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ABSTRACT

Recently the anomalous scalingproperties,obsened on crack surfacesof quasi-brittlematerials,was pro-
posedo berelatedto the experimentaR-curve behaior andsizeeffectonthecritical enegy releaseates[1].
Onthis basis,an enegy-basedasymptoticanalysisallows to extendthe link betweemanomalousoughening
of cracksurfacesto the nominalstrengthof structuresThe establishedelationrepresenta smoothtransition
from the caseof no sizeeffect, for smallstructuresizesto apower law sizeeffectwhich appearsasadecrease
of thelinear elasticfracturemechanicgheoreticalone,in the caseof large sizes.This predictedsizeeffectis
confirmedby fractureexperimentson wood.
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INTRODUCTION

Fractureof quasibrittlematerialssuchasconcrete wood, toughceramicsor variousrocksandcompositesis
characterizetby the effect of structuresizeonits nominalstrength2]. In thesematerialsalargefracturepro-
cesszone(FPZ)with microcrackingdamagedevelopsinducingstressredistributionswhich greatlyincreases
the effective fractureenegy. This particularbehaior, known asthe resistancecurve (R-curwe), leadsto the
releaseof the storedenepy by the stablemacrocraclgrowth, beforethe maximumloadis reachedandis at
theorigin of the sizeeffect.

A recentstudyhasshown thatthe R-curve behaior of quasi-brittlematerialscould be linkedto the morphol-
ogy of cracksurfaces[1]. Thislink betweemmacroscopidracturepropertiesandthe fractal natureof cracks
at the microscales basedon the analysisof the completescalingbehaior of the local fluctuationsof crack
surfacesobtainedn two quasi-brittlematerials granite[3] andwood[4]. Thescalinglaw (calledanomal ous
scaling[5,6]) neededo describeaccuratelythe crackdevelopmentsan the perpendiculaand paralleldirec-
tions of crack propagationinvolvesthreescalingexponents,oneis the universallocal roughnessxponent
Cloe = 0.8 — 0.9 (i.e. independentf the fracturemodeandof the material[7]) andtwo otherexponentswhich
arematerialdependentthe global roughnes®xponent{ andthe dynamicexponentz. The measured/alues
of the globalroughnesgxponentare( = 1.2 in granite[3] andrespectrely 1.35 and1.60 in the caseof two
specie®f wood(pineandsprucd4]). Moreover, it hasbeenshavnin [3,4], thatfracturesurfacesstartingfrom
a straightnotch,exhibit anomalousoughnesslevelopmentor cracklengthincrementsi, < Aaq. Thisis
followedby a stationnaryregime wherethe magnitudeof theroughnessaturategndappearso be dependent
on the specimersizefor cracklengthincrementsl, > Aa,,. On this basis,therevisited Griffith criterion
[1] whichtakesinto accountheenegy requiredto createaroughsurfaceatthe microscaleleadsto a R-curve



behaior (1) linkedto theanomalousoughnessievelopmentof fracturesurfaces.In (1), G is theresistance
to crackgrowth and 2y the specificsurfaceenegy (consideredas an averagevalue taking into accountthe
heterogeneousharacteiof the material). Theterms A and B areprefactorsandl, is the lower cutoff of the
fractalrangeof thefracturesurface(i.e. the characteristisizeof the smallermicrostructuraklementelevant
for thefractureprocess)Notethatthetermundersquareootis dimensionless.
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On the otherhand,on the zonewherethe roughnessaturategi.e. for cracklengthincrementsi, > A,.,),
thelink [1] leadsto a critical resistancdo crack growth Ggc (2) where L is the characteristicsize of the
structure(homotheticstructure)andC' a proportionalitycoeficient. Note thatin (1) and(2) the cracklength
incrementAq hasto be understoodasan elasticallyequialentcracklengthincrementn the senseof linear
elasticfracturemechanic§LEFM).

