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Stress distribution and buckling in thin sheets with
central slits

J. R. DIXON and J. S. STRANNIGAN
National Engineering Laboratory, East Kilbride, Glasgow.

Summary

Measurements were made of buckling deformation and associated stress fields
around central slits in photoelastic models and metal sheets under a tensile
load. The maximum stress at the tip of the slit increased, as buckling de-
veloped, above that obtained with buckling restrained. The results are dis-
cussed in relation to the effect of buckling on the static strength and fatigue
crack growth characteristics of centrally cracked sheets. The critical load for
onset of buckling could be estimated using a modified Buler formula for a
straight bar under end load.

Introduction
The tangential stress o, at the boundary of a central crack in a uni-
axially loaded sheet under tension is compressive along most of the
boundary, hence crack buckling can occur in thin sheets. It is well known
that buckling can affect the fracture characteristics of sheet-like
Structures.

Analytical solutions of stresses around cracks, when buckling has
occurred, are virtually non-existent. Some progress in this field has
been made by Cherepanov (1], but the assumptions in his mathematical
model are rather restrictive and do not cover the problem of a central
crack in a uniaxially loaded sheet. This paper describes the measure-
ment of buckling deformation and associated stress fields around central
slits in photoelastic models and metal sheets. The results are discussed
in relation to the static strength and fatigue crack growth characteristics
of cracked sheets when crack buckling is present.

Compressive stress field around a crack

Let 0p and g, be the principal stresses in an infinite sheet containing a

central crack of length 21 and subjected to an applied tensile stress o

normal to the line of the crack (Fig. 1). Except in the vicinity of the

crack tip, the directions of ¢ and og are roughly parallel to the x and

v axes respectively, The stress o, is always tensile but op can be

either tensile or compressive. Contours of constant 0p/0, obtained from

the theoretical elastic solution for an infinite sheet [2, 3] and showing

the region around the crack where Op is compressive, are plotted in
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Fig. 2. Although the region where op <0 is extensive, the higher values
of compressjve op, for example, g, < =030, occur in g Comparatjve]
small region, approximately within | x/1| < 1.0, ly/1 <0-5. Y

Ou the y-axis, o, = 0 at E (Fig. 1) where Y =eando, - ¢, hag 5
rfalatlve minimum valye at p where y = ¢, The theoretic:l el:stic solu-
tion for an infinite sheet gives e/] = 0-79 and d/I = 0-71.

max 1s

(I/b = 0). The value of (—g, /o) also generally increases ag 1/b in-
Creases (Fig. 7), for no buckling, o. /o tending to the theoretical infinite
sheet value of -1 as 1/p tends to zero.

The variations of Omax /0, 0./0 and §/1 with 0/E in mode] A3 for
unrestrained buckling are plotted in Fig. 8. The tests on model A3 were

(Cann/0) buckling unrestrained = C x (Omax /o) buckling restrained
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with /1 in Fig. 9 was obtained by replotting the results of Fig. 8. An
‘\pproximation to the experimental (C, 6/1) curve is given by

2
C:1+20(?).

Dixon [4] has shown that Omax /0 for no buckling can be expressed by

O max 1\/2 1\2)-1/2
5=l - (3))

Substituting the values of I, p and b for model A3 from Table 1 gives
Tmax /0 = 158, which agrees well with the measured restrained value.
'he restrained value of (-0, /o) were slightly lower than the correspond-
ing value from the thicker models Al and A2 (Fig. 7); this may have
been due to the buckling restraint on model A3 not being perfect. The
unrestrained value of (=0, /o) for buckling mode I, this was the natural
buckling mode for model A3, decreased with increasing o; the effect of
buckling would tend to limit the value of O.. Buckling modes II and III
could be easily obtained by applying a slight transverse pressure by
hand to the appropriate lip of the slit.

Tests were also carried out on sheet photoelastic models with central
slits having a reflecti ng surface in the mid-plane of the sheet, and on
aluminium-alloy sheets with central slits having coatings of photoelastic
material bonded to each side of the sheet around the slits. By reflecting
polarized light from the reflecting surface inside the model, or from
the surfaces of the metal sheet, it was possible, using photoelastic

sheet thickness occurred with buckling. This was not unexpected as

contour of the sheet (see Fig. 4) and bending stresses through the
thickness of the sheet in these regions would be small.

