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Summary

A theoretical treatment is made of the high strain fatigue mechanism of crack
propagation in ductile metals, using a continuum method involving the distribu-
tion of plastic cohesive stresses at the crack tip. From the analysis, the well
known low endurance fatigue laws of crack propagation and endurance (the Coffin-
Manson law) are derived. The rate of crack growth at any instant is shown to de-
pend on the bulk stress-strain properties of the material at that instant and the
state of stress in the crack tip deformation zone. The basic material parameters
which control the fatigue life of a metal are thus defined.

The theory has been shown to be valid for simple fatigue failure at room tem-
perature in several metals and alloys. A particular experimental study has been
made at room and elevated temperature on a stainless steel involving various
combinations of fatigue and tensile straining. In particular the cases of tensile
prestrain followed by fatigue cycling and fatigue cycling under a continuously
increasing tensile strain have been studied and confirm the theoretical predic-
tions of endurance under such conditions.

Introduction

In order to make the most efficient use of available materials in situations
where it is necessary to design on a basis of fatigue failure, it is essen-
tial to know the dependence of fatigue endurance on material stress-strain
properties. It is now known that fatigue is primarily a crack propagation
process, a propagating crack being present from the first few percent of
the life of a component. Thus, it is the crack propagation process which
must be understood and analysed if the endurance of a component is to be
related to the applied altemating stress-strain field and the material pro-
perties..

When a crack in a ductile metal is loaded by an applied tensile stress
field, the stress intensification at the crack tip is relieved firstly by plas-
tic deformation and secondly by a further small amount of crack extension.
It is this small amount of crack extension which, under conditions of re-
peated loading, accumulates and produces failure by fatigue. The amount
of crack growth per cycle is strictly controlled by the zone of intense
plastic deformation ahead of the crack, whose size is in turn controlled
by the applied stress field and material stress-strain properties.

Attempts have been made by Weertman [1], Bilby and Heald [2] and
Lardner [3] to relate the repeated applied stress field and fatigue crack
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growth rate for an ideal elastic-plastic material using the continuous dis-
location model of Bilby, Cottrell and Swinden [4]. New crack surface is
derived from plastic displacement and a dependence of crack growth rate
on either the fourth power or square of the stress intensity factor predic-
ted, in accord with some experimental data. The model is however limited
in application to very low stress fatigue (applied stress « yield stress).

Recently Tomkins [5] has applied a more flexible, but similar model,
based on the equilibrium of plastic cohesive stress zones at a crack tip,
to fatigue crack growth in both high and low stress regions. The model
can be used to assess the effects of strain hardening (c.f. Rosenfield et
al. [6]) and derive fatigue crack growth laws for ductile metals in terms of
material parameters. In the present paper, the model is examined for vari-
ous metals, including the effect of varying temperature, for simple high
Strain fatigue loading. It is then used to assess the effect of unidirectional/
cyclic stress interactions on a 20%Cr-25%Ni stainless steel.

Model of the fatigue crack propagation process

In push-pull high strain fatigue, most crack propagation occurs by the Stage
I mechanism (Forsyth [7]). Laird [8] has shown that this process is con-
trolled by plastic shear flow near the crack tip and Biggs and Tomkins [9]
have correlated new crack surface with plastic decohesion on the planes

of maximum shear strain gradient at the tip. Stage I crack growth at lower
Strains is by a similar process, but only one of the two available planes

of maximum shear at the crack tip is operative [10].

Biggs and Tomkins observed the Stage II process in a ductile metal di-
rectly and deduced the pattern of crack tip deformation and crack growth
in a cycle as shown in Fig. 1(a)-(e). Intense plastic deformation is con-
centrated in narrow bands at +45 ° to the tensile axis and new crack sur-
face is formed by shear decohesion along the inner edges of these bands
only during the tensile loading part of the cycle. The shear flow is re-
versed during compression and no significant re-cohesion occurs.

The crack tip blunting which occurs by the concentration of intense
plastic deformation in two narrow bands indicates that the material, even
in the fully plastic state, relieves the crack tip stress singularity by the
generation of plastic cohesive zones. Measurements of shear strain along
a 45° line [9] show that the plastic shear strain increases as 1/r as the
tip is approached (as predicted by plasticity theory) but levels off to a
value approximately equivalent to the material tensile strength in the nar-
row flow band at the tip itself. The stress state around a plane strain equi
librium crack in a ductile metal even beyond yield, can thus be treated by
the cohesive stress zone approach of Dugdale [11].

