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ABSTRACT

The J contour integral has been experimentally measured as a function of applied
strain for single edge notch tensile panels under elastic-plastic loading conditions.
The results have been compared to analytical predictions based on finite element
analysis and to theoretical estimates based on models representing the two behavioral
extremes, uniform strain and perfect plasticity. The experimental, analytical and
theoretical results have the expected form: the J-integral initially increases as
the square of the applied strain, and at strains above yield the J-integral is a
Tinear function of strain. The experimental and analytical results are in reasonable
agreement, while the uniform strain and perfect plasticity models under- and over-
estimate J respectively. An extension of the perfect plasticity model is proposed to
treat behavior between these two 1imiting cases.
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INTRODUCTION

The J-integral has gained widespread acceptance as a measure of the driving force for
fracture under elastic-plastic conditions, that is, when notch tip plasticity is
extensive. This report describes experimental measurements of applied J-integral
values as a function of strain in simple configurations relevant to structural com-
ponents. The experimental results are compared with results obtained from finite
element analysis and theoretical models.

EXPERIMENTAL PROGRAM

Experimental measurements of the applied J value as a function of strain for several
notch lengths have been performed. Three different experimental approaches were
applied to allow verification of results: direct measurement of the contour integral;
measurement of the pseudo-potential-energy change with crack extension (compliance
technique); and measurement of crack tip opening displacement (CTOD). Each approach
applies a known relationship between J and some set of experimentally measurable
quantities, as described in detail by Read and McHenry (1980).
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Experimental Procedures

The material chosen for the present study was a normalized C-Mn steel with a yield
s?rength of 340 MPa. Single-edge-notched tensile panels with gage section 100 mm
wide, 348 mm long, and 12 mm thick were tested with notch lengths of 0, 2, 10, 30
and 46 mm. Tension-tension fatigue precracking was used to sharpen the crack tips
(exgept for the 2 mm notch which was tested with the notch tip as cut with a jeweler's
saw).

The instrumentation required for direct measurement of the J contour integral con-
sisted of twenty electrical resistance strain gages and three linear variable dis-
placemen? transducers (LVDT's) mounted on the specimen (Fig. 1) and a minicomputer
for acquisition and storage of the strain and displacement values. The terms of the
1ntegrand were derived from the measured strain and displacement data and the inte-
gration was performed numerically using the trapezoidal rule.

A qu§11tative measure of the shape of the strain fields around the crack tips was
obtained by coating the specimen gage sections with brittle lacquer before straining
aqd then observing darkened regions in the lacquer which corresponded to regions of
high specimen strain. Photographs were made of the strain patterns at regular in-
tervals during the test.
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RESULTS

The load-displacement records are shown in Fig. 2. J-integral values were determined
as a function of strain for the four notched tests. Strain was defined as the
average displacement measured by the three LVDT's over a gage length of 348 mm. Data
points were obtained at strain intervals of about 0.00015. J-values were determined
by the direct evaluation of the J-contour-integral, Fig. 3, and by the compliance
method, Fig. 4. The CTOD at maximum strain was measured using the replication tech-
nique; the results are shown in Table 1. The general form of the J vs. e curves is

a parabolic dependence of J on strain at low strains and a linear dependence at
strains above yield. The parabolic-then-linear form of the J-e curves consistent
with previous experimental studies employing the compliance techique by Bucci, Paris,
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Landes and Rice (1972), with theoretical studies by Begley, Landes and Wilson (1974),
and with theoretical and experimental studies in support of British COD design curve
(Burdekin and Stone, 1966). Significant deviations from the parabolic-then-linear
dependence of the J on strain were observed in certain of the tests of the present
study. In the 2 mm notch, the rapid rise in J at the yield strain occured as narrow
shear bands emanated from the crack tip, Fig. 5. At higher strains (>0.0025), the
shear bands spread due to strain hardening, and effectively masked the 2 mm notch so
that J no longer increased with strain. In the 10 mm notch test, the shape of the
J-e¢ curve was influenced by plastic deformation near the holes machined through the
specimen to attach the LVDT's. Note that these holes did not cause plastic deforma-
tion (detectable by cracking of the brittle lacquer) in the deeper-notch tests; holes
were not used in the 2 mm notch specimen. The results for the 46 mm notch test were
influenced by the loading history which included complete unloadings at strain values
of 0.0012 and 0.0019. In addition, shear strains, which are greater for the deeply
notched case, were not accounted for in the direct measurement of J.

