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ABSTRACT

Investigation has been conducted of the evaluation methods of J-integral in fracture
toughness testing of notched specimen, and of the availability of J-value as a
fracture controlling parameter in elasto-plastic fracture mechanics.
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INTRODUCTION

It has become common to apply the J failure concept (Rice, 1968) for obtaining
fracture toughness of non-linear characteristic materials. For fracture toughness
testing, some experimental evaluation methods of Jc-value have been proposed(Landes,
1974 and 1976). Although J-integral has a sufficient physical meaning for linear
and/or non-linear elastic material (Rice, 1968), the availability of J-integral as a
plastic singularity parameter at the tip of notch is not always made clear. The
applicable range of formulas of J-calculation proposed previously is not also clari-
fied, though methods of estimation of J-integral in toughness testing specimen with
a deep notch were proposed(Rice, 1973).

In the present paper, attention is paid to the following two fundamental consider-—
ations; 1) the simplified evaluation methods of J-integral in fracture toughness
testing of notched specimen, and 2) the availability of J-integral evaluated by the
proper methods as a strain intensity parameter at crack tip.

Consideration, at first, has been carried out of simplified formulas for estimating
J-integral, in particular including in specimens with a shallow notch. The accuracy
and applicable range of the previous conventional formulas and newly established
formulas are investigated using FEM numerical analysis based on non-linear elastic
and/or elasto-plastic characteristic.

