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ABSTRACT

Analysisof inverseproblemshasalreadybeenperformedin variousfields. In mary casesijt seemghata
priori assumptia for the solution areneededThis requirementauses contradictionon the analysis

On the otherhand,we have developedthe discreteintegral method(DIM)utilizing the deltafunction. We
have noticedthatthe DIM will becomeoneof the excellentschemedgo solve the inverseproblemsinceit
cannaturallyexpresghefunctionof solutionregardlesof thetypeof functionandcansolve it withoutany
assumptbns. In this paper we attemptto applythe DIM to the two-dimensionainverseproblems.As one
of the exampkesof two-dimensbnalinverseproblemswe demonstrata solvingschemeor identifying the
distribution of heatsourcesn the heatconductiornproblem.

Throughsomenumericalverification,it is provedthatthe presentschemegivesaccurateandnaturalsolu-
tionswithout presumptios.
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INTRODUCTION

Oneof thedefaultsin the analysisof inverseproblem[1,2]is thatusuallya priori assumptias concerning
thefunctionalshapethe numberof functions,definitive areaof the function,andsoon for the solution are
required.As oneof the consecutie studiesto conquerthis subject this studyis intendedto establishand
to suggesbneof new soluion schemesn the analysisof the inverseproblems.We begin to introdwce a
way of functionalapproximatio usingthe deltafunction. We develop the way to a new integral scheme
namedasthe discreteintegral method(DIM). In usingthe DIM, a domainintegral canbe corvertedto the
sumof a boundaryintegral andvaluesat someselectedoointsutilizing the propertyof the deltafunction.
We attemptto applythemto theidentificationof physicalquantitesexpressedy anintegration.

We have alreadyestablishe@dnanalysisschemdor onedimensonalinverseproblemusingthis scheme[3,
4]. In this study we try to expandthis schemeo two dimensimal cases Here,the schemdor identifying
heatsourcedistribution in the heatconductionproblemaredemonstratedsan instance.The heatsource



distribution is expresse@saninhonmogeneousermin thegovernirg differentialequationandis formulated
asa domainintegral termin the boundaryelementmethod(BEM). Thereforejt is corvenientto combine
the presenidentificationschemewith the BEM.

1. INSTITUTION OF TWO DIMENSIONAL INVERSE PROBLEM

1.1 Integral equationof heatconductionproblemby BEM
For the steadyheatconductionproblemwith internalheatsourcesthe integral equationwhich givestem-
peratureon a point p canbewritten as[7,8]:

u(p) = [ [d' (P.Q{uQ - u(P)} ~u (p.QAQ]dr(Q + [ bQU (P.QIAQY+uP) (1)

Here,u is thetemperatureg is theflux, b is afunctionwhich expresseshedistribution of heatsource P is
a point on the boundarynearesto aninternalpoint p, Q is a moving point within the rangeof integral, I
indicatesthe boundaryof thedomainandQ indicatesthewholedomain.u*, g* arefundamentakolutions
abouttemperatur@andheatflux, respectrely, which arewritten as

a *
w (p.Q) =~ @ (n.Q = 2P @

wherer expresseshedistancebetweertwo points of p andQ, n expresse®utwardnormalon boundaryl”.

Inverseprobleminstitutedin this paperis to estimatethe heatsourcedlistribution b in the secondermon
theright sideof Eqn.1lusingtheinformation of the boundarycondition andtemperaturelistribution.

1.2 Two dimensionaldiscreteintegral methodutilizing the deltafunction
First, we introduceatool, namedthe discreteintegral method(DIM),to solve the two-dimensionaliinverse
problems.In the presenproblem,thedomainintegraltermin Eqn.1.becomeshetarget.

Usuallythe heatsourceadistributionfunctionb includedin thatintegraltermis approxinatedby theisopara-
metric quadraticelementthenthe integrationis performedby usingthe Gaussnumericalintegration. Or
thistermis transformedo boundaryintegration by usingmultiplex reciprocitymethod[5,6].0n the other
hand, insteadof thesemethod, the approximatingway using Dirac’s delta function can be developed.
Namely thefunctionis approximatedsfollows:

b = i B,5(X—x) 3)

Here, OX is the k-th Nabla differential operatoy B; is the strengthof the deltafunction, x; is its applied
position,andmis their number
Further we multiply anew functionZ* definedas
r4
O%Z* = u*(p,Q), hamely ZF = se5-(3—2Inr) (4)

with the both sidesof Eqn.3andintegratethemover the whole domain. Then,the following equationcan
bederivedby integrationby partwhenk = 2:

m
/ bu*dQ = / b2Z*dQ = / (672" = CbZ)ndr + 5 2 (48 5)
Q Q r i=
Egn.5shavs thata givendomainintegrationtermcanbe calculatedoy usingboundaryintegrationandthe

strengthB; (which is unknowvn quantity) of concentratedourceon discretepoints. We call this seriesof
schemessthediscreteintegral method andtry to introduceit to identificationof heatsourcedistribution.



