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ABASTRACT 
  Finite Element Analyses (FEA) on dynamic crack growth with different velocity have been conducted 

on the basis of a strain rate thermal-elastic-plastic coupled model for an aluminum alloy. The dynamic J 
integral and recently developed incremental path-independent T* integral are studied and the T* integral is 
shown to be a more reasonable parameter in characterizing dynamic crack growth. Although the crack tip 
stresses and plastic strain decrease with increasing crack growth velocity, the triaxiality stress parameter is 
nearly unchanged in front of a moving tip. Fluctuant expansion of plastic strain zone for different growing 
velocities appears in the analyses. Through the cases studied here, the effect of temperature rise on the crack 
tip field is weaker than that of the strain rate.  
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INTRODUCTION 
Dynamic fracture mechanics is a main offshoot of fracture mechanics and considers the effects of 

inertia of material element and strain rate. Due to the high strain rate near the dynamic crack tip, temperature 
rise is inevitable which makes the problem more complex and better understanding is necessary. 

The J integral has received much attention in monotonic nonlinear fracture mechanics as it can 
characterize the near tip asymptotic fields. Unfortunately, in company with unloading in crack growth, the 
theoretical foundation of the J integral does not permit further extension of its utility. Some more reasonable 
integrals based on the incremental plastic theory have been proposed in recent years. The T* integral 
presented by Altluri [1,2] has been developed and found application in a wide range of problems [3,4,5]. 
Experimental methods to measure the T* integral have also been developed [6]. 

Previous works have demonstrated that the temperature rise caused by plastic deformation is significant 
in some cases. However, simulating model suitable for this phenomenon has not been well established [7,8]. 

Because the strain rate is very high at the crack tip of high velocity crack propagation, which would affect 
the yield stress immediately, this factor must be taken into account as well [9,10]. 

Consequently, this paper focuses on the coupled effect of temperature and strain rate on dynamic crack 
growth. The J integral and T* integral are evaluated on the basis of finite element analyses and crack tip 



stresses, strains, triaxiality stress and plastic zone are discussed. 
 
 

ANALYTICAL MODEL 
Dependence of the yield stress on temperature and strain rate 

Based on micro scale energy transformation analyses in ductile materials, two models among yield 
stress ysσ , temperature T and strain rate ε& are proposed  [11] as in the following. 
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where the aσ  is internal stress and stands for non-temperature part,  is the equivalent stress under 
absolute zero temperature, k is Bossman constant. Once the material constants A,

*
pσ

aσ  and 0H∆  are 
determined, yield stress can be evaluated.  

 

Constitutive relations on the coupled effect of temperature and strain rate 
    A widely used empirical relationship between yield stress and strain rate is prescribed as [12,13] 
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where 0ε& is the reference strain rate,  is the reference temperature, 0T Gσ  is the yield stress under the 
reference strain rate, m and β  are material constants. In this paper, material constants m and β  are 
determined to be 0.005 and 0.001 by a lot of experimental results for a thin plate aluminum alloy. Recently, 
the above equation has been used in the study of micro scale dynamic fracture [14]. 
    When the strain rate increases up to a certain value, the heat transformed from the plastic work cannot 
be exchanged with the environment, which then causes the temperature rise. The temperature rise during the 
adiabatic process can be calculated from the viewpoint of energy balance as 
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where ρ  and C  are the density and the specific heat of a material. p χ  is heat transformation coefficient, 
which has been demonstrated to be great than 90% for large amount of metal materials once the crack 
growing velocity is higher than 100m/s [7,14].  

 
 

NUMERICAL PROCEDURE 
Finite element model and method 

The basic geometry of a compact tension (CT) specimen is as follows: length equals 120mm, width 
equals 110mm, thickness equals 2.8mm and crack length equals 55mm. Only one half of the model is 
established for the symmetric geometry. About 700 four-node elements are used in the mesh and the 
minimum element length is 0.25mm. Distributed force is applied to the loading hole. In order to simulate the 
crack growth well, spring element is used in the ligament.  

Fixed mesh method is used to simulate the crack growth in this paper. In order to avoid the sudden 
jump during the growing process, at every crack increment, i.e. the minimum element length, the node 
constraint is released for several sub-steps by using the spring elements. 

