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ABSTRACT 
 
In practice, most engineering components undergo complex three-dimensional loading and contain, or are 
assumed to contain, cracks or crack-like flaws. However, theoretical and experimental studies on mixed 
mode I, II and III fracture have only just begun in recent years.  
 
In this study, a generalised criterion for the extension of a mixed mode fracture surface in three dimensions 
is proposed as an extension of the unified model, based on the notion of a simple conversion of pure mode to 
mixed mode loading energy, in direct proportion to their respective fracture energies. The criterion may be 
represented as the 3-dimensional surface depicted in Figure 1.  
 
The proposed criterion has been tested against the behaviour of beam specimens (Figure 2) of cement mortar 
which were subjected to three- or four-point bending, as well as four-point shear. A grooved ligament which 
was rotated both vertically and horizontally with respect to the beam section was formed in the specimen, 
where each specimen had different orientations of the ligament and were subject to various loading 
combinations, so as to provide mixed mode loading conditions at the crack front. In doing so, the crack 
might be initiated and hence guided to extend along the truncated V-shaped throat segment as a mixed mode 
fracture, thereby providing a means of verifying the efficacy of the fracture envelope. The stress intensity 
factors KI, KII and KIII, of the respective modes of deformation were determined by three-dimensional finite 
element analysis, where the data pre-processing was undertaken by PATRAN, while the solution process 
was carried out by ABAQUS. The results of the analyses, as well as measurements made on the INSTRON 
1334 servo-hydraulic testing machine, will be presented in the following text, and the proposed fracture 
criterion thereby validated. 

        
Figure 1: Unified mixed mode I, 

II and III fracture envelope 
Figure 2: Beam specimen subject to mixed mode I, 

II and III loading (units in mm) 
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ABSTRACT 
 
A generalised criterion for the extension of a mixed mode fracture surface in three dimensions is proposed. 
The criterion has been tested against the behaviour of beam specimens of cement mortar which were 
subjected to three- and four-point bending, as well as four-point shear. A grooved ligament which was 
rotated vertically as well as horizontally with respect to the beam section was formed in the specimen, where 
each specimen had different orientations of the ligament, so as to provide differing mixed mode loading 
conditions at the crack front. In doing so, the crack could be initiated and hence guided to extend along the 
truncated V-shaped throat segment as a mixed mode fracture, thereby providing a means of verifying the 
efficacy of the fracture envelope. 
 
The stress intensity factors KI,  KII and KIII, of the respective modes of deformation were determined by finite 
element analysis, where the data pre-processing was undertaken by PATRAN, while the solution process 
was carried out by ABAQUS. As a result of the analyses, as well as measurements made on the INSTRON 
1334 servo-hydraulic testing machine, the proposed fracture envelope was confirmed. 
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INTRODUCTION 
 
In practice, most structural components undergo mixed mode loading involving tension as well as in- and 
out-of-plane shearing. Studies on mixed modes I, II and III fracture have been the subject of research in 
recent decades. Various fracture criteria have been proposed, among which the maximum tangential stress 
criterion proposed by Erdogan and Sih [1] and the minimum strain energy criterion proposed by Sih [2] are 
the more commonly used in the study of mixed mode crack growth. The application of these criteria has 
been extended to mixed modes I, II and III loading [3]. However, it has been reported that none of the 
criteria give satisfactory results under all loading conditions [4].  
 
On the other hand, Richard and Kuna [5] have developed a loading device to achieve mixed modes I, II and 
III, as well as respective pure mode fractures on plexiglass and aluminium specimens, while Hyde and 
Aksogan [6] have used an axisymmetric bar-type specimen containing conical “crack-like” external flaws to 
obtain mixed modes I, II and III fracture data. Apart from the foregoing reports, laboratory tests on mixed 
modes I, II and III fracture are rarely found in the corresponding literature, and this may be due to the 
complexities of specimen geometries and loading conditions that are involved in such applications. 
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In the following discussion, a mixed mode I, II and III fracture criterion and test method to verify the 
criterion, which is based on cement mortar beam specimens, will be proposed. The stress intensity factors of 
the respective modes of loading have been evaluated numerically from three-dimensional finite element 
analysis. The results of the analyses and measurements from corresponding laboratory tests will be presented 
subsequently, and shown to confirm the validity of the proposed fracture criterion. 

