Analysis of Radial Cracks Emanating from an
Arbitrarily Loaded Circular Hole

X. R. WU, X. Y. HUANG and W. ZHAO
Institute of Aeronautical Materials, Beijing 100095, PRC

ABSTRACT

Stress intensity factors for radial crack(s) emanating from a circular hole in
an infinite sheet, with radial and tangential forces acting on the hole
perimeter at an arbitrary point, have been obtained by using the weight function
method. The results can readily be used in damage tolerance design for
structural components with arbitrarily loaded circular holes containing radial
crack(s). As an application example, stress intensity factors for fretting
condition have been determined, and the effect of the friction between the hole
and the pin discussed.
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INTRODUCTION

The fastener hole is one of the most common sources of cracking in structural
components because of its high stress concentration. Stress intensity factors
for cracks emanating from a circular hole have therefore been investigated
extensively, Various solution techniques have been employed (Bowie, 1956;
Newman, 1971; Rooke and Tweed, 1980; Hsu, 1975; Shivakumar and Hsu, 1977).
However, there is still a need for new stress intensity factors to cope with new
load conditions. One such example is the radial crack(s) at a loaded hole with
its edge subjected to both normal and shear forces distributed in an arbitrary
manner, This problem is of importance to the damage tolerance analysis of
numerous fastener holes and lugs in aircraft structures. Recently Rooke and
Hutchins (1984) attacked the single crack problem with localized radial and
tangential loads by using the method of integral transform, The method is
accurate, but demands substantial computational effort. The aim of the present
paper is to provide a more versatile, cost-effective and easy-to-use technique,
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the weight function method, for solving problems of crack(s) at a hole subjected
to arbitrary load distribution, This technique has in fact been used by the
first author of the present paper to determine stress intensity factors for
crack(s) at holes for various loadings (Wu, 1985). In this paper attention is
focused on the load condition of concentrated normal and shear forces acting at
the hole perimeter. Both single and double cracks are treated.

WEIGHT FUNCTION METHOD

It has been proven that the stress intensity factor for a crack subjected to an
arbitrary crack line stress 0(X) defined as the stress at the prospective crack
site in the uncracked body, can be determined by (Bueckner 1970):

K= f - mcA,XYdX

)
mcA, x> = £ . BUAX)

where E’=E.(1-v23) for pl.ane strain and E’=E for plane stress, A is the crack
length , and m(A,X) the weight function, K,(A) is the stress intensity and
UoCA, X) crack surface displacement for a reference load condition.

For edge cracks, Wu (1984) has derived a closed-form expression for m(A, X):

[ &4 ara-x) 3 A
m(a,’><)=mi§|f35(a)(a x)" 2. JraR W @

where a=A'W, x=X'W, W being a characteristic length of the cracked body. For
radial cracks, we define a=AR, x=X-R, (Fig.1). The function foCa) is the
dimensionless stress intensity factor for the special load case of uniform
pressure over the entire crack surfaces, and expressed in a polynomial form;

-}‘,(a)=K,,(A)/(o'/ﬁ)=%0(,1CL’L QGa)
With f,Ca) available, the functions ﬁc(a.) i=1,2,3 are completely defined by
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Fig.1. Radial crack(s) at a circular hole

100

:
|
&

Knowing the weight function m(a,x) for the cracked geometry, new stress
intensity factors can easily be obtained through

= fw@r- 6Jmaw e
= _0‘<_X> -2 dx
—f(a) mj (f;ﬁ axa-x>"%)
Since the weight function is deterlmed once and for all, the only work is the
analysis of stress 0(X)in the crack-free body, and a simple quadrature.

STRESS INTENSITY FACTORS FOR CONCENTRATED FORCES

The determination of stress intensity factors by using the weight function
technique requires the knowledge of stress distribution 0(X) along the prospec-—
tive crack line in the crack-free body, which can be solved in linear elasti-
city. For the problem considered in the present paper, i.e. a concentrated
radial or tangential force acting on the hole perimeter at §=¢, the hoop stress
at =0 is, (Fig 1)

a), Due to radial force P ;

6,'},cr,¢)=_2%(9,"(r,¢)+agf(r‘¢)] (58)
R _ 1.1 _2rcos (t+eari-rtycosp , 4 (5b>
QI (r,¢)—71f[73—- 5 f— r54 + 54.]
9tcr, ¢y = L3P (r-1iyp-3, -
b), Due to tangential force Q ;
Goetr @) =2RLgTcr, &>+ XgICr, ¢)] (62>
; 2_ 52 C6b>
9 croey = & 2criey- L)
9;<r,¢)=———$517;‘ Ccr'+r-3) C6cd

where
Si=r2-2rcwse +1

r=Ft/R=1+% ,
(3-4V>/r2¢I-p>]  plane strain
o= 3-4V plane stress
Substituting eq. (5) and (6) into eq.(4), and integrating, one obtains the non-
dimensional stress intensity factor f(a), In doing so, care should be taken
with the singular term 1,/Ca—x). An alternative to overcome this is to make
"piece-linearization” of 6(x). For a Llinear stress segment acting at an
arbitrary part on the crack surface
%Xj(Oj+1 — O5) ]+ %07+~ 07)
Kjn =Xy Kp+1— Ky