The plastic strain distributions in the vicinity of a notch tip are measured using
hardness distribution measurement techniques. According to these studies, it is
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investigated whether or not J-integral can be the controlling parameter of strain } TABLE 2. Single Point J-estimating Formulas In LEFM, ¢
singularity in the vicinity of the blunting tip of notch . for Non-linear Elastic Material 2t Kz o
Ucrack™ PE
The single point J estimating formulas = C(C/W) k-P/wt
J-ESTIMATING FORMULAS FOR NON-LINEAR ELASTIC MATERIAL = (k= constant)
5 o 3} ¢ AR :
, 9 bl 1-n _1-n 4.8 A similar(but non-linear)
: : = ¢ Ja= On Ocenter
A number of computional methods which are in varied stages of development and accep- : -§5 %g Ja = 73 On Ucrack o I+n & 2L nn s o S Thinsny
tance are available for calculating the J-integral in fracture j:ou;;hness specimen ( i ok |a (03i) liie il
Landes, 1974 and 1976; 0ji, 1978; Kanazawa, 1975; Sumpter, 1976, Hagiwara, 1979). 3§ 2 Henackas cle/w) - £%(@/wt) (3).
Although they are simplified method by using load-displacement curve c')f t}otched N P 3 EGN k (it The J-estimating formula is
specimen, they are applicable to specimens with a deep notch because it is assumed § é: Js = 75 ¢ ON Uerac el e s
in these studies that deformation occures intensively at the net section of notched Rice’s(et al., 1973).
specimen. For example, in deeply notched tensile-specimen, Rice (1973) prop'osed the T 5 Jea i i P Ui Figure 1, Table 1 show the J-
TABLE 1. Summary of J-estimating Formulas area approximation pro- S %‘é Ja = 737, pr Berac 04 T+ Bt estimating formulas Jg for
of Notched Specimens Cednre,pas shomy g Bl é% & {0dz) shallowly notched specimens
( Specimen geometry : Fig. 2.) 1, under the following o established newly.
{ Assumption Jestimating formulas assumption in relation s % 8'8 % 3
to load line dis- ° Eé J5=1:—%ecrack Js=l—2;-c2t—u:rack In t-:he z'above discussion c.)f J-
o 5 . Terhar placement Ucrack (that ! 9 = n (Authors) estimating formula, applicable
S elad ucrack=b f(P/bt) Jd=-b— [Zj Pducrack-Pucrack] is. the contribution . ranges of Jq and Jg are not
His e G o Ri x : d 1 C id ti s h b ied t of th licabl £
cEl3 (Rice) que to the presence of ; made clear. onsideration, here, has been carried out o e applicable ranges o
25:1 = the crack). ; Jd e.mles by ap{al;;::ing ;i-ef?mat}ion.theoiy to material of which equivalent stressO-
- 25 L = b £(P/bt . equivalent strain& relation is given by
E n S0 Ucrack=C—\N(:—‘f"(P/&'{t) JS:Tt_SO Ucrack dP Ucrack ®/ (1)) G = Oo(E/x)™ 4),
o o
& g {arhars) These J-estimating where Op, €0 are material constants and n is strain hardening exponent.
a 2 e BSC“C‘\' : formulas have been termed ; ;
{ o G| Berack=9(M/bt) bt Jo  MdBcrack (Rice) Jq because these are for Tor deeply notched specimen of non-linear material according to pure power hardening
Sithalo 2 (Ucrack deeply notched specimen. : law, 0ji(1978) derived single point J-estimating formulas as shown in Table 2 by
Dglo (Jd=—j Pducrack) : . 1 i Pablie i
2_5 a bt Jo using results in Table i) JF%%GNUW“ Flane tairess
=g c i Jos R X dM In the present study, under'the following as- --— Ja= 42 OnBcenter ---- Plane strain
E% 2= chack:(—w—)Q(M/Wzt) SAEGR 30 SEas - the same area approxi- ; sumptions. 1/n 10
‘ 5 %é (sE 2t j" UcrackidP) (Authors) mation procedures for Ucrack o< (P/bt) J¢=ED0\Bcenter
) ojfthe Ct Jo estimating J-value in Uesaekiioe iy 2
T shallowly notched speci- g - I
.Iﬂﬁ E Ucrack=r h(P/r?) Ja= zir, [3J Pducrack-Pucrack] men are newly established. - For sh;‘allowly r}Otched speci- 3 z £
o8lae 9 (Rice) It is postulated that . men, single point J- = Q 05 s
S el the load line displace- estimating formulas can be ]
| ;E ment U separates into dezived under the satfe 1])_ro—d
[T P e Al the following two cedure. Here, we calculated - | | | LT
E§ E% Ucrack=C ﬂh(P/Rzr) JS——ancIo Ucrack dP T . Jvalue. of toaside cangzer
28| = (Authors)  U=U e : notched specimen by FEM( 0 05 10 0 05 10
{ g5 no crack o ; Goldman, 1975; Shih, 119176) Strain hardening exponent : n Strain hardening exponent : n
C : based on deformation theory. b
N Rice: (Deep inotch) Ucrack in this case can Figure 3(a) shows the re- é‘?) gccuracy . g (b) Applicable range
Ucrack = bf(PIbt) e A the % > . ig. 3. Accuracy of simplified formulas Jg,Jg and
TH—w— P ks ; R e e, lationship between Fhe Tatio applicable range of each formula in
‘\, | o= (], Pducrack - 5 Pucracy] o g Supp s of Jg and Js deFe1:rm1ned by nonolihear miterial.
\ s @ 2 P.u M.e P.u the above simplified formulas
: 1 i bt et 11111 to J-value obtained by FEM analysis and strain hardening exponent n of material
- v 3-point bending specimen chosen. If 10 % error comparing with J-value obtained by FEM is allowed for esti-
T AR e Ja=Z [ P ducrac = HALAD) mating J-value of fracture toughness testing,the applicable range of Jg-, Jg—formu-
b r_scenle las is shown in Fig.3(b). For example, when n=0.2, that is for ordinary low C-Mn
Authors ( Shallow notch) 2<g-,4 = L S steel, Jg-formula is applicable in 2¢/W> 0.5, on the other hand Jg-formula in
Sk 6T ,,!,.b 2r
S - edge foc e 2¢/W< 0.25.
Ucrack :—[K dc = c(c/w)f (PIwt)
PEl
1 [ Enueet | o k— 2R —f
gl J-ESTIMATING FORMULAS FOR ELASTO-PLASTIC MATERIAL
b 0 = c
oAz [RRRN — T
Displacement ; Ucrack ct Thickness ; t
Fig. 1. Area approximation procedures ‘ In general, structural metallic materials under loading show elasto-plastic be-
for J-estimating in non-linear Fig. 2. - haviour. For incremental plasticity, which is the behavior more appropriate to

elastic material.
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real materials, path independence has not been proved theoretically. Elasto-plastic
finite—element-analysis based on incremental strain theory, however, have shown J
to be virtually path independent except for contours very close to the crack tip
(JSME, PSC-21, 1979). In the present paragraph, regardless of existence of problems
in relation to definition and meaning of J-integral, J-value calculated from the
original path-integral-equation according to plastic analysis based on incremental
strain theory is adopted for investigating the simplified J-estimating formulas.