 
BACKGROUND OF THEORY 
 
Similarly as in the case of the unified model [7], for pure mode III loading, the energy release rate GIIIθ along 
the generalized � plane of Figure 1 may be expressed via closure analysis as 
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where the �θz(r,�) is the shear stress along the generalized � plane, u�zz(�a-r,�) the displacement of the 
crack edge along the z direction, as referred to the kinked branch tip, and �a the length of the kinked branch 
crack. Next, by adopting KIIIθ as the unified mode III stress intensity factor with respect to the generalized � 
plane, it may be shown that 
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where KIII is the mode III stress intensity factor along the self-similar direction, defined as 
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Since the stress intensity factor K�III, which is referred to the generalised � direction of the kinked branch 
tip,  may be specified as 
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in the limiting condition in which �a�0 and K�III would thereby have to be evaluated with respect to the 
main crack tip, K�III = KIIIθ. Hence, Eqn. 2 may be simplified as 
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(a more detailed derivation may be obtained from reference [8]). 
 
As a result of invoking the principle of superposition, the overall rate of energy release, Gθ, due to crack 
extension in the generalized � plane when subjected to mixed mode I, II and III loading, may be determined 
as 
 θθθθ ++= IIIIII GGGG , (6) 
 
where GIθ and GIIθ are the energy release rates for the tensile and shearing modes of deformation 
respectively. Therefore, in the state of fracture,  
 
 Gθ = GC,  (7) 
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where GC would be the generalized mixed mode critical rate of energy release. Next, based on a pro-rata 
energy conversion rate of 
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in view of Eqn. 6 and 7, the generalised mixed mode I, II and III fracture criterion may be expressed as 
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or alternatively re-stated as 
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as depicted by the envelope of Figure 2. 
 

                        
 
 

 
 
 
LABORATORY TESTING AND FINITE ELEMENT ANALYSIS 
 
Experimental Materials 
Ordinary Portland Cement and natural, fine-graded sand were used to cast the mortar specimens. The mix 
proportions of cement : water : sand by weight was 1.0 : 0.31 : 0.8. The materials were mixed in a drum 
mixer for a period of not less than 10 minutes to ensure its uniformity. The mean compressive cube strength 
was measured as 86MPa in tests carried out according to BS 1881: Part 116 [9]. Stainless steel moulds were 
used for the specimens which were cured in the fog room for 28 days. 

 
Geometry of Specimen 
Figure 3 illustrates the design of the beam specimen. The overall dimensions of the specimen was 500mm 
(length) � 100mm (depth) � 80mm (width). In order to have a mixed mode I-II-III fracture, a 2mm wide 
grooved ligament, which was rotated both vertically (angle �) and horizontally (angle �) was formed in the 
specimen, leaving a V-shaped throat segment. This was done by fixing a thin, stainless steel shim, coated 
with mould oil, to the mould before casting, and then removing it within 3 hours of casting so as not to 
adhere to the specimen. The ligament was located such that the mid-crack-front coincided with the centre of 
the specimen. Two values were chosen for � and �, namely 26.56� and 45� respectively. Hence, four 
groups of beam configuration with differing combinations of � and � values were available for testing. 

Figure 2: Unified mixed mode I, II 
and III fracture envelope 

Figure 1: Closure parameters for mode 
III crack extension 
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Figure 3: Geometry of beam specimen (units in mm) 
 

Laboratory Set-up and Testing Procedures  
The tests were conducted on the INSTRON 1334 servo-hydraulic testing machine. In order to achieve 
different mode I/mode II and mode I/mode III loading ratios, each beam group was subjected to three 
loading cases, as depicted in Figure 4. In all cases, the specimen was simply-supported. 
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Figure 4: Loading cases used in tests 
 
The load was then applied monotonically at a rate of 0.1mm/min until the specimen failed. The force applied 
and corresponding stroke displacement was automatically recorded during the entire test. 