Now the Dugdale formulation for an equilibrium crack is dependent on a
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linear material stress-strain relationship outside the cohesive zone, and
in practice, the cyclic stress-strain curve for a metal follows a simple
power law,

Ao = kAe, B ¢))

However, this can usually be approximated at higher strains by a linear
hardening law so that the size of the cohesive shear stress zone (D) at

maximum tensile strain (Ag/2) is given approximately in terms of shear

stresses (A7/2), by,
D 7 A\ 7 (Ar ']
7738 (25) [1 * §(2§) @

where S is the mean stress in the cohesive zone (~shear tensile strength).
In terms of applied tensile stresses, this becomes,

D 7 (AoV 7 (Ao\?
T=§(2—T)[1+'§(ﬁ)] &

Observation of the crack growth mechanism (Fig. 1) showed that new
crack surface is formed by shear decohesion along the inner edge of the
flow band, the block of material between the bands remaining relatively
undeformed. Fig. 2 shows the model used to describe the crack tip region
at maximum tensile stress (Ag/2). Assuming that the material in the region
ABC is plastically undeformed, the amount of decohesion § is given by,

8 = A'pr (4)

where Ayp‘ is the plastic shear strain applied to the bulk material during
tensile loading. (Continuity of elastic strain is assumed across the cohe-
sive zone.) However, lack of lateral constraint in the tip region for a crack
propagating from an external surface leads to the crack growth per cycle
being given more closely by,

dl
= AepD )

(It is worth noting that the crack growth per cycle is here not directly re-
lated to the plastic displacement as assumed by other investigators

[11[2]1([3])
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Equations (1), (3) and (5) can be combined to give the crack growth equ-
ation in terms of either applied stress or strain range. In terms of applied
strain range it is,

dl 7 (kY 7 ( k\
— L= A 2 28+1
i (27_) [1 + 3 (27) Acp B] Aep .1 (6)

This equation also applies to Stage I crack growth as equations (1), (3)
and (5) apply equally to the Stage I process. The fatigue endurance law
is given by integrating equation (6) to give,

7 k\ [ kY 1
A A 28 28 +1 _ f
8 (27) [1 "3 (27') Aer ]Af" Mice ke (l_o) v

As In (I7/1,) is approximately constant, except at very high strains, equa-
tion (7) reduces to the well known Coffin-Manson law,

Ae,lN, * = constant 8)

where a =1/(28 +1).

From equation (7), it can be seen that endurance is a function of only
material (8, k and T) and crack length (I, and Iy) parameters. The work
of Grosskreutz [12] indicates that embryo cracks begin to propagate as
cracks at a length of ~10u. In the following work, I, will be taken as
10y and I, as a typical specimen diameter 0-25 in (6250p).

The material parameters k and §3 are given by the cyclic stress strain
relationship and T is approximated by the tensile strength of previously
cycled material. This is often equivalent to the ‘tensile strength’ of the
cyclic stress strain curve, i.e. T = %k(28)A. Equation (7) then becomes
dependent on S alone, i.e.

7 [ 1\ 7 [Aey\?B 1
T A2V 1 (252) | Ae, B4 . N, = l)
2 (Gg) [+ 5(g) [t (G ®

In the following sections, the validity of the crack growth law and en-
durance relationships given by equations (7) and (9) will be tested by
considering the effect of varying material parameters, induced by vary-
ing material, temperature or degree of hardening.

Application to various metals

For many pure metals and simple alloys, a simple endurance relationship
of the form given by equation (8) has been shown to hold experimentally.

In Fig. 3, theoretical curves have been drawn using equation (7) with the
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tensile strength for T (this gives a lower bound for fatigue hardening ma-
terials) and equation (9), for the pure metals, copper and nickel and the
simple alloys, mild steel and 310 stainless steel. The relevant material
parameters for these materials are given in Table 1. The theoretical curves
all lie parallel to the line of best fit through the experimental points and
equation (9) is a very good fit for copper and mild steel. For nickel and 310
stainless steel it is an upper bound to the points, giving endurances a tac-
tor of 2 upon those observed. The theoretical curves show that if the cor-
rect value of T is used in equation (7), then endurances at all applied
strain ranges can be accurately predicted. The theory does show how the
slope and position of the endurance relationship are related to material
parameters.

Some materials (e.g. aluminium, magnesium) do not have a cyclic stress -
strain curve of simple power law form. In such cases, Tomkins [5] has
shown that variations in the cyclic stress-strain curve are reproduced in
the strain range-endurance curve in the way predicted by equation (6], i.e.
a steepening of the cyclic stress-strain curve leads to a levelling off of
the strain range-endurance curve and vice versa.