Table 1 Crack tip opening displacements (CTOD) and resulting J values,
calculated usingm = 2.2.

Notch length (mm) Strain CTOD (mm) J(kN/m)
10 0.011 1.57 1152
30 0.0077 1.90 1394
46 0.0034 0.56 409
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Analytical Results

The two-dimensional elastic-plastic finite element analysis computer code of Gifford
(1975, 1978) and Hilton and Gifford (1979) was used to calculate J-integral vs.
strain. This program incorporated special nonlinear crack tip elements and con-
ventional 12-node quadrilaterial isoparametric elements. Finite element analysis
calulations of J vs strain were carried out for 30 and 46 mm single-edge-notches to
model the experimental situation. Limitations of the finite element analysis program
in the treatment of large strains prevented calculation of results for the 2 mm
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notch and prematurely terminated the results for the 10 mm notch. The general form
of the finite element results, shown in Fig. 6, was parabolic-then-linear as expected.

% 2000 RER s T T
' C-Mn STEEL !
g FINITE ELEMENT RESULTS
T 1568~ 3 NOTCH LENGTHS e o
g i
: 30 mm ¢ ///
< 1008 - % =
o 7 77 46 mm
] S
5 v
" see|- b il
Gn //
s
=1 At | I
B.GGGB 0.‘882 9.004 0.006 @.0e8 2.810
STRAIN
Fig. 5. Photograph of strain pattern Fig. 6. Finite element results simulating

the behavior of two specimens of
the present study in the 46 mm notch
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revealed by brittle lacquer,
in C-Mn steel specimen with
2.25 mm notch.

THEORETICAL MODELING

Three simple theoretical models giving J as a function of strain were considered in
the present study. The case of a small notch in a large, uniformly strained panel
was treated by Begley, Landes, and Wilson (1974); their result is referred to as the
uniform strain model. The case of perfect plasticity was treated by Rice, Paris, and
and Merkle (1973). The perfect plasticity model was extended for the present study
by adding a term to explicitly account for the stress-strain singularity at the

crack tip in a simple manner.

The uniform strain model as developed by Begley, Landes, and Wilson (1974) resulted
in the following expression for J:

2
g € 2
il EZ ma (E;) for e/ey i (1a)
2
o
J = Ex Ta (2€/ey = 1) for E/Ey > 1 (1b)

These formulas were derived for the case of a notch that is small enough that plastic
strains are distributed throughout the panel rather than concentrated at the notch
section. This situation mininizes J, and therefore, the uniform strain model is a
Tower bound solution for J vs. e.

The elastic-perfectly plastic model for J as a function of strain follows the work of
Paris, Tada, Zahoor, and Ernst (1979). Limit load per crack tip, P, is governed by
yielding of the ligaments (W - a):
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P = o (W-a)T (2)
and plastic displacements, Qp’ are concentrated at the crack tips, that is,
3o 0y 0y (3)
where Jp is the plastic component of J. Adding the elastic component, Je, yields:
2
= + = +
J =9, 3, =c"mlE+ Qpo, (4)

The strain distribution assumed in this model maximizes J, and therefore the perfect
plasticity model usually provides an upper bound solution for J vs. e.

Equation 2 neglects the existence of a stress-strain singularity at the crack tip.
A simple way to approximately include the singularity is to postulate a line tensile
force which operates along the crack tip perpendicular to the crack plane. This
force was assumed to be proportional to a for a/W < 0.1 and to approach a constant
value for longer cracks. A convenient functional form for such a force is the ex-
ponential relationship:

F=F, (1-e %), (5)
Here, F is the force across the crack tip per unit thickness and Fo and a_ need to be
chosen. A relationship between F_ and a_ was derived by requiring J to approach zero
as a approaches zero. After application of this relationship only one adjustable
parameter, a» is needed to fix F.

This force is regarded as a simplification of the Hutchinson (1968), Rice and
Rosengren (1968) (HRR) Stress-strain field. In the extended perfect plasticity
model, the spatial dependency of the HRR strainfield is ignored; the force, F, is
considered to be concentrated at the crack tip. The strain independence of this
force is consistent with the Tow strain hardening of the C-Mn steel used in the
experimental program.