According to Rices' analysis (1973) in elasto-plastic materials, the displacement

between the load points is regarded as the sum of

the elastic displacement Ue,plus

the displacement due to plasticity Up. In this analysis, it is presumed that the

total displacement can be divided
into the following four components, or
U = Ue.crack * Up.crack

U= Ue.crack + Up.crack + Ue.no crack + Up.no crack

Tensile specimen

Rice (Deep notch)
+ Ue.no crack *+ Up.no crack s Up.crack=bf(PIbt) = Ja= Jetastic) + Jiplastic)
(6) = Jeetastio = G ;
. 2 =0 u
For tensile centre-notched specimen,  3Ef : J(plaslic)=-b2—l[SGPdU--1§-Pu]=%
Rice has set up the J-estimating S i Authors (Shallow notch)
: x !
formula, as shown in Fig.4, based on S Ucrack = (/W) (PIwt)
the following assumption: Displacement : U,Ucrack : 5
Up.crack = b £(P/bt) @) Js= gy ueracedP = 35
The above assumption may be resonable 3= polntibendingispecimen
for deeply notched specimen. For = Authors
shallowly centre-notched specimen, R=il (Deep notch)
it is postulated as same as in the ‘3,::’ Asll Jd:Goé[rpw—‘TPUl] =G.%’
previous chapter that the dis— 3H ! ot ¢
placement due to introducing the : ¢ ow/poth)
. . b— U k P
notch Ucrack is given by .__m:,pﬂ ek Js:%}fmzde:i—ﬁf
UCI‘ack = Ue.crack + UP-CI‘aCk Displacement | U,Ucrack
= c(c/W)£*(P/Wt) (8) Fig. 4. Area gppr?ximation procedures for
: ! ) ) J-estimating in elasto-plastic
The simplified J-estimating formula material.
for shallowly notched specimen based
on the area approximation TABLE 3. Summary of Simplified Formulas of
procedure can be also J—value for Elasto-Plastic Material
derived as shown in Fig.4.
Assumption Jestimating formulas
The same procedure as the £ Jd=G+-fW[j:Pdu——§—Pu1 (Rice) P-u
above discussion can be § o SR &
ry . _ c - center
applied for bending notched |g3|a| ™" Ja=6+ g 1) Pdbcenter - 5-Plcenter]
. ] @
specimen and round bar with S8l 8
g i - P-Bcenter
circumferential notch. 2
Ta‘ble 3 ShOWS Summary Of L) a (General yielding) (Full yielding)
. . . =~ O] ey
simplified formulas for g %‘g’ Uerack=C- FP/WE) J5=C1—t}:uczacde Js=—6%leudP—%Pup_nocrackl
determining J in elasto- E s P vl L
plastic materials with a =
notch. Ja=6 + £ (| M0 - 3-Mee)
cole 8p.crack= g(M/Bt) B :
J (Ja= ( - L Pued)
In order to confirm the R Ja=6 + g (] Pdu - 3-Pue) s
g B 9
applicability of the above o 1e 2 bedge 1
A ipl g (Ja=6 + ¥ ( Pd6edge - 5—Pbe.edgel)
simplified formulas, elasto- | 3 | T (bl Pd0edse = Pe.cage
: 2
plastic FEM analyses based S (Authors) P-Bedge
; s o
on incremental strain theory | £ (General yielding) (Full yielding)
. e | = u
hieve been cazried out for 3 |53 scrack=SatmAi) | JemZrfBerack o Ja=grt) B - FHge.no crack
determining J-value of g las S i :
. @ = — =— - .
tensile centre-notched and 2 (o= fgUerack 0P (o=l [UdP - FPue.no crack)
bending specimens of mild (Buthore)fmisatsl
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(a) Bending specimen (b) Temsile notched plate

Fig. 5. Accuracy of various simplified formulas of J-value in elasto-plastic material.

class steel (yield stress: 231 N/mm2, strain hardening
exponent n: 0.21). Figure 5 shows the accuracy of various
simplified formulas shown in Table 3 by comparing with the
1 J-integral calculated by elasto-plastic FEM analysis.

In these figures, elastic contribution to J (J=G) is also
plotted as a reference approach. If we use the proper

A simplified equation, the J-value calculated according to
path-integral defined by Rice can be estimated even for
incremental plasticity.

