Analysis of Random Cracks and Elliptical Holes

M. Isida, Tokyo

This paper presents a general analysis of interaction
problems of elliptical holes which are arbitrarily distri-
buted in an infinite body. All or some of the holes may be
cracks, circular holes or elastic inclusions as special
choice of the parameters. The analysis 1s based on Laurent
series expansions of the complex potentials, where the
expansion coefficients are determined from the boundary
conditions with the aid of a perturbation technique.

l. Longitudinal Shear

The displacement and stress components are given in terms
of the only complex potential ¢(2) as follows:

- LA R PR}, T iTye= TP (1)
where T 18 a reference stress and Z
is a dimensionless complex variable 3 n
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Assume a free elliptical hole as
shown by Fig. 1. Fromthe single- ' Fig. 1
valuedness of the displacement, $(Z) can be expressed as the
following Laurent series:
9(x) = 2 {FatiF) " Mirim) 2™ (2)
and the sress free conditions of the hole'edge yield the
relations among the coefficients of Eq. (2).
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where the coefficlents P$‘ etc. in the righthand-side are
xnown functions of %b which are given in closed forms.

Now consider an infinite body containing random distri-
vution of N elliptical holes and subjected to longitudinal
shear stresses T and G at infinity. In Fig. 2 are shown
the j-th and k-th holes, with the corresponding geometric
parameters and coordinate systems (2,Y) as well as (X, ¥i)s

(X, yn) associated with those typical holes.
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Fig. 2

The complex potential P for the problem 1s first assumed

N .
9=0, (@)t 2 PlZn), E=AtlY, Te=Xptife ]
¥ J & 3 ,

—(nt)

L)
=g (Ta-iTr)2, P 5 (P *iFal) 2
In order to consider the boundary relations of the j-th

hole, $ 1s reexpanded around its center Oj with the results
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where the coefficlents e{j;f”d are given in terms of the

zeometric parameters as shown in Fig. 2.

Since Eq. (§) is of the same form as (2), the stress free
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relations (3) are rewritten as
FM,J "f (F?)JM?J ) EmﬂJ F (szﬂ) M;FIJ (7)
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where A;= aJ/d and (Pp); etec. are known functions of Q;/b;.

The next step of the analysis is to determine the
unknown coefficients Fnj, Fxj,Maj, Mi; (n=0, 1, 2,7"; J=1,
2, ' *, N) using a perturbation technique. Let %j-AkAj
where )\=:f‘4a.>p(a\,-1-(1,,.)/,;&-k and 4; are known constant repre-
senting the ratio of hole lengths. Then all the unknowns
are assumed as power series of the only parameter A , and
their coefficlents are determined successively from Eqgs.
(6) and (7) with j=1, 2 N

Finally the stress intensity factors at crack tips and
stresses along hole boundaries are given by double infinite
series corresponding to the assumed Laurent series expan-
sions and the perturbation procedure, but the serles due to
the Laurent expansions are summed up in closed forms. In
this way all the necessary quantities are given by power
series of A whose coefficients are evaluated exactly.

It may be noted that the analysis 1s quite simplified in

special cases of periodic cracks.

2. Plane problems and Plate Bending
In plane problems the Airy's stress function X is assumed
as the following sum:
X=Xt 2 (&)

X, corresponds to stresses at infinity and Ar are

written as



Xn= 0 4* Re { Tn Pel)+ YRlR) )
—{nt)

‘?&(Z&)‘%(Fﬂn:n*”;",;!) e (9)
e (o) = ‘-f;—i (Daye tiDak) EN

The analysis i1s rather complicated, but in principle 1t
is8 similar to that in the previous case. The stress
function 18 reexpanded around 0, and relations correspon-
ding to Eqs. (6) and (7) in the previous case are obtained.
Those relations with j=1 to N are then solved by means of
a perturbation technique, and the necessary quantities are
ziven in forms of power series of A .

In the classical theory of plate bending, all the physical
quantities are given by the two complex potentials defined

by _ 4’
Dur = Mod*Re (T 9 (R+ 4} D= T3G-vT (10)

and the analysis is done in like manner as plane problems.

3. Some Numerical Results
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Fig.5 Infinite parallel cracks
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