Using the crack tip force, the load required to extend a notched specimen

at displacements above the yield displacement is calculated by assuming that the
tensile and compressive forces across the plane of the notch consist only of tensile
(or compressive) stresses equal to the yield strength all along the ligament, as
before, plus the crack tip force. The Toad is calculated by requiring the net load
and net moment applied tc each half of the specimen to be nil. Once the load has
been calculated, Eq. 8 is used to calculate J. The result for Jp, is:

Jp = Qp (cy - 3F/%a) (6)

The result for the single-edge-notched specimen is:

P Ed [1 L g (1-2a)(1 - f')L] (7
P v 8 VT + 2f(1-2a) -2a(1-0)

where f = F/o. TW, o = a/w, and f' = 3f/3a. The full expressions for the applied J
value were formed by adding the linear elastic part to the plastic part.

Comparison of Results

The experimental load-displacement data for the specimen with the 30 mm notch are
compared to calculated values from finite element analysis and the extended perfect
plasticity theory in Fig. 7. The differences between experimental and calculated
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values are attributed to strain-hardening effects not accurately accounted for in
the‘ca1cu1at1ons. Figure 8, in which Toad at a strain of 2 times yield is plotted
against crack length, shows that the crack length dependences of both the experi-

mental and the analytical results are well represented by the extended perfect
plasticity theory.
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Fig. 7. Experimental, analytical, and Fig. 8.
theoretical results for the sin-
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30 mm notch; included are exper-
imental, finite element analysis
(FEA), and extended perfect plas-
ticity (EPP) theory results.
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yield as a function of crack len-
gth; experimental, finite element
analysis, and extended perfect
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are shown.

Figure 9 displays the contour integral, compliance, CTOD, finite element analysis and
the extended perfect plasticity model results for the 30 mm notch plotted as func-
tions of strain. The agreement among these different methods of determining the J-

integral was not as good for the other notch lengths, because of the experimental
problems noted above.

Practically all the measured and calculated J integral results had the same type of
strain dependence. But the results of the theoretical models differ significantly in
their dependence on crack length. This is shown in Fig. 10, which displays J as a
function of crack Tength at a strain of 4 times the yield strain. Experimental
results by the compliance and contour integral techniques, finite element analysis
results, and the three theoretical models are plotted. This figure shows that the
experimental results disagree with both the perfect plasticity and the uniform strain
theories. The extended perfect plasticity theory predicts J values which 1lie between
those of the uniform strain and perfect plasticity models, and best represents the
experimental and analytical results. Similar conclusions were drawn from Fig. 11, in
which the uniform strain, perfect plasticity, and extended perfect plasticity models

are compared with one another and with finite element results for a center-notched-
panel.
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Fig. 9. Experimental, analytical, and Fig.10. Experimental, analytical, and
theoretical results for single- theoretical results for the single-
edge-notched specimen with 30 mm edge-notched specimens; included are
notch; included are direct contour direct contour integral (QI2, com-
integral (CI), compliance tech- pliance technique (CT), finite element
nique (CT), finite element analysis analysis (FEA), uniform strain theory
(FEA), and extended perfect plas- (US), perfect plasticity theory (PP)
ticity theory (EPP) results. and extended perfect plasticity theory

; (EPP) results.

DISCUSSION

When this study was begun, it was hypothesized that the uniform strain mode1 could be
verified over a significant range of crack lengths. However, the exper1meqta1 and
analytical studies consistently produced J values several times those predicted by
the uniform strain model; they were often in the neighborhood of the perfect plas-
ticity result. But the perfect plasticity model was clearly unsatisfactory for short
notch lengths. A physical interpretation of this result has peen deve]qped over

the course of this study. This interpretation is that the.unlform strain model holds
only when plasticity conditions are such that plastic strains are spread over the
whole length of the strained panel and are prevented from concentrating at the crack
tip. A dramatic case of strain concentration at a crack tip is illustrated in ]
Fig. 5. Slip bands at = 45° and 90° to the tensile axis emanated from the'crack tip.
Each increment of applied displacement contributed to the strain in the §11p bands.
Because the slip bands terminated at the crack tip, all the strain contr!buted to

the opening of the crack. The photograph in Fig. 12 shows that the strains were

not concentrated at the tip of the 10 mm notch as much as for the 2 mm notch, and

the J values shown in Fig. 3 for strains between 0.002 and 0.003 are lower for thz

10 mm notch.

It is concluded that the 1imiting cases for the behavior of J as a function of strain
in tensile panels are provided by the uniform strain and perfect plasticity models.
In the uniform strain model only limited strain concentration at the crack tip is
allowed; in the perfect plasticity model all the plasti¢ strain is concentrated at
the crack tip. The extended perfect plasticity theory is intermediate between these.
two extremes.
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