Gex>=[65—
Xj£X< Xjer (T0)
the stress intensity factor is

Xj(6jm=07)
5= _'“LJL:_'WLH 7‘1‘ 9‘1 e Tt
e ""af'(a)[§21— Biayta-x 7 (1b>

_ B a)[2a+ (2(—-1)X] _x =% 1%
= "T“'f‘“’ [L% (20-1) (20+1) (a=x3 ]x;+-
For distributed pressure over the crack surfaces,
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STRESS INTENSITY FACTORS FOR DISTRIBUTED LOADS

When using the weight function method to tackle crack problems involving distri-
buted loads at the hole perimeter, either of the following two procedures can be
used,

a), Determine the crack line stress 6(X) first and then use eq.(4) to calculate
fca). This procedure is very efficient when 6(X) is known. Table 2 shows results
obtained in this way for a normal load distribution p=p;siné. Also listed are
results from the literature, The agreement is seen to be excellent.

Table 2. Comparison of stress intensity factors for
normal loads p=p;sin®

a present Rooke & Hutchins Rooke & Tweed Shivakumar & Hsu

(1984) €1980> arn
0.1 0.524 0.522 0.521 0.531
0.2 0. 420 0.417 0.416 0.422
0.5 0. 255 0.256 0. 255 0.259
1.0 0.148 0.150 0.149 0.149

b), Use the non-dimensional stress intensity factors $¢9%, $(97, $(h® and <h") as

Green’s functions, denoted by -f(Q’), and make summation over the hole
perimeter, as illustrated in the following. For a point force at 9=¢, we have
Ker = feo> - /maR ao

For distributed loads, since AF= p.pc$>-4¢
n o
K={"dK®) =, £ -[maR
_K [ -
fr.—‘—‘ - EJ p<<p>-f<¢>vd¢ ; Kp, =Ff,/maR
Ke, °
The integration can be replaced by summation if necessary:

fp= 32 P00 29
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APPLICATION TO FRETTING

For fastener holes with load transfer it is known that fretting forces between
the hole edge and the pin can accelerate crack initiation and growth,
particularly when cracks are short. The problem of fretting fatigue is of
importance in damage tolerance design of fastener holes and lugs. To quantify
the effect of fretting on fatigue growth life, accurate stress intensity
factors induced by the corresponding normal and shear load distributions between
the hole and the pin must be known,

For fretting, the load distribution is generally assumed as,
6R= psine
ST=,uP°CDSaB'5l:A9

where 4 is the coefficient of friction, 0sMU<1.0.

16>
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Stress intensity factors due to the load of eq.(16) can be obtained by summa-
tion according to eq.(15). To show the effect of shear forces, we introduce a
non-dimensional stress intensity factor fp :

f": Ke an
Kp=2%',/m

where P is the resultant force in the direction perpendicular to the crack line.
For the load of eq.(16), integration leads to

P=2'('}+%)/°.R 18>

and therefore

a9
Kp= (Z+%5) Ke,
The stress intensity due to the combination of 6R and 67 becomes
R T
5 = K'+ KT $p + 5, 20
[ K - e
P 2l 3

where fR and f, can be obtained by substituting P®=516, and pe)=cos’eSine

together with the relevant values of (% )from eq.(8),(9) and (13) into eq.(15).
Figure 2 shows the results of f;. It is noted that for a given load P, although
due to the presence of shear, the normal force between the pin and the hole is
reduced, and so is the corresponding stress intensity KR, the increase of K7
due to the shear force drives the resultant stress intensity, KR+KT up apprecia-—
bly. The increase is particularly pronounced for small normalized crack lengths.
Since the crack growth Life is mostly spent while cracks are short, the effect
of shear is therefore very important in making realistic life predictions. For
larger cracks, the stress intensity is insensitive to the detailed load distri-
bution on the hole perimeter as expected, and hence, friction can be ignored.

Fig. 2. Stress intensity factors for a loaded hole,
effect of shear loads between hole and pin
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CONCLUSIONS

A weight function technique has been used to determine stress intensity factors
for crack(s) at a circular hole, which is subjected to concentrated radial
and or tangential forces on its edge. Both single crack and diametrically
opposed two equal-length cracks have been considered. The results can be used ,
by summation, for the calculation of stress intensity factor(s) at an
arbitrarily loaded hole, As an application example, one combination of radial
and shear forces, which simulates the fretting condition between the pin and the
hole, has been evaluated, and the effect of friction on K quantified. The
versatility, simplicity, accuracy and cost-effectiveness of the weight function
method has been demonstrated. The technique offers a powerful tool for solving
crack problems involving complex load situations with minimal effort.
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