Buckling measurements on aluminium-alloy specimens
Tensile specimens with central slits were machined from aluminium-
alloy sheets of thickness (1) 0:94 and 2:01 mm (0-037 and 0079 in) to
dimensions given in Fig. 10 and Table 2. Mechanical properties of the
materials are also included in Table 2. Each specimen was loaded in
tension through plates bolted to the ends.

Specimens D1-D4 were used to determine the critical applied stress for
buckling for various slit lengths. Strain gauges were attached near a lip
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of the slit on both sides of the sheet (Fig. 10) and strain readings ¢, and
€, for sides 1 and 2 respectively, were taken as the load on the specimen
was increased. The strain difference Ae = €, — €, gave a measure of
buckling and a typical (Ae¢, o/E) plot is drawn in Fig. 11. Buckling was
said to occur at ¢ = Ocrit wWhen Ae¢ commenced to change rapidly with o.
However, the value of Ocrit could not be determined precisely and upper
and lower limits of Ocrit Were obtained as shown in Fig. 11. The varia-
tion of gepy with I/b is plotted in Figs. 12 and 13 for t = 0:94 mm
(0-037 in) and 2-01 mm (0-079 in) respectively. Values of Ocrit from
specimens D5 and D6 for I/p - 0-3 are also included in Fig. 12.
Specimens D5 and D6 with 1/b = 0-3 were loaded until fast fracture of

can be seen that buckling slightly reduced the static strength of the
sheets.

Theoretical estimate of oeriy
As an approximately transverse compressive stress Op exists near the
lips of the slit or crack, with 0, = g, at the lip, the theory of buckling
of centrally compressed bars suggests that buckling will commence when
2
Je = /\% (@9)
where A is a constant for a given crack configuration.

If the critical region of compressive stress on either side of the crack
is considered to be a rectangular bar of length 21, with a uniform com-
pressive stress o, applied at its ends (Fig. 15), Euler’s formula for
hinged ends [5] gives A = 7°/48. If it is assumed that 0c = —o for all
I/b and o = Ocrit at the onset of buckling, then equation (1) becomes,

m’E t?
Ocpit = —— 2
“Ta87,: 2

Substituting values of le = 041 and 067 in €quation (2) gives reasonable
agreements with the experimental values of Ocrit for the aluminium-
alloy specimens for ¢t = 0-94 mm (0-037 in) (Fig. 12) and ¢ - 2:01 mm
(0-079 in) (Fig. 13) respectively. Strictly, o, #0 for 1/b > 06 approxi-
mately, and if equation (2) were modified to take into account the
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(v, , o) relationship from Fig. 7, better agreement between the expferi-
‘ne,-r’\tal and theoretical values of 0., would be obtained for the higher
I “b ratios.

Relationships similar to equation (2) have also been used success-
tully by Liu [6] and Forman [7] to predict the onset of buckling i.n
centrally cracked aluminium-alloy sheets for t = 2-01 mm (0-079 m).and
1'52 mm (0-060 in). They assumed o, = Opet as opposed to o, = o in the
present work, but Fig. 7 shows the latter expression to be physically
more realistic, at least for I/b < 0-6. Clarkson [8] found that an expres-
ston oerip = 1'18 E (t/1)* fitted experimental results from centrally-
cracked aluminium-alloy sheets of ¢t = 1-63 mm (0:064 in) and 0-25 2m
(10 in) wide; equation (2) gives o = 1-28 E (t/1)? ax?d 0-57 E (t/1)* for
t =094 mm (0-037 in) and 2:01 mm (0-079 in) respectively. Walker [9]
in a parametric study of buckling behaviour shovx.zed a reasonable corre-
lation of results from 0-51 m (20 in) wide aluminium-alloy sheets of
thickness varying between 0-81 and 2:03 mm (0-032 and 0-080 in) and
from 0-30 m (12 in) wide sheets of titanium of thickness 0-51 andz »
114 mm (0-020 and 0-045 in), by plotting o, /(Etz)""againsF L/(E)M4
I'he present results show a fair correlation if plotted in this manner.