5P

Load

Oi' Un ke U] In the preceeding discussion, it was shown that in some
crack configurations analvsis of a single load-
displacement record is sufficient to evaluate J-value.
However, the single load-displacement record analyses
require measurements of areas on those records. It is,

Displacement .| U
Authors

(Deep notch)

Ja=G-« ZO(BE;-UQ = Goe —thAtl therefore, appropriate to investigate whether an estimate
i of J can be made from a single point on a load-
20.n) - Tensite displacement record, such as the critical point of crack
1 extension. Sumpter(1976) and Hagiwara(1979) proposed some
Toh  .3-point bending procedures for estimating J-value of 3-point bending
Sumpter notched specimen from the above standpoint.
m:ﬁt Here, we investigate single point J-estimating formulas
(Pf' Limit load at full plastic) for elasto-plastic mgterials undt?.r the SaIEle assuxfmtions
Hagwars i as eq.(5). Let consider a material of which equivalent
Tt stress-equivalent strain relation as follows;
i gt 3% ]
T=Co(E/ENT, UTo = E &o; G >0o 9

(Py; Load at initial yield)
For ligament yielding or general (gross) yielding, it can

be derivedby the same analysis as eq.(5) that
Up.crack o< pl/n, Up.crack o €o (10)

Fig. 6. Fundamental idea
of modified area appro-
ximation procedure for
J-estimating in elasto- By using eq.(10), the most simplified single point J-
plastic material. estimating formulas JgC, JgC€ as shown in Table 4 can be

obtained. Figure 6 shows the fundamental procedure of
single point J-estimating formulas.

Full 5yiem Full yield
.-e—D—-—D—~u-—-_._—._._ o.—.-—-— -—J—q' -
T — — Opet T B g A ——— ]
- o f
=) ° a |°® Rice = . . R =t
= D O Plane strain a Sumpter u_%'f esteien et 1| 2: ;C s (2ciw=12)
= —Ocenter
n:.l'wp;:“llz O Kanazawa Deen ]/s o P-u — (2ciw=1/8)
bending A Authors notch | 0
i
o 10 20 30 O0qzo04 06 08 10 12
(Sy/dy) (oy/Sy)
(a) Three-point bending specimen (b) Centre-notched specimen

Fig. 7. Accuracy of various most simplified formulas Jdc, JSC (cf. TABLE 4)
in elasto-plastic material.
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TABLE 4. Summary of the Most Simplified Single Point J-estimating
Formulas in Elasto-Plastic Material

Assumption J estimating formulas
(Tensile notched specimen)
J3=G*i—;;nl ON (U - Ue.) > J‘d=G+i:2 ON (bcenter - Be.center)
[P-u (P-bcenter]

13
Up.crackee P" (Bending notched specimen)

S o 2B i
Up.crackec €, Ja G+1*an(u le).; Jd'G+1+nWF?5 (6eflge %CEdge)
Authors (Round notched bar)

JE=G+227’2',‘T;,9F.(U—Ua)

(Tensile notched specimen) (Bending notched specimen)

.
Ucrackec P»

Ucrack €, Js= l:_n % ON Ucrack F(c/w) , Js= 1:—“ ‘EDT Ucrack G(C/W)
sumpter J9=G+ %[C_%E] (Bedge - be.edge) (Bending notched specimen)
PL : Net yield load
Hagiwara ke 2.%‘%’11 (Y] (Bedge - be.edge)  (Bendig notched specimen)
Mimura ¢

Py : Yield load

Figure 7 shows accuracy of the various most simplified formulas in comparison with
values of J-integral calculated by elasto-plastic FEM analysis. Except for at low
loading condition of shallowly notched specimen, these most simplified formulas
established newly in the present paper can be applicable in the same manner as the
previous formulas.

J-VALUE AS A FRACTURE CONTROLLING PARAMETER

According to the deformation theory of plasticity, stresses G}j and strains Eij in
the vicinity of notch tip under plastic deformation range are given by (Hutchinson,
1968) ~
Tij =To {J/(In €0 Tor) } n/(14n) T13(8)

€1 = Eo {3/ (In €0 Tor) } 1/ (W) Ei3(8) i
where equivalent stress-strain relation of material is given by eq.(4), Ip is a
function of strain hardening exponet n and the co-ordinates (r,6) show polar
co-ordinates system of which the origin coincides the tip of notch. Moreover, J-
value calculated for two-dimensional notched materials obeyving laws of the defor-
mation theory coincides with the rate of change of potential energy per unit
thickness with crack length.
Nevertheless, for incremental plasticity, which is the behavior more appropriate to
real materials, it is not always made clear whether or not J-value is a measure of