1.3 Applicationto inverseproblem
ThestrengthB, in Eqn.3areunknovn quantities.In orderto determinetheir values we usetheinformation
of temperaturalistribution. By substititing Eqn.5into Eqn.1,we obtainthe following equation:

u(p) - u(P) = [ [ {u(Q - u(P} ~ua@]dr(@+ [ <bmz*—DbZ*)ndrfiz*(xi)Bi ©)

Here,by monitaing u(p) on m-points,we cancomposea setof simultaneousequationsvith thedimenson
of m. Thedifferentialtermsof b, existin boundaryintegrationtermonright sideof Eqn.6canbeeliminated
by theinterpolatingasshowvn later.

Then,by usingB; obtainedn thisway, it becomegpossibleto interpolae thefunctionb onary points, and
thedistribution of heatgenerations obtainedasfollows. Namely we multiply afunctionY * definedas

2
O%Y* = —5(x—p), namely Y*= Eri_n(l_ Inr) (7)

with bothsidesof Eqn.3,andintegratethemover thewholedomain,then,it becomes
K m
0 bY*dQ:/ B.&(x—x)Y*dQ 8
A L Box=x) ®)
Eqn.8is transformedy meansf integration by part:
m
b(p) =/(DbY*—bDY*)ndF— > BY(5p) )
r i=

Eqn.9givesthedistribution of heatsourcesThus,we canidentify the existenceof the heatsourcedistribu-
tion, its typeaswell asits numbermwithoutany a priori assumpbns.

2. EXAMPLES
Boundary I’
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Figurel: Analysismodelandboundarycondition

Here shaws the practicalanalysisof the inverseproblemby usingthe schemementioned above. In all
casesheatsourcedistribution insidethe domainis identifiedfrom the given dataof boundaryconditions
andtemperaturealistribution in the domain Analysismodelis a 10 x 10 squareplate,andthe boundary
conditiors areasshavn in Figurel. Furthermorem, the numberof pointspositiored aspoint sourcess
fundamentallyd in bothx andy direction,sothetotal numberis 81. They arearrangedat evenintervalsin
thedomainexcludingthe boundary



2.1 Examplesfor distributedheatsource

First, asan analysisexampk for distributed heatsource the caseof a heatsourcedistribution expressed
by b = —x+ y+ 13 applieson the whole domain,namely on the rangeof 0 < x < 10,0<y< 10is
examined. Theresultis shovn in Figure2. In this figure (including all of following figures),x-axis and
y-axiscorrespondo thoseof Figurel respectrely, andthe axis of vertical directionexpressefieatsource
distribution b whichis identifiedby Eqn.9.
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Figure2: Identificationof heatsourcegivenby b = —x+y+13

Figure2 shavsthattheidentifieddatareappearaccuratelythe given distribution. They agreein 6 decimal
placesor more.Becausaet is a casethatthe distributedshapeof heatsourcebecomed by 2nddifferential
operationyery accurataesultcanbe obtainedwith k= 2 in Egn.3.

Figure3 shavs theresultfor a uniform heatsourcewith the magnitue 5 distributesin arectangularegion
of 4 < x<6,5<y<7. Theequationwith the orderof k = 2 is not availablefor this problembecausef
too big errors,sowe usethatof k = 4 from this problem. Fromthe figure, we canclearly distinguishthe
heatsourcedistribution in the right region althoughnot any presumptions used. However, it is noticed
thata little overshot appearsat the edgeof the step. This shavs the limit of the schemeand, you may
alsonoticedthe unevennesf the distribution of heatsource.The amountof the overstoot is about10%
atmost. If theseidentifiedresultsareconsideredo be insufficient, the denserarrangeof the pointscanbe
employed, or the secondarydentificationbasedon the primary identifieddatacanbe performedasit will
be mentionechereafter Besidesthe shapeof steppartin this figure hasa little trapezoidaljt dependon
theintervalsof the pointsource.lf thenumberof pointsis increasedthe sharperedgewill appear

Insteadof a rectangularegion, if the heatsourcehasa circular region, almostthe samebehaior of the
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Figure3: Identificationof localizedheatsource



identifiedresultcanbe obsened.