Themainconsequencef thelink betweerfracturemechanicandanomalousougheningof fracturesurfaces
[1] is the size effect on the critical resistanceo crack growth (2) which is inducedby the the dependence
of the maximummagnitudeof the roughnessas a function of the structuresize L. As shovn in Fig. 1
for arbitrary valuesof the scalingexponents the size effect on the critical resistance=z¢ (2) exhibits two
asymptotidehaiors. Thetransitionnappengor thethecrosseerlengthLg = 1/C (1, %ec JA)1/(€~Gee) | For
smallstructuresizes(i.e. L < L¢) wheretheroughnes®f fracturesurfacesis weak,thereis no sizeeffect :
Grc ~ 27, while for large structuresizes(i.e. L > L¢), which correspondo importantfractureroughness,
thecritical resistancevolvesasa powerlaw : Gro ~ L& See,
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Figure 1. Size effect on the critical resistancdo Figure 2. Geometricallysimilar TDCB fracture speci-
crack growth obtainedfor. ( = 1.3, (,. = 0.8, mensof differentsizesl = 7.5,11.3,15.0,22.5,30.0
A=0.1andl,=1. and60.0 mm.

Thepurposeof the presenpaperis to revisit the sizeeffectrelationon nominalstrengthof structuregproposed
by Bazant[8] by introducingthe modificationsinducedby the link [1] betweenanomalousougheningof
fracturesurfacesandmaterialfracturepropertieof quasi-brittlematerialspreviously mentioned.

ANOMALOUSROUGHENING AND SIZE EFFECT ON NOMINAL STRENGTH

In the frame work of reference8], the size effect (for two-dimensionalproblem)in geometricallysimilar
structuresanbedescribedy usingthenominalstress
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whereP is theexternalloadappliedon thestructure(consideredo bealoadindependenof displacement)L

Is the characteristisizeof the structureandd is theligamentlength(Fig. 2). WhenP = P,, i.e. theultimate
load, oy is calledthe nominalstrengthof the structure.

In the caseof a quasi-brittlematerial the nominalstrengtho y depend®nthecracklengtha correspondingo

theultimateload P, suchas: a = a, + Aa, Wherea, is thelengthof theinitial crackandAa,,; id defined
asthecritical effective lengthof thefractureprocesszone(underP,). In orderto obtaindimensionlesgnegy

releaseexpressionwe introducetherelative cracklength: « = «, + 6, wherea,, = a,/d andf = Aay,:/d

aredimensionlessariables.The main problemto establishary sizeeffect relationon nominalstrengthis to

determinethe effective lengthof the processzoneAa,,;. Indeedthe dependenceetweenAay,; (orin other
termsthe cracklengthincrementoelow which the R-curve (2) applies)andthe specimersizedoesnotappear
clearlyin theroughnessnalysig3,4]. A possibleway to resole this problemconsistan consideringhatthe

materialfailure of a quasi-brittlematerialis not only characterizedby the specificsurfaceenegy 2+ [1] per

unit surfaceof the actualcrack (Eq. 1 and2), but alsoby a critical damageenegy releaserate G, per unit

volume of damaged material(i.e., per unit volume of FPZ). Thus, one canassumehat failure at maximum
loadis obtainedfor the enegy balance

GaVrpz = 2v Ar(Aasat) (4)

where 4, (Aasq) is the real cracksurfacecorrespondingo the effective cracklengthincrementAay,;. The
volumeof thefractureprocesszonecanbeestimatedisVrpz = L Aa,y® /n WhereLAa,,, correspondso the
projectedcracksurfaceandAa,,; /n is the height of the FPZ (n is a constantj.e. independenof thesize L).
Ontheotherhand,atthe maximumload,the crackcorrespondingo the cracklengthincrementAa,,; propa-
gatesif its enepgy releasaate G (obtainedat constanfoad P or o) becomesqualto the critical resistance
to crackgrowth Gz definedin (2) : .
M = e ©
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wherethe complementaryenegy W* characterizeshe enepgy storedin the structure. This enegy canbe
expressedasa function of the relative cracklengtho : W* = on%L d 2 f(«)/E wheref is a dimensionless
function characterizinghe geometryof the structure. Thus,knowing the relative cracklengthfor which the
maximumloadis reachedthe nominalstrengthof the structurecanbewritten as:
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in which g(a) = 0f () /0c correspondso thedimensionlesgnegy releaseatefunction.