 
Determination of Stress Intensity Factors by FE Analysis 
Four 3-dimensional finite element models representing the respective beam groups were generated using 
PATRAN 8.5 [10]. Generally, 20-node second-order quadratic brick elements were used in the model. 
Around the crack front, however, triangular prismatic elements [11] formed by collapsing one face of 
corresponding brick elements, and with the four mid-side nodes moved to their quarter points, were 
employed. Figure 5 shows the entire assembly for a beam group, which consisted of 5944 elements and 
27019 nodes. 
 

 
 

Figure 5: Finite element mesh for beam group A 
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The numerical analyses were carried out by ABAQUS 5.8 [12] and the stress intensity factors, KI,  KII and 
KIII, for each layer of elements across the throat, and in each case of unit loading, were obtained from the 
corresponding nodal displacements of the crack face. The stress intensity factors along the crack front were 
thereby obtained. Figure 6 shows the distributions of KI, KII and KIII for one of the beam groups.  
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Figure 6: Distributions of tress intensity factors across crack front of beam group 
 
 

RESULTS AND CONCLUSIONS 
 
For each of the beam groups, three specimens have been tested under each category of loading case. 
Accordingly, thirty-six beam specimens were tested in all.  
 
In all cases, the load was found to rise with stroke displacement initially. Crack extension started when the 
load reached its critical value of FC.  As illustrated in Figure 7, the values of FC were significantly greater 
under four-point shear loading than under four- or three-point bending. In the cases of three- and four-point 
bending, the load decreased gradually after FC, until failure occurred in the specimen. This implies that 
additional energy was required to maintain crack extension. However, in the case of four-point shear, the 
peak load dropped suddenly, and the specimen was subjected to sudden failure. 
 
The cracks were found to extend along the grooved segment initially, and after a certain stage, deviated from 
the throat segment to extend vertically upwards (Figure 8). The reason of such a deviation was that when the 
crack approached the top face of the specimen, the length of the crack front increased. Thus, by a certain 
stage, the effect of grooving would not be sufficient to guide the crack along the grooved segment and the 
crack would extend along the more critical direction, which was upwards. 
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Figure 7: Typical load-stroke displacement 
curves for bending and shear loading 

Figure 8: Failure of specimen 
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The fracture toughness in pure modes I, II and III had been evaluated in earlier tests on the same material as 
being 0.468MPa�m, 0.759MPa�m and 1.12MPa�m respectively. For each of the present mixed mode 
fracture cases, KIθ, KIIθ and KIIIθ were obtained via 
 
 CF×=q II KK , (11) 

 CF×=q IIII KK  (12) 
and  
 CF×=q IIIIII KK , (13) 
 
where KI,  KII and KIII were the stress intensity factors obtained from numerical analyses, and FC the critical 
load measured in corresponding tests. The test results are depicted in the plot shown in Figure 9. The figure 
also shows the unified fracture envelope defined by Eqn. 10 superimposed on the results of the fracture tests. 
Accordingly, the agreement between prediction and experimental results was within 10%. 
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Figure 9: Comparison of unified fracture envelope with test results 
(different symbols for various loading and specimen configurations) 

 
In view of the preceding findings, the following conclusion may be drawn: - 
A generalized mixed mode I, II and III fracture criterion has been proposed as an extension of the unified 
model, based on the notion of a simple conversion of pure mode to mixed mode loading energy, in direct 
proportion to their respective fracture energies. A corresponding test method has been proposed to 
characterize the fracture of material subjected to mixed mode I, II and III loading. On the basis of the 
proposed fracture criterion and pure mode fracture toughness obtained from earlier tests, the experimental 
results show reasonably good agreement with the extended unified model prediction. 
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