 
 



Practical use of the T* integral parameter  
The physical interpretations of the T* integrals for the circle path or the Dugdale path are different. [1,2] 

T* evaluated along a Dugdale path is interpreted as the energy flow into a finite-sized process zone. Dugdale 
path is chosen here for the sake of the application of the node constraint releasing technique. The features 
that T* evaluated along the Dugdale path converges to a finite value, and it is independent on mesh size, are 
very helpful.   

In practical operation, it is easy to perform the calculation by  
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where  is a path which circles the crack far from the crack tip, and VfΓ f  is the volume within fΓ . ε  is 
the size of finite buffer zone around the crack. It is convenient to evaluate the integrals using Eqn. 6, and 
then subtracts out the  term. εV

 
 

RESULTS AND DISCUSSIONS 
The J and T* Integrals 

The effect of different paths on the evaluated values of *T  integral is shown in Fig. 1, where the 
symbols 1,2,3,4,5 and 6 represent paths from the far field to the near tip field. It is obvious that the values of 

*T  integral are consistent for far-field path marked by 1,2 and 3. Values of the *T  integral calculated from 
the middle-field path are the same as that of far-field path before the crack initiation and decrease a little 
during the crack propagation. Symbol 6 represents the most near-field path, which is only five or six times 
the minimum element length away from the tip. Since the influence of finite strain is significant in the near 
tip, the integral values deviate from the far-field one. In the following discussions the results of the far-field 
integral are used. The effect of buffer zone size ε  on the *T  integral is also discussed. In the FE model, 
which is made of the four-node element, the buffer zone of two or three element length is suggested, which 
is similar to that of the eight-node element. 
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Figure 1: The effect of different paths to T* integral     Figure 2: Comparison between the two integrals 
 

Figure 2 shows a basic feature between the T* integral and dynamic J integral under the crack growing 
velocity of 0.3m/s. The two integrals are consistent, with T* value being a little smaller than J value. These 
give the meaning that under the condition of low strain rate, small crack growth, isothermal and isotropic 
material, monotonic loading, dynamic J integral can be extended to control crack growth for a certain length. 
Through the analyses of two typical stress states, it is shown that dynamic J integral is of the ability to 



control a longer crack length in the state of plane stress than in plane strain.   
Figure 3(a) shows T* integral for five different crack growing velocities. It can be found that the 

integral decreases as crack growing velocity or growing length increases. The tendency of the T* integral to 
the growing velocity is more disciplinary than that of the J integral. Further comparisons between T* integral 
and dynamic J integral for different crack growing velocities are shown in Fig. 3(b). When the crack 
growing velocity is 100m/s, T* integral and J integral are consistent for a length after the crack initiate. 
When the growing velocity increases to 500m/s, the consistent length is much shorter. When the growing 
velocity reaches up to 1000m/s, dynamic J integral is useless. These two groups of curves are not shown for 
the limited space, but can be found in the reference [15]. It is very interesting that when the growing velocity 
is 2000m/s, the two integrals approach again. This phenomenon can be explained by the strong effect of the 
inertia and stress wave under dynamic condition. The high growing velocity obviously reduces the plastic 
unloading zone, so the J integral is useful again. Since it is really hard for metals to reach such a crack 
growing velocity as 2000m/s, generally speaking, the J control zone decreases as the crack growing velocity 
increases.  
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Figure 3: Comparison of integrals for different growing velocity 
 

The effect of temperature rise and strain rate on the integral parameters are shown in table 1. The 
subscript ‘c’ stands for the reference case in which neither temperature nor strain rate is thought of. The 
subscript ‘t’ represents the case that only temperature effect is taken into account. The subscript ‘s’ stands for 
the case that both temperature and strain rate are considered. It can be seen from the table that the Tt* is 
slightly smaller than the Tc*, while the Jt is nearly the same as Jc. This means that the T* integral is more 
sensitive to the changes at the crack tip than the J integral. Ts* and Js are obviously higher than their 
reference values in case ‘c’. This illustrate that the effect of the strain rate is much stronger than that of 
temperature rise in the present calculation. 