On the otherhand,in structuressaidto be of positive geometry(i.e. dg(«) /0 > 0) which is therestricted
caseof this study the cracklengthincrementAa,,; at maximumload representshe limit of stability of the
crackgrowth if the structurels underload controlratherthandisplacementontrol.
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Large-size asymptotic expansion of the size effect

As previously mentionedthe cracklengthincrementAa,,; correspondingo the maximumload P, canbe
determinediy Eq.(4). Moreover, for large structuresizes(i.e. L > L), thecorrespondingealcracksurface
A, canbeeasilyestimatedrom [1] as: A, ~ 8 L Aa,y (L/Lc)¢ %< whereg is a constanifunction of the
scalingexponents) SubstitutingA,. in (4) yieldsthe expressiorof the cracklengthincrement
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wherec* = n2v/G, canbe considerasa materiallength. Thus,for large structuresizes,the relative crack
lengthof the FPZ (i.e. 6 = Aa,,/d) is expectedto evolve asa power law § ~ LSS~ andlim 6 = 0
for L — +o00. In otherterms,in large structuresthe fractureprocesszoneis expectedto lie within only an
infinitesimalvolumefractionof thebodyandsolima = «, for L — +o0. Notethatthisresultis in agreement
with the assumptiormadein [8]. Hence,g(«) beinga smoothfunction, we may expandit into Taylor series
arounda = o, andEq.(6)thusyields:
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are all constants. The termsm in (10) is a proportionality coeficient betweenthe ligamentlength d and
the characteristicsize L of the specimengd = mL). Expression9) providesa large-sizeasymptoticseries
expansionof thesizeeffectbut is expectedo divergefor structuresizesL — 0 asshownin Fig. 3.
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Figure 3: Approximatesize effect on the nominal strength(solid curve) and asymptoticseriesexpansions
(dashecturves).

Moreover, in (9) the termsof non zero powersin denominatorvanishfor . — oo andso, the large-size
first-orderasymptoticapproximatiorcanbe obtainedoy truncatingthe seriesafterthelinearterm:
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Thus, the main consequencef the anomalousougheningfor the size effect in the caseof large sizesis
that the nominal strengthis expectedto decreas@soy ~ L~1/21(¢=G0c)/2 (asshown in Fig. 3) insteadof
the theoreticalresultof LEFM oy ~ L~'/2 [8]. This differenceoriginatesin the fact that, in the caseof
an anomalougougheningthe critical resistancdo crackgrowth Gr¢ (2) is expectedto evolve asa power
law Gre ~ LS See for large structuresizes(asshown in Fig. 1) while in the theoreticalcaseof LEFM, the
critical resistancé&’ g is assumedonstantNeverthelessin thecasewvherethereis noanomalousoughening,
i.e. ¢ = (o [1], thetheoreticakizeeffect of LEFM is recovered.

Small-size asymptotic expansion of the size effect

In Bazants theory[8], no sizeeffect is expectedfor small structuresizes(L — 0); thisis the domainof the
strengththeory A possiblgustificationis that,in smallstructuresthefractureproceszoneoccupiegheentire
volumeof thestructureandhencethereis no stressconcentratiomndsono distinctfractureatmaximumload.



Suchanamgumentcanbealsoobtainedoy substitutingherealcracksurfaceA, createdn smallstructuresnto
the the fracturecriterion (4). Indeed,in small structuresizes(i.e. L < L¢), theroughnesdeingnegligible,
actualcracksurfacesarenot so differentfrom the projectedone: A, ~ LAa,,. Hence,from (4), the crack
lengthincrementAa,,; (or in othertermsthe effective fractureprocesszonesize)tendsto the materiallength:
At = n2v/Gy = ¢* for L < L. Thus,whenthe materiallengthc* = d — a, (Fig. 2), thefractureprocess
zoneoccupiegheentireligamentof the structure.

Onthebasisof Bazant’s theory[8] andin orderto obtaina small-sizeasymptoticexpansionof the sizeeffect,
let usnow introducea new variableandanew function:
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Thefunctiony(«a,, n) correspondso thedimensionlesenegy releaseatefunctionof theinverserelative size
of the fractureprocesszone. Substituting(13) into (6) and expanding«(a,,n) into Taylor seriesaboutthe
point («,, 0) sincelim n = 0 whend or L — 0, leadsto the nominalstrength:
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areall constants.The small-sizeasymptoticseriesexpansionof the size effect on the nominal strength(15)
is plottedin Fig. 3. As shown in Fig. 3, the nominalstrengthtendsto a constanwwhenL — 0 (i.e. oy as
expectedn thecaseof astrengththeory)but divergesfrom thelarge-sizeasymptotidoehaior of thesizeeffect
(9) for L — oo (which coincidesto the straightline of slope—1/2 + (¢ — ioc) /2)-
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Approximate size effect