Discussion
I'he photoelastic results in Fig. 8 show that the maximum stress To
at the tip of the slit in the unrestrained model was about thirty' per cent
ireater than the corresponding value when buckling was restrained, for
¢ -043 mm (0-017 in), I = 0-063 m (2'5 in), b= 013 m (5 in), o/E =
0-0025 and & /I = 0-12. Unstable fracture of the two aluminium-alloy
specimens DS and D6 (Fig. 14), with t= 094 mm (0-037 in) and I =
0-076 m (3 in) occurred at approximately o/E = 0:0025 and §/1 = 0-12.
I'he static strength of these two specimens was on average abOl.'lt ten
per cent lower than when buckling was restrained (Table 3). This .
decrease in strength is less than might have been expected on the basis
of the photoelastic results, but nominal stresses across the cracked
section of specimens D5-D8 were of the order of the 0-1 per cent proof
stress of the material and plastic deformation would be expected to
modify significantly the elastic stress and strain distributions in‘ tl?e
region of the crack tip and hence influence the stat%c stn_ength. Slm-llfir
reductions in static strength due to crack buckling in various alun'.umum-
alloy sheets of thickness ranging from 0-81-2-03 mm (0-032-0-080 in)
were measured by Walker (9] and Trotman [10]. However, Form.an [7]
found that crack buckling in AM355CRT steel sheet, tensile y1e¥d
stress = 153 GN/m? (222 400 1b/in?), caused a reduction in static
strength up to forty per cent for ¢t = 0-51 mm (0:020 in) and I = 0-13 m
10/5
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(5 in) with o/E = 0-0016. In this case the nominal stress across the
cracked section at unstable fracture was about 0'4 times the yield
Stress of the material.

Kuhn [11], in an analysis of notch and crack strength under static and
fatigue loadings quotes results of tests on 2024-T3 aluminium-alloy
sheet, 1= 022 (8'5in) and b= 044 m (17°5 in), showing a twenty-
five per cent reduction in static strength when buckling was unrestrained

Concentration factor for a uniaxially loaded sheet containing a central
slit should be increased by a factor B,

1
82(1—0-0012?1 , 3)

to allow for buckling, but points out that this factor is not well substan-
tiated. Equation (3) does not take into account any effect due to the
amount of buckling (8) which wil] vary with the applied stress. Putting
2] = 0064 m (2:'51in) t = 0:43 mm (0017 in), from the photoelastic model
A3, into equation (3) gives B = 1-17, that is a seventeen per cent in-
Crease in the stress concentration factor. This increase is about in the
middle of the range zero to thirty per cent for the photoelastic model,
as shown by the (C, 8/1) curve in Fig. 9; thus it would appear that
€quation (3) could give correction factors of the right order. Cricklow and
Wells (12] used 1/B as a correction factor to allow for the effect of
buckling on the static strength of cracked titanium and aluminium-alloy
sheets.

The stress intensity factor K is related to the magnitude of the elastic
Stress field in the immediate vicinity of the crack, and for a uniaxially
loaded sheet with a central crack

K = qgl'’? 4

where a is a constant depending on the geometry of the sheet. Alterna-
tively K can be derived from [13]

K = lim Y%o(mp)/? Imax (5)
p-o 2

where the general relationship between Omax /0 and p is known analytic-
ally. The photoelastic results of Fig. 9 show that Omax /0 can increase
considerably due to crack buckling, and according to equation (5) such
an increase for a sharp crack would have a significant effect on the

corresponding K. Thus, any elevation of the stress field near the crack
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f1p caused by buckling would necessitate modifications to the right-hand
side of equations (4) and (5) to enable K to be calculated correctly. A
semi-empirical analysis of unstable crack propagation is given by
Welbourne [14] who uses an effective crack tip strain concentration
factor as a criterion for instability. This strain concentration factor
will, of course, be affected by crack buckling and again this should be
taken into account in the analysis if buckling occurs in the test speci-
men. In general, it would be very difficult to allow for buckling in an
accurate analysis of test results; thus in practice, for material evaluation
as for example in fracture toughness testing, buckling should be e limi-
nated and so the possibilities of large errors due to this avoided.

Frost [15] has shown experimentally that the rate of growth of fatigue
cracks in uniaxially loaded metal sheets, when the nominal stresses in the
sheet are below the yield stress of the material, obeys the relationship

dl
o = Aor 1 (6)

where 4 is a material constant which may or may not depend on the
mean stress, o, the semi-range of the applied stress and m has a

value between 2 and 3. Frost and Dixon [16] have also shown theoretic-
ally that crack growth laws of the type given in equation (6) follow from
an analysis of the changing crack tip profile during the loading and
unloading cycle. The crack tip profile can be related to the strain
concentration at the tip. Fatigue crack growth rates can also be corre-
lated with a stress intensity factor K, for example [17]

dl .

