@M) = 5uy(Q/(CK,M)sn(M)) (8)

According to the formulae (7) and (8), in order to compute a 3-D weight
function we must know only the Green’s function for the crack domain S
and some trial solution for the crack problem under consideration. The trial
solution is needed for the determination of the function UQM) from the

equation (8).
In many cases the Green’s function may be obtained by using the theory of

functions of a complex variable. It is known that if w(z) is the conformal
mapping of the domain S into the unit circle [w|<l and z=x;+ix,, then the

Green’s function for the Dirichlet problem (4) has the form
GQM) = -Injw(z;0))@n) 9

where w(z;0)=(w(z)-w({))/(I-%({)w(z)) and (=y;+iy;. Thus the main restriction on
the use of the general 3-D weight function representation formula (7) is the
availability of a trial solution for the crack problem.

At this point consider a three-dimensional problem for an infinite isotropic
homogeneous elastic solid containing an inner circular crack with radius a.
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N the case of ap axis i lati
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and the function UQM) from the equation (7) takes the form
UQM) = 20l/2(a2.p2y112/4 12)

For g circular er. i
ack domain S 5 . L
Sy . the conformal mapping into the unit circle is

W(z)=z/a, and hat ”
the following formie cumbersome but straightforward calculations result in

MGQM)/dinM) = '(02-"2)(02+r2-2arcos(¢-¢))‘1/(2m;) 13)

wh i
€re y is the value of polar angle ¢ at the point M of the crack front.

It i i i
o h&?:l‘ﬂei{e that function f(Q=1 is harmonic in the crack domain r<] and
2 nce, F(Q;M)=1 and by virtue of the equation (7) we obtain the

following re :
Presentation for the 3-D  weigh : .
: g S . g ght function for i
crack in anp mfxmte‘lsotropxc homogeneous elastic solid 2% inner circular

wWQM) = (az-rz)-’/z(az+r2-2arcos(¢-¢/))‘1/(1rza”2) (14)

STRAIGHT THROUGH "TUNNEL" CRACK PROBLEM

su os . o . .

strzggh: t}t:zltlgharf'tu::lf:;:xte 1‘.:otrlop1ch homogeneous elastic  solid contains g
crack. In this case the crack domain § j i

sl ey s r | main is the strip

I, ck front I' consists of the two parts I'* (where

Using ¢ - i i
. g the 3-D weight functions Wi(Q;M), the stress intensity factors K,* for
crack front parts 't may be written in the form I

K, *M) = Hwi(QM)p(Q)dS(Q) as)
S

where i
pressurep(?;e Sls 't:he known normal pressure on the crack surfaces. If the
not depend on the coordinate Xy, 1. e. p(Q)=p(x1), the problem in

uesti i
question reduces to classic plane strain Griffith crack problem. The simplest

SOlU.ti n of the Gl‘iff'
ith i i
O. p ) 3 crack problem, correspondmg to unifor m normal
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uslep,0) = -vpla®-xW2ly, K, = pal/2 (16)
which may be utilized as a trial solution.

It is clear that W‘(xl,xz;Q)=W‘(-x1,x2;Q), and it is sufficient to compute only
the weight function W+(Q;M) corresponding to the crack front part [* In
order to do this, choose a such variation of the crack front parts % for

which  én*(M)=6a=const and 6n"(M)=0. The variation of the crack face
displacement due to the variation of the crack front may be obtained by
differentiating ug(;,0) with respect to a and assuming that o« and -a are

independent variables. This results in the formula

0uy(Q) = p-)xy+a}2(a-2)y¥2da/(2) an

and the corresponding function U*(Q;M) takes the form
UHQM) = (x;+a)/2(a-x))1/2/(nal/2) (18)
Function f(Q)=(x;+a)/(2a) is harmonic in the crack domain S, equals to zero

on the boundary I~ and equals to unity on the boundary I+, i. e. for(M)=1.
Hence, the appropriate function F+(Q;M) is

FH(QM) = 20/(x;+a) (19)

It is known that the function w(z)=tg(az/2), where a=n/(2a), is the conformal
mapping of the strip S into the unit circle. Substituting this function into

the equation (9) gives
G@QM) = -ln([cha(xz-yz)-cosa(x,-yl)]/[cha(xz-yz)+cosa(x1+y,)]}/(41r) (20)

and the normal derivative of the Green’s function on the boundary I+ may
be written after some calculations in the form

IG(QM)/dn+(M) = -cosax)(cha(xy-yy)-sinax,r!/(4a) (21)

Substituting the relations (18), (19) and (21) into the general equation (7) and
using the property that W'(x,xZ;Q)=W*(-x1,:2;Q), gives the following new
analytical representation of 3-D  weight functions for a straight through
"tunnel” crack:

wEQM = coswcj(az-xlz)'m(cha(xz-yg)xsinax,)"/(2na“2) (22)

This is an exact representation of the 3.D weight  function under
consideration, an approximate one was proposed by Oore and Burns (1980).

NUMERICAL RESULTS

Using the established weight functions it is possible to estimate the stress
intensity factors for arbitrary 3-D stress fields. For example, consider the
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p:gblem fo_r an .infim‘te. solid with a "tunnel" crack when the uniform normal
pressure p=const ig applied only inside a rectangular area a<x;<a, -b<x,<b.

Substituting the weight functions (22) into the equation (15) results in the

explicit formulae for t i i i i
. he stress intensity factors corresponding to the given

t _ a
K%y = (p/27ra”2)f(az-xlz)'l/zcosmldxl f(cha(x2~y2);sinaxl)'1d.x2 (23)
-a -5

Ilt:1 1$ not difficult to evaluate the integral with respect to the variable xy in
the closed form, and the equations (23) may be written as

K]t(}'g) = KIOH(hO') (24)

where

1
H(hy) = (2/n2) f U-x2y 12X (x y)dx (25)
-1

X = a!’Ctg’([e!'tp(rr(h-3/)/2)+sin(7rx/2)]/c:os(rch/Z))-arctg([exp(-rr(h4—y)/2)-!~sin(rr:c/2)]/cos(rr:c/2)}
h = bla, y = yya, K = pall2

g;fwcatx;ndventfy th'at the function )_((xJ) tends to n(l-x)/2 and the function
B e S to unity as h = ®. This limit corresponds to the plane strain
S on  and the equation (24) gives for this case the following stress
intensity factor values: Kli'(yz)=K1‘7, which are in agreement with the classic
Griffith crack solution.
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Fig. lap. Variation of H with y for different values of #
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For finite values of the parameter & (when the problem in question is
cusentially three-dimensional) the values of the integral from the equation (25)
are not available in the closed form. In order to estimate the stress intensity
factors, the integral in this case is replaced by a quadrature formula.

Variation of function H(hy) with y is shown in Fig. la for h=02, 04, 08, 08,
and 10 and in Fig. 15 for h=2, 4, 6, 8, and I0.

CONCLUSION

I'roposed three-dimensional weight function method is a generalization of a
technique by Borodachev A. N. (1990) for a circular crack 3-D weight function
determination. This method allows us to obtain a variety of new three-
dimensional weight functions by using known solutions of crack problems as
trial ones. Also it is worth to note that one may utilize approximate trial
solutions in order to develop approximate 3-D weight functions.
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