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ABSTRACT

The elastic field is represented by means of two analytict(
functions and the explicit solution of the problem is obta-
ined. It is shown that the strains at the end-points of cut
are bounded.
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There are investigated some Plane problems for the nonlinear
elastic harmonic type plane (cf. John (1968)) with the
straight-forward cuts, which are disposed along the straight
fixed-line. On the cut’s borders acts well-balanced system
of the outward efforts and there is the homogeneous field of
the strains on the infinity.

1. Let us consider the physical domain S which is the Z=X+iy
Plane with cuts along of finite number segments Lk=[ak’bk]

(k=1,2,...,n) of the real axis L.

n
Let r=.p Lk and I'’=L\I'. On the I' prescribed the known system
k=1
of outward efforts, and there is the homogeneous field of
the strains at the infinity. Rotation at the infinity and
tangent effort on the line L are absent. The boundary condi-
tions have the form (cf. Muskhelishvili (1966))
- +
YIsN GO, YO=N GO on P, xE=g on L, (1)
v 4 Y 2 Y
where Yy, Xy are the components of Cauchy’s strains tensor,
signs (-)+ and (-)  denote the limiting values from the up-—
per and the lower borders of the cuts, respectively. Here
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N (x)
4 and Nz(x) are real functions given on the r satisfyin
Holder condition. Besides i

For s i

repregéxéggbthe above boundary—value problem the com 1

neg i o s;on by twg analytic functions #(z) and w(z) dgf?i
YSical domain S (cf. Lourie (1988) and Doborjgin;—

Xx+Yy+4y = 42w 320,

Y = RS i - : =
X 21xy = —4\+2u) g "’mq)q“‘(oz'/oz) (o:'/oE)
’
oz'/oz = LA+2y) Ty 2 =
HOX+2) T2y (z)+(x+y>(x+2p)“¢’(z)¢’<~)“
< s

' - —
az = - & (=)
/02 A+ (A+2) ‘[¢(z)¢’ ELY S P e (z),

Utiv=p/ 420 (6722 g + (A 2

- J z ) f(ON+2u) [¢<z)/¢’ (z)+w(z)]—z, (3)
gz X =X , - =Y oz

(227 /22) (o= /oz)—(oz‘/az) (az*/oz), q=2|oz'/oz|,
. Q(q)=q-20\+y)/()\.+2y) (4)
t i i
1S known that if Jz) is sufficiently large
P(z)=a z+ ( =
N %o .¢° z), w(z) b°z+w°(z), (3)
- Dobor jginidze (1989)), wher
a:=[(k+p)/u] [u(r,+r )+P P +4,7 ’ .
PP AR S VA (P‘+P2)—P’Pz+4u(h+y)J],

B:S].[d(ES X 2 ( 1 z)]/D (P‘+P2) —P‘P2+4p ()‘4.“)] . -
i 1S proven, that y’ (z)=g for each ze€S+I. By

(1)-(4) the form
ul
next problem ated above problem €an be reduced to the

> 2 +
with #7760 = F* 6o on r, (7)
A+ (v +2u) (v_+2u+
Foo = 20 T2 0, r2u)
y s (8

(A+20) (2Y +y+4HJ—(y +20) (¥ +2.+
and py ig the given real co:stant y )( y H 7)

A+ (A+2u) a2p
o o

r=
(?)

2
[ya°+(x+m (1—b°)] [ua:ﬂxw) (1+b°)]

The most genera)
class of
has the *Dlluwing i ot solutions of the pProblem (7)), (5)

> = : -] 5
? (z) exp [(4m)<(x)) ‘f(F:+Fo)><(x)<x—z)"dx +

r
-1 + - <
+ (am1) j‘(Fo+Fo) (x-z)7%gx + Pn<z)(2x<z))"], (19)
r
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where

X (z)=[[z—ai) (z-—b_‘) . (z—an) (z—bn)]‘/z, ¢ imz "X (z)=1), (11
nd Pn(z)=c°z"+c‘z""‘+...+cn is any polynom of degree less

then n with real coefficients. The constants €o and c‘ are

defined as follows
- 2 e 2
co=lna , <, (at+b‘+...+an+b")1nao/2 3 12)

while other coefficients are to be find from the condition

of single-valueness of displacement vector.