 
 

TABLE 1 

THE EFFECT OF TEMPERATURE AND STRAIN RATE ON THE INTEGRAL PARAMETERS 

Growing velocity 
m/s 

Jc 
kg/mm 

Jt 
kg/mm 

Js 
kg/mm 

Tc* 

kg/mm 
Tt* 

kg/mm 
Ts* 

kg/mm 
500 .847 .849 .872 .486 .480 .589 

1000 .277 .277 .304 .118 .111 .142 
2000 .370 .370 .895 .169 .157 .778 

 

 (The growing length simulated by FEA is 30mm for the velocities 500m/s and 1000m/s and 10mm for velocity 2000m/s.) 
 
 
 



The stress and strain fields  
The study of the crack tip fields is a very important aspect in the fracture mechanics. Since there is no 

theoretical solution for the open mode elastic-plastic dynamic crack tip fields, the study of the distribution of 
stresses, strains and other relevant parameters in front of a moving crack tip is essential.  

Figure 4 shows the distributions of open stress yyσ , equivalent plastic strain pε  and triaxiality stress 

emR σσσ /=  in the front of a growing crack at velocity 1000m/s. The initial position of the crack tip is 
located at the coordinates (20,0). The crack growing direction is along the positive of the X direction. The 
symbols 1,2,3,4 and 5 represent different crack growing length 2mm, 6mm, 10mm, 14mm and 18mm 
respectively. In order to explain the features of the high velocity crack growing process thoroughly, the 
stable elastic-plastic crack propagation and the low velocity crack propagation are discussed at the same time, 

although the results are not shown. (See reference [15].) It can be seen from Fig. 4(a) that the maximum 
values are stable in crack growing process with high velocity. In contrast, for stable elastic-plastic crack 
propagation, open stress increases as the crack grows. Although the equivalent plastic strain increases for 
stable and low velocity crack growth, it decreases during the high velocity crack propagation, as shown in 
Fig. 4(b). This is due to the delay in development of plastic strain under high strain rate. From Fig. 4(c), a 
regular pattern can be seen that the triaxiality stress keeps constant for a certain distance in front of a 
growing crack tip, which exists in all cases of stable, low velocity and high velocity crack propagations. 
Compared with different growing velocities 100m/s, 500m/s and 2000m/s, it can be learned that the stress 
and strain both decrease when the growing velocity increase, while the maximum triaxiality stress is nearly 
independent of growing velocity, with the high triaxiality stress region reducing with the growing velocity. 
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          (a) open stress              (b) equivalent plastic strain           (c) triaxiality stress  
Figure 4: The distribution of stress and strain during the crack propagation 
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Figure 5:  The evolvement of the plastic zone at different growing velocity 
 
 



Figure 5 shows the evolvement of the plastic zone at different growing velocities, 100m/s, 500m/s, 
1000m/s and 2000m/s respectively. Five crack growing lengths 2mm, 6mm, 10mm, 14mm and 18mm are 
shown by five types of circles, where the crack initiates at the coordinates of 20mm on the axis of abscissas. 
The size of a circle represents the value of the plastic strain and the center of a circle gives the location of the 
strain. It is obvious that the plastic zone reduces monotonously under high growing velocity, while it firstly 
increases then decreases under moderate growing velocity. In the case of stable elastic-plastic crack 
propagation, a monotonous size increment of plastic zone is found. 

The effect of the temperature rise and the strain rate on the growing crack tip field is discussed in detail. 
For the material and the loading condition considered here, the plastic zone is small, then the temperature 
rise is only 10℃ for a growing velocity, while the temperature drop deduced by the high strain rate is 78℃. 
So we can say again that the effect of the strain rate on the crack tip field is stronger than that of the 
temperature.  

 
 

CONCLUSIONS 
The T* integral is more reasonable in the analyses for dynamic crack growth than the J integral, while 

the dynamic J integral can be extended to control crack growth under certain conditions. 
When the crack growing velocity increases, both the stress and the strain at the crack tip decrease, while 

the triaxiality stress keeps constant in front of the moving crack tip.  
When the effects of the temperature and strain rate are taken into account of, it can be found that the 

strain rate will more strongly affect the crack tip field than the temperature.  
The plastic zone evolves monotonously under both stable crack growth and high growing velocity 

propagation, which expands in the former and shrinks in the latter. Under a moderate growing velocity, the 
plastic zone increases at first, and then reduces.  
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