Effect of variation in tempcrature

The effect of increasing temperature for a particular material is to lower
B, k and f‘, thus increasing the slope of the Coffin-Manson line and low-
ering its position. Hence, for testing at a given strain range, the endur-
ance is reduced. Sumner [13] has tested an austenitic stainless steel
(20%Cr-25%Ni) in push-pull high strain fatigue at temperatures of 25°C,
650°C and 750°C. The experimental results are shown in Fig. 4 along
with theoretical predictions from equation (7). T is taken as the tensile
strength determined from tensile tests on previously cycled material, and
the values of 3, k and T used are given in Table 2. The scatter in results
is due to the effect of small variations in carbon content of different bat-
ches of steel used in the test programme which produce variations in the
strength parameter T. The lines have been drawn for one typical value of
T and they can be seen at all temperatures to be a good fit to some of the
experimental data.

Effect of combinations of unidirectional and fatigue straining
Combinations of unidirectional and fatigue straining present a means of
varying material and crack length parameters for the same material oper-
ating at a given temperature. Also, in practical applications of materials
it is sometimes important to know the effect of cycling history on tensile
ductility and the effect of tensile prestrain history on fatigue endurance.
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Weiss [14] and his co-workers have considered this problem experimen-
tally and concluded that the primary effect of fatigue cycling is the initi-
ation and Propagation of a crack and the deformation processes which

approach of the present model, whose behaviour wil] now be examined
under such combinations of loading.

Three types of Straining pattern are assessed; fatigue cycling at a given
Strain range followed by a tensile strain to fracture, a tensile prestrain fol
lowed by cycling at a given strain range to failure and a cycling process

is on the same 20/25 austenitic steel as that used by Sumner in his earlier
work and all tests are at 750°C.

Fatigue cycling followed by tensile Strain

A specimen (initial diameter D,) is cycled to a fraction (N,/IV,) of its
endurance (Wy) at the particular strain range before being strained in
tension to fracture. At the end of cycling, the primary fatigue crack will
have grown in length from I, to I;. Hence, during the subsequent tensile
Strain, the effective initial diameter of the specimen is De=(D,-1,). If
this diameter is pulled down to D,, at fracture compared with Dp at frac-
ture on an uncycled specimen, the material fracture strain ép is given by,

ep=2 1n(£—j)=21n(lz—2‘) (10)
and the observed fracture strain (residual ductility) R 'is given by,
g =2 ln(lj”‘\w) (11)
Now for cycling at a given strain range, e;uation (7) can be written,
In (I,/1,) = KN, (12a)
and In (L/1,) = KN (12b)

Assuming the values for Iy (= D, = 0-250 in) and I,(= 10y) taken previous-
ly, equations (12a) and (12b) can be combined to give,

1, N,
—=exp[-645(1- =
- ee[-os(- )] e
Then from €quations (10), (11) and (13),
@ _In D7+ (D, - Dp) exp [-6:45 (1 — N, /Nl — In D,
€p InDy — In D,
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Now from simple tensile tests on 20/25 at 750°C, for D, = 0-250 in,

D7 = 0116 in and hence equation (14) can be plotted as €r/eg vs Ny /N, .
This is done in Fig. 5. This theoretical curve is independent of cycling
strain range and experimental results are shown for prior cycling at two
strain ranges; A¢, = 0-048, Ny =88 and A¢, = 0:0064, Ny = 800. The
theoretical curve is a good fit to the experimental results and is of a
form similar to the line of best fit through the experimental, results re-
ported by Weiss. The often noted observation that prior cycling has little
effect on residual ductility until most of the fatigue life has been used is
seen to be due to the presence of a logarithmic crack propagation law.

Tensile prestrain followed by fatigue cycling

A specimen is prestrained to a fraction (er/e€g) of its tensile ductility
before being cycled to failure at a given strain range in a fraction Nz /N,)
of the endurance (N;) of annealed material. The effect of the prestrain on
material stress-strain parameters is to increase the average stress range
Ag observed during cycling at a given Ae,. The effect on crack length
parameters is to reduce Iy from D, to I,, which is the diameter after pre-
strain (= D;). T and I, may vary slightly but can be assumed to be un-
changed. Now for the material studied, it has been found that Ag varies
linearly with prestrain fraction €p/€p from the value given by the cyclic

stress strain curve for cycling at the particular Ae, (i.e. Ao,) when
¢w/ep = 0, to 2T when e,/ = 1. Then,

Ao = 2T - Aoy) ex/€p+ Aay, (15)

For crack propagation after the prestrain, from equation (7),

b\ 7 (Aoo¥[. 7 (Aog\:
n(7)-5 () [+ 5 (57) | aome o
Iz 772 AO 2 772 Ao‘z
sind, ln(z)=§(ﬁ) [1 +§(ﬁ”. Aepl, (16b)