F %y [, . [, I
e | b N
[ TSI e 1 =15 Skghmm| e [3 T6BkgHmm]
I ege \1 151=06mm | LA 161=053mm
ofed Peo L)
L Do b 2%
oo SN0 X EEYEIN
& shee 5 |
~ 100 @t ._8,,-‘9. ~ 100 0 by,
S | a %, I | R
3 25— .g-0° ko 25 «9=0° og8
50— @ —o0:39° 8 7> 8.=482 . s
— e — e |
I Vi (=3Lm ’ N t=3mm
} 0 Unitimm Ms l U unitimm MS
1 3 4 10! s
0 01 10 100 01 1.0 o 100
(Jroyr)”! (Jloyr)

(a) Thin plate with deep notch (b) Thin plate with shallow notch
Fig. 8. Equivalent plastic strain distibutions in the vicinity of
notch tip and plastic singularity of elasto-plastic notched
specimen.
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the potential energy release rate, although the
path independency of J-integral has been shown
by some elasto-plastic FEM analyses.

Here, experimental consideration of availability
of J-integral as a strain intensity factor as
shown in eq.(11l) have been carried out. The
distributions of equivalent plastic strain in
the vicinity of the notch tip of notched speci-
mens subjected to tensile loading were measured
by using measurement techniques of hardness
distribution. The materials used is mild steel
(yield stress Oy=231 N/mm2, ultimate tensile
strength Oy=414 N/mm2). Equivalent plastic
strain gp_yas obtained from Vickers hardness Hy
by using €p-Hy relationship prepared in advance
of the mild steel used.

Figure 8 gives equivalent plastic strain distri-
butions in the vicinity of notch tip for various
specimen geometry and various loading levels as

a function of the parameter (J/Oyr)—l con-
sidering the analytical results shown in eq.(11).
The J-values in Fig. 8 were calculated by
applying the proper J-estimating formulas in
Table 3 or 4. It is known from the results of
Fig. 8 that the singularity of distribution of
equivalent strain agrees almostly with one
derived analytically by Hutchinson(1968), except
for concerning with strains in the very vicinity
region of notch tip. That singularity is hardly
dependent on notch size, loading level and plate
thickness. Moreover, in the case of which the
degree of constraint of plastic deformation in
the vicinity of notch tipis not widely different,
J-value control also quantitatively plastic
strain level in the vicinity of notch tip,

Figure 9 shows the Jc-temperature relations
obtained by fracture tests for various specimen
geometry of mild steel. Jc-values were calcu-—
lated by using J-estimating formulas shown in

Fig. 9. Effect of specimen geometry Table 4 (Table 3 only for shallowly notched

on relation of Je vs.
temperature.

specimen). For the notched thin-plate, Je-—
temperature curves are almost independent of

specimen geometry and loading condition, because the degree of plastic constraint

does not considerably change.

However, as plate thickness increases , Jc—

temperature curve moves to higher temperature side. That is to say, as same as
critical COD dc-value shown in our previous report (Satoh, 1979), Jc-value in
notched thick-plate at a certain temperature may depend upon even notch geometry
because notch length affects plastic constraint.

It is, therefore, postulated that Jc-value becomes a available fracture controlling
parameter if the Jc-value is obtained under the same level of plastic constraint in
the vicinity of notch tip as practical crack problems. Moreover, two-parameters
(Jc—3c) criterion proposed by Toyoda(1979) on behalf of one-parameter criterion may
be appreciate as a more proper measure which dominates the stress-strain character-
istics in the vicinity of notch tip.
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CONCLUDING REMARKS

In the present study, the simplified formulas for estimating J-integral, in
particular including shallowly notched specimens were established newly. The

accuracy and applicable range of these formulas were investigated using FEM analysis.

The applicable range of the simplified J-estimating formulas depends upon mainly
strain hardening exponent n. The J-value calculated using the proper estimating
formula proposed in the present paper becomes nearly same as value calculated
according to path-integral defined by Rice even for elasto-plastic material.

The plastic strain distributions in the vicinity of a notch tip were measured

using hardness distribution measurement technique in longitudinal section of
deformed-notched specimen. Plastic strain distribution has a plastic singularity
shown by Hutchinson for power-hardening material. The J-value estimated by the"
proper procedures dominates the singularity and the amount of the equivalent plastic
strain in the vicinity of the blunting tip of a notch.
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