Now, the mainproblemconsistan interpolatingbetweerthe large-size(9) andthe smallsize (15) asymptotic
seriesexpansionin orderto obtainan approximatesize effect valid everywhere.In our casetheintermediate
behaior seemsery difficult to determinebecauséhethefirst two termsat the numerator®f thetwo asymp-
totic expansionsaredifferent. Neverthelessit is interestingo obserein Fig. 3 thata satishctoryapproximate
sizeeffect canbe obtainedby truncatingthe small-sizeasymptoticseriesexpansionafterthelinearterm:
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wherethe contantso,,,, and L, will be discussedn the following. Indeed,this size effect curve is seento

representhe transitionbetweena horizontalasymptotecharacterizinghe strengththeoryfor which thereis

no size effect, anda decreasingasymptote correspondindo a power law of exponent—1/2 + (¢ — (oc)/2

characterizinghe decreasef the LEFM sizeeffect causedy thegrowth of thecritical enegy releaseatefor

largestructuresizes.A possiblgustificationis that,in thelarge-sizdirst orderexpansion12),theseconderm

in numeratothasno influenceon thelarge sizeasymptotidoehaior of the sizeeffect but inducesa divergence
atsmallsizes.

However, onelimitation of theapproximatesizeeffect (17) is thatthevaluesof o5, ando,, (Characterizetby

omaz), @andthevaluesof L, and L, (characterizedy L,) would be surelydifferentif thesevalueswereto be

determinedrom large sizedataor from smallsizedata. The approximatesizeeffect (17) only givestheshape



of thesizeeffectrelationonthenominalstrengthbut doesnotallow for adeterminatiorof theparametevalues
Omaz @Nd L,. Only the cross@er length L andthe scalingexponents(;,. and( areunivoquelydetermined
from theroughnessnalysis.
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Figure4: Sizeeffecton nominalstrengthrespectrely for pine (a) andspruce(b). The expectedslopefrom the
roughnesanalysig1] are—% + §;§l— = —0.265 4+ 0.085 for pine (a)and—0.135 + 0.085 for spruce(b).

On the other hand, it seemddifficult to comparethe crosseer lengthsZ; and L,, or in othertermsLZ, in
Eq.17,to thecrosseerlength L by meansof their analyticalexpressions thefirst onebeingdeducedrom
a mechanicabpproachandthe secondone from a roughnessanalysis. However, from a physicalpoint of
view, both have the samemeaning. For small structuresizes, i.e. L < L¢ or L,, the enegy releaserom
the structureis negligible, while for large sizes,i.e. L > L¢ or L, theenegy releasas dominant.Hence,it
seemgeasonnabléo assumehatboth cross@er lengthsare of the sameorderof magnitudg(it is the casein

Fig. 3whereit is assumedhat L, = L).

In Fig. 4, the nominalstrengthoy obtainedfrom geometricallysimilar model fractureTDCB specimenss
plotted versusthe characteristicsize L. With the assumptiorthat L, = L, it hasbeenshown in [1] that
the crosswer length L~ wassmallerthanthe sizesL of testedspecimensHence the sizeeffect on nominal
strengthsis expectedto evolve (seeEq. 17), asa power law oy ~ L~1/2+(=Gee)/2 The latter power law
behaior is in goodagreementvith the obsenedexperimentakizeeffectin woodasshown in Fig. 4.

In conclusion,a modificationof the Bazant’s size effect law [8] hasbeenproposedon the basisof the size
effectontheenepy releasebsenedin the caseof ananomalousougheningof fracturesurfaces.lt hasbeen
found thatthe approximatesize effect relation (17) is slightly differentfrom the classical size effect law [8]

for largestructuresizes andpredictsanasymptotidehaior o ~ L~1/2+(¢=Gec)/2 insteadof the sizeeffect of
LEFM, oy ~ L~'/2. However, if therougheningof fracturesurfacesis only slightly anomalousi.e. ¢ — Cioc

[1]), thetheoreticakizeeffect of LEFM is recovered,which correspondso the fracturebehaior of a purely
elasticbrittle material.
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