%= MK
where M is a constant. As shown, buckling can increase the magnitude
of the stress and strain field at a crack tip and hence one would expect
it to cause an increase in the rate of growth of a fatigue crack in a thin
sheet. Cricklow and Wells [12] showed that the crack growth rate in
titanium panels {dl/dn of the order of 107 in per cycle, I = 0-064 m
(2°5 in)} was ten times faster with buckling present than when buckling
was restrained. Rooke and others [18] found that buckling had very
little effect on the rate of growth of fatigue cracks in a sheet aluminium
alloy of thickness 163 mm (0-064 in). However, for the stresses applied,
it would appear that the maximum value of §/1 in these tests was less
than 0-05 and the increase in stress near the crack tip due to buckling
may well have been small. For example, Fig. 9 shows an increase in
“max due to buckling of only eight per cent for & /1 = 0-05. Crack
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Notation

B, C Factors

2b Sheet width

d, e Distances along y-axis

E Young’s modulus

2/ Crack (slit) len gth

2le Effective crack length in buckling
n Number of cycles

8 Sheet thickness

X, y Cartesian coordinates

Y 0-1 per cent proof stress

Ae Strain difference

12) Out-of-plane deflection of lip of slit
€, € Strain
P Radius at tip of slit
;7 Iiominal Stress on gross section

s angenti i
Terit Critigcal baulciil:\sgssiizzg 1P of erac -
Tmax Maximum Stress at end of s]jt
et Nominal stress on net section

9p, 0¢  Principal stresses

denotes value at unstable fracture
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Fig. 5, Photoelastic model
under axial tensijle load;
buckling mode 4408

Fig, (.i. Photoelastic model; variation of
d/1 with 1/b, no buckling.

© Model A1
° Model A2

~==Theoretical valjue
/b=0)

°Model A1

°Model A2
3 ;
Theoretical
-0 /0 valve (1/b=0)

Fig, 7. Photoelastic model; variation of

o, /o with 1/b, no buckling, ?

10/12

Stress distribution and buckling

10 T T T
os Unrestrained (buckling mode 1I)
o /0 of (ned (buckling modeT)
LS
-O5t uotE
-1-0OfF ; . Restrained (6 =0) 1
-y - o 4
i 8. Photoelastic model; t 5) 55 [Ee) TE pXe) PES 3.0x10-3
uriation of ama.x/av oc/a 25} T T T T T 3
nd 8/1 with o/E. Omcx/o e mode“
c
20 Unrestromed (ou 4
o
- ey Q - | J——
151 " ¥ Restrained (6=0)
. . h h A
[¢) e} 10 15 20 25 3:0x107?
02 T T T T
o/ ned (buckling model)
trat
o1}t unres © 4
L I 1 i 1
o o5 10 15 2:0 25  30x1073

o/E
21=C-064m(2-5in), 2b=013m(5in),t=0-43mm(O-O17in)

T T
(c,m,/c) Buckling unrestrained =
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= Photoelastic model
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Fig. 9. Variation of C with§/1.
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Fig. 10. Aluminium alloy specimen.
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Fig. 11, Aluminium alloy Specimen

D1, dev o/ for i/b= 0-35,

° Specimen D3

° Specimen D4

T Ocrit =B2E42

481,
with lo=0.61

Upper bound

o6 o8 10

Fig. 13, Aluminium alloy; variation
of critical buckling Stress
wWith I/pb, ¢ = 2;01 mm. (0-079 in).
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2le bar

Oc=-0
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Fig. 15, Crack
mode],
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* Specimen D1
* Specimen D2
v Specimen D5
© Specimen D6

2F¢t2
~==0Ocrit = &wllh le =

a812 041

- Upper bound

o : 0-4 06 o8 10
/b
Fig. 12, Aluminium alloy; variation
of critical buckling Stress
with I/p, ¢ = 0-94 mm, (0-037 in).

0-2
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Fig. 14, Alumiru'um alloy; buckling
deflection,
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