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I'he part-through cracks are, as far as pressurized vessels are concerned, the most
probable type of defects that can occur. Various studies concerning the stress distribution
and the stability of this type of cracks have been undertaken. Rice has studied the case of
4 tully linear elastic material !), Reynolds ?), Eiber and al. *) have done experimental
studies on A106B steel tubes for L.W.R. Eiber*) proposes an empirical formula
cxtending Hahn’s flow stress criteria %) to part-through cracks. This formula has been
found to be accurate for the specific material considered here (A106B).

In this publication an analysis of the phenomenon is proposed in the case of materials
having strain-hardening characteristics. The method utilised is analogous to Dugdale’s in
his study of the plasticity zone at the crack tips ®). In order to perform this analysis, the
plate having a non-through crack is separated into two simple elements having the
characteristics of a fully elastic material or of an elastic-plastic material sensitive or
non-sensitive to work-hardening.
lhe boundary conditions between the two zones are satisfied on the basis of the
conformal mapping method proposed by Muskhelishvili 7). This study was first done for
flat plates and has ulteriorly been extended to cylindrical vessels.

Analytical Model

A part-through crack in a flat plate submitted to a uniform stress field at infinity in a
direction perpendicular to the crack axis is considered here. One can settle boundaries in
this plate to the zones where the material is either plastically or elastically deformed. The
whole structure can be described as follows (Fig. 1):

a) a plate having a thickness equal to the actual thickness and having a crack with a
fictive length greater than the real one. This plate is submitted at infinity to the real
loads and its deformations are fully elastic.

b) On the edges of this through-crack, perpendicular loads are applied that tend to close
it; their intensities are equal in each point to the force developed by the ligament
when fully plastic. If the material considered here is purely plastic (non
work-hardening) and if the thickness of the ligament is constant, this closing force
will be constant along the whole length of the crack and will correspond to the yield
stress in the thickness and along the full length of the ligament. If on the contrary the
material is strain-hardening sensitive the closing force will depend on the actual
opening of the crack.

¢) At the two extremities of the through-crack, additional closing forces are appiied
equivalent to the forces developed in the plastic zones existing at the crack tips of the
real crack (Dugdale’s zone). These loads correspond to the yield stress of the material
in the zones considered. Strain-hardening has not been taken into account since, for
continuity rcasons the opening in the vicinity of the crack tip is smail compared to
that one at the centre, therefore the effect of work-hardening can be neglected in
these zones.

Rupture Criteria

One admuts that the rupture of the ligament of a part-through crack wiil initiate at the
centre. One can then attempt to PTOpOSe a rupture criteria for the ligament. These criteria
implie two conditiors, one is related to the deformation of the ligament in its middle
(analogous to the COD concept), the other is related to the state of stress at ihe centre of
the ligament:

T'he criteria can be expressed as follows:



Rupure of the ligament in its middie occars when:

— the crack has opened an amount 8¢ in its middle where 8¢ is a material characteristic,
~ the equivalent stress in the ligaments centre is equal to the ultimate stress of the
material.

Analytical Solution

When the material is sensitive to strain-hardening a sinus law has been chosen to
represent the variation of the closing forces along the ligament. To these forces
correspond a stress applied along the crack and on the wiole thickness of the plate equal
to:
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The three boundary conditions applied on the whole thickness of the elastic plate are
as follows:

— Stress at infinity perpendicular to the crack: O —°<Xx<+o
— Variable stress along the crack ay (x)(1) —0<x< +¢Q
— Stress at the crack tips: P_ Oy o, £<x<a
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Following a method utilised by Muskhelihvili one determines for every boundary
conditions above mentioned two conjugate harmonic funtions ¢ and ¥ that are related to
the Airy function U so that:

U=Re[Z¢ (z) + v (2)]

The functions compatible with the boundary conditions at infinity and with the
crack-tip closing forces have been already determined "»®). The functions associated with
a sinusoidal variation of the cloosing forces along the edge of the crack (see (1)) have
been determined:
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One can determine by summing the three couples of conjugate functions above
mentioned the fuactions ¢ and Y that satisfy the 3 imposed boundary conditions.

Following the same reasoning as Dugdale’s the coefficients of the term in /8 -1
are annuled, in order to eliminate a discontinuity in the stress field at the crack tip; one
finds the formula:
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Knowing the functions ¢ and ¥ and a, cne can determine the value of the crack opening
5 in the centre of the crack:
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Considering that this aperture 8¢ is a material characteristic, one can plot a family of
-urves interconnecting the dimensionless parameters: ple, uu/Oy,Qoy/5cE.Thesecurves
ire represented on Fig. 2 for a hardening value of oufoy = 1,5.

Application to part-through cracks in the shells of cylindrical vessels

[he same reasoning as the one above presented is applicable to an internally
pressurized cylindrical vessel. Nevertheless, in this case two supplementary considerations
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a) Biaxiality: if the Von Mises criterion concerning t ¢
; are plastically deformed is applied, it is necessary to replace the va}ues ou ar_ld ﬁy in
the equations (4), (5) and (6) by corrected values so that together w_nh the _axnal oop
stress oh/2 an equivalent stress equal to oy and oy for monoaxial tensile tests is
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b) Curvature: It is not necessary to consider the usual correqtions for through-cracks fo;
the curvature of the shell; these corrections assume obviously that no bounds exis
between the edges of the crack, this is not so for part-through cracks.

Experimental Verifications

ifications of the various hypotheses have been undgrtaken on the bas;s of data
collevcetlc:d1 by Reynolds for A106B steel?). These results give for every exp%r_xme?t :l}::
geometry of the crack, the op stress at bursting'and the stresses corresponc allngt o e
elastic limit obtained by pressurizing the tabnkslwlltshotgt cralcltttsérﬂsl;er:s::oz}r)ge ilzﬁfm

i int can be derived by dividing by 1. ese lat ; m:

?nleo‘:o-g;il;t stress has been taken as oy= 1,46 ay. On the basis of these data the:1 gnglczil
value of 8¢ has been calculated according to formula (6)_. Tt}e average value fqun s t(}:x =
0,085 mm, the average of the square of the discrepancies is 0,05 mm. Considering ; 1;
value of 8¢ as a characteristic of the material the value of ('-_Th/ay)th hz}s been ;ompt: ee
for each test. The value of (gh/0y)th being that one for which, according to the rup urd
criteria described, must cause the rupture of the ligament. These values are coinpare
with the experimental values (0h/gy)ex in Fig. 3. About 9/10 of the calculated values atrci
not more than 15% off the experimental values. One must note that the experimenta
results also show a large scattering, this probably is due to .’.::e fact that the test specu;lc:n
have a radius at the borderline between crack and material and were not subr{uttef o
initial fatigue crack growth before the bursting tests. On the other.hand, since value of oy
was not given in the references, a value of 6y/gy = 1,46 was taken in all cases.
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