’

Now, ¢p =2 ln(I,/I,) and hence, from equations (15) and (16),

Mo _ [1 —r ](Aao)’[l + 7*/8(Aay/2T)7] an
Ny L T 2in/19) ] Aoyl + 72/8(Aoy 2T7]

Ao, varies with cycling strain range Ae,, so that a theoretical curve given
by equation (17) is obtained for each Aep considered. In Fig. 6, equation
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(17) is plotted for the two strain ranges used previously (Aey= 0-048 and
0-0064). The experimental results are also shown in this figure and, al-
though showing scatter, follow the predicted trend. The results are con-
sistent with the theory, which predicts that cycling at a lower strain range
after a given prestrain results in a reduction in fractional endurance. The
curve is of a different form to that for tensile strain following fatigue
cycling.

Fatigue cycling under a continually increasing tensile strain
In a ratchetting type of cycle, the specimen is cycled at a constant strain
range whilst the mean strain in the specimen is increased at a constant
rate. The specimen can fail by either fatigue or tensile failure depending
on the mean strain rate. Ratchetting can be considered in a similar way to
the other types of cycle, the specimen failing at a mean strain eg(Kep)
and an endurance N, (< Ny). For a constant mean strain increment per
cycle, ¢, €5 = N, e. At any time prior to failure, the mean strain ep, is given
by Ne.

Firstly, the case of failure primarily by fatigue is considered. The
effect of the ratchet strain is to increase Ao continuously and decrease
l1r. Ao is now a function of N and equation (15) becomes,

N
Ao = 2T - Agy)—= + Ag, (18)
€
T .
Using equation (7) and integrating in a similar way to that used in the
previous section, but with Ag as a function of N, an equation correspond-
ing to equation (17) is derived, namely,

N, . 37 (Ao, G 3 7 (Ao
N, {(A"z) [1 +§§(2_T') ]— (Ag0) ‘[‘ t5 E(Ef) ]}

R 3 R 7 (Aa,\’
& __ 14 . L
er T — Aao)[ "2 ln(l,/l.,)] Aos [1 i (27) ] (=

where Ag, is the stress range corresponding to a mean strain ég- Equation
(18) has been plotted in Fig. 7. As expected, it is similar in form to the
curves in Fig. 6 but shows a longer fractional endurance for cycling at a
given strain range. Experimental points where failure is primarily by fa-
tigue (Ae, = 0-048) are shown in Fig. 7 and are a good fit to the predicted
curve. They fall slightly short of the curve because tensile failure does
intervene on the last cycle to cause rupture (although failure is primarily
by fatigue) and hence N, is less than that calculated.
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The second case, that of failure primarily by tensile fracture, which
occurs when the mean strain rate is high leads to a curve almost identi -
cal to the case discussed first, that of fatigue followed by tensile strain
to fracture. The theoretical curve from Fig. 5 is therefore plotted in Fig.
7 over the region where it holds. An experimental point for this type of
failure is shown in Fig. 7. The effect on Fig. 7 of cycling at a different
Aep will be similar to that shown in Fig. 6.

Conclusions

The model developed is a simple one, but one based on experimental ob-
servations of the fatigue crack growth process. It predicts the observed
effect of variation in material properties and offers an approach to asses-
sing and comparing the expected fatigue behaviour of different materials
under different conditions. It also indicates the parameters which must
be changed to enhance the fatigue properties of a particular metal.

The model has been shown to be applicable to combinations of fatigue
and unidirectional straining and is therefore useful in assessing the ef-
fects of prestrain and varying mean strain on fatigue. It is also useful in
determining the effect of fatigue damage on the load bearing capacity and
ductility of a metal component.
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2 MEW CRACK
"™ SURFACE FORMED
BY DECOMESION
Table 1 \\\ \
Material B k (psi) Tensile strength (1b/in?)
(e) (@)
Cu 0-237 158,000 51,500 LIMIT OF TENSILE STRAINING STRAIN REVERSAL INTO COMPRESSION
Ni 0-306 483,000 120,000
Ms 0236 307,000 79,000 ;
310ss 0-288 475,000 93,000 . —_—
(@)
Table 2 4 MAXIMUM COMPRESSION
Fig. 1. The stage II crack propagation process in a metal (Ref. 5).
Temperature (°C) B k (psi) T (psi)
25 0-254 370,000 116,000
650 0-216 210,000 73,100
750 0-185 130,000 46,700
&, o
3 Fig. 2. Model of stage II process for analysis (Ref. 5).
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