2.2 The secondaryidentification for distributedheatsource

If theaccurag obtainedby theschemesmentionedaboreis notenoughjt canbeimprovedby usingdata
of the primary identifiedresult. Here,we will discussthe caseof the further identificationbasedon the
resultof Figure3. Fromtheresultin the primary step,we cansupposedhe region wherethereis no heat
source.Thereforewe try to reidentifythe heatsourceby rearranginghe pointsourceonthepartwherethe
valuefrom thefirst calculationis not zero.

From Figure 3 we canpresumehata rectangulanof 4 < x < 6,5 <y < 7 is theregion whereheatsource
may exist. Thereforewe arrangehe pointsourceonly in this region,andperformthere-identification(the

secondarydentification). The resultsareimproved with extremelyhigh accurag which erroris 0.1%or

less.

2.3 Examplesfor concentratecheatsourceand its secondaryidentification

Figure4: Identificationof a concentratetheatsource

A concentratetheatsourcewith magnitude2 applieson the position of x = 6,y = 5is instituted. Identified
resultfor this problemis shown in Figure4. It canbe seenin the figure that the distribution hasa sharp
peakroundx = 6,y = 5, sowe canconsidera concentratetheatsourceexists there.However, the valueof
peakis not 2 which wasinstituted, andits appliedregion is very indistinct. Suchanabruptchangecaused
becauséhe concentratedheatsourceis attemptedo be expressedn the form of distribution. Therefore,
it is impossble essentiallyfor this analysisschemedo distingush a concentratedourcefrom a distributed
onein avery smallregion by onceidentification.Neverthelessit seemghatthisis notasoseriougproblem
practically Essentiallythe distinctionis not necessaryandaswill be shavn later, reasonablealueof its
magnitue andpositionalsocanbe obtained.

To obtainthe magnitudeof the distribution b whichis possilly a concentratetheatsourceasit hasa sharp
peak,we canintegrateit over a circularregion with ary radius. It is calculatedby the following equation
whichis adirectintegrationof Eqn.9:

R r2m
F= /0 /0 b(p)pd6dp (10)

whereF is theidentifiedvalueregardedasthe magnitideof concentratetheatsource p is theradiusof the
peakwith the centerpointof p,, Ris theradiusof integralregionand® is theanglearoundp,. Theresult
is shovn at the left sideof table 1. It canbe seenthoughthe erroris large in abruptchangingpartwhen
integral regionis small,very goodvalueis obtainedwvhentheradiusR becomedarger.

Whentheaccurag in Tablel is not enoughwe canperformthe secondarydentificationby usingdataof
theprimaryidentification,asdonein the caseof distributedheatsource sothatit canbedistingushedfrom
a distributed heatsourcemoreclearly Further asa concentratedheatsource,its positon andmagnitude



Tablel: Identifiedvalueof the sourcestrengthin Fig.4

1stldentification 2ndldentification
Integral Radius Result | IntegralRadius Result
0.5 1.6034 0.05 2.1535
1.0 2.6018 0.1 3.2735
2.0 1.1992 0.2 1.0837
3.0 2.0016 0.3 1.9991

canbeidentifieddefinitely Fromtheresultin Figure4, the point sourceis positionedin theregion of only
5.5<x<6.5,4.5<y<55whichis asmallerregion,andre-identification(the secondarydentificatior) is
performed Wefoundthatthedistribution concentrates amuchsmallerregionthantheprimaryidentifica-
tion, andthe valueof its peakalsobecomesboutl50timeslarger. The sameasthe primaryidentification,
the computedvaluefor magnitudeof concentratedheatsourceby usingEqgn.10is shavn at theright side
of tablel. Comparingwith theresultat theleft, it canbe seenthat extremelyaccuratddentifiedvalueis
obtainedn theregionwith muchsmallerradius.Ontheotherhand,now theregion wherethedatachanges
abruptlyatthe primaryidentificationbecome®, andthe partwith abruptchangds limitedin avery narrov
region. This behaior cannot be consideredsa distributedone,soit canbeidentifiedsufiiciently thatit
is a concentratedheatsource.We think the further studyis indispensablehowever, it is expectedthatthe
identificationwith sufficientaccurag will be possibleby devising how to do there-identificationwell.

3. CONCLUSIONS

The discreteintegral methodutilizing the deltafunction was introduced,and a nenv analysisschemefor
two dimensonalinverseproblembasedon the discreteintegral methodwassuggestedFromthe analysis
examplesjt wasshown thatthe heatsourcecouldbeidentifiednaturallyandaccuratelywithoutarny apriori
assumptnssuchasfor thekind of appliedheatsourcejts distributedshapethe numberandsoon.
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