After ¢(z) has been defined, potential w(z) can be found

from the relation
wiz) = 9219’7 () (¢7 (2)) % -
= /w2 ™ (Yy—X')¢’z(z)/(Xx+Yy+4p) (13)
applying the well known way.

2. Let us consider the particular case of one cut (n=1)
where on the interval [-b,b] of the cut [-a,al (b<a) the
uniformly distributed normal load acts with intensity No'

while the remainder part of the cut is free of outward
efforts. It is assumed that rotation and strains are absent
at the infinity. Then from (14), according to (8), after

some calculations we get
(z+b) (d (z)+bz)

@’ (z) = exp { —F—‘c.(2ﬂi)_t [ln -

(z-b) (d(z)-bz)

z b-a%) 172,y
- 1 ——— 5 (14)
(z2-32%)172 (bz—a y ! -b
where . 5
Fo = In [+ p (2u+N°)(2(7\+u)—N°J ]
d(z) = [(b’—a’)(zz—a’)]"’ -~ a%. § %)

Using this formulae and (2), we obtain Y; = N(x) where

N(x) = 2;.;[A"""”‘—l]/[uu(1+y)"A’f""”‘], (16)
for x 2@ (o= arctg((a‘—b’)"’/b)), and
_ -1 L -1
A= (A+u) (2p+No) (2 O+ No) 5
1 2bix | a*-bH 2 2-a®) 172 (1 2g/m) x|

B(x) = — arctg rE 5 5 + 2 3
n 2b*x%-a b%-a®x (x"—a%)

(17)

172

As we can see from the formulae obtained values of N(x)
essentially depends of the elastic properties of a material.

Besides

Iim N(x) = 2(\+w),

Ix] a
which means that in the neighbourhoods of the end points of
the cut the normal strains receive sufficiently large finite
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Zalues. Nnte, that according to the classic linear theory

r?i; S:raxzs on the pointed out neighbourhoods have singula-
of order 1/2, Certainl it

reality, Yy does not correspond to

3. Let us consider the case of one cut where on the middle

poin; of the each border of the cut act Opposite directed

equa strengths with intensity P° (that is N(x)=p S(x),
o

where &(x) is Dirak’s function).

The solution of this i
Problem can be obtained from recedi
Problem by Passing to limit: P =eine
lim N -2a) = p ,
a o ( ° ) °

N @
o

After some calculation and using (15), (14) we will get
@’ (z) = exp[(k+2u)aP°/4nu(A+p)z(zz—az)”q], for zes, (18)
N(x) = 2p(k+u)[exph(x)—l]/Ek+u+pexph(x)], for |x|2a, (19)

where
hix) = [ A+ aP_]/[4mu s Ix 1 (x*-a®) 2], (29)

Therefore lim Nx) = 2(A+u) .,
IxN] a+

In this case the normal strains on the ends of the cut

::;g:d outhbounded values whilst in the classic linear
Y we have singularity there. Vviz recall the 1 i

analogy of formul a (19) ’ crassical

N(x) = [aPO]/[n|x|<x’—a‘)"’]. when |x|>a. (21)

4. Suppose thag we have the one-axis homogeneous stretching
along the Y axis at the infinity. That is, P‘=a, P_=p and
2 o

borders of the cut are free of outward efforts,

Then according to (2¢) we have
2(A+p) (2p-No) 172
@’ (z) = - ] x

4 (A+1) -ANo

. (2y+No)(4u(k+u)—lNo)
. (22)

x exp[ = In
2
2(2%_52%)t72 (20-No) (4 (A+) +ANo)
and using (2) we get
Nox) = N°/2+2y[a°a<x>f"’°—1]/[1+2uaoa<x)”""]+

* [[N:/4+4u’ A+200) *aZar () """’]/[uzuaoa (x )”‘"’]']V’, (23)

where
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2u—No 2u+No 4u(A+u)-ANo
= s a(x)= -

% Apn+w) -ANo 2u—No 4u(A+u) +ANo

The last formula gives distribution of the normal
for |x|2a without peculiarities.

s B =[x | (x2-a%) 172

a

strains

It can be considered, in the same way, the boundary value
problems with displacements, when on the borders of a cut
the normal elastic displacements are given. The typical
peculiarity of this problems is that the normal strains are
bounded at the ends of the cut.
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