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ABSTRACT

Analysisof inverseproblemshasalreadybeenperformedin variousfields. In many cases,it seemsthata
priori assumption for thesolutionareneeded.This requirementcausesacontradictionon theanalysis.

On theotherhand,we have developedthediscreteintegral method(DIM)utilizing thedeltafunction. We
have noticedthat theDIM will becomeoneof theexcellentschemesto solve the inverseproblemsinceit
cannaturallyexpressthefunctionof solutionregardlessof thetypeof functionandcansolve it withoutany
assumptions.In this paper, we attemptto applytheDIM to thetwo-dimensionalinverseproblems.As one
of theexamplesof two-dimensionalinverseproblems,wedemonstrateasolvingschemefor identifying the
distribution of heatsourcesin theheatconductionproblem.

Throughsomenumericalverification,it is provedthat thepresentschemegivesaccurateandnaturalsolu-
tionswithout presumptions.
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INTRODUCTION

Oneof thedefaultsin theanalysisof inverseproblem[1,2]is thatusuallya priori assumptionsconcerning
thefunctionalshape,thenumberof functions,definitiveareaof thefunction,andsoon for thesolutionare
required.As oneof theconsecutive studiesto conquerthis subject,this studyis intendedto establishand
to suggestoneof new solution schemesin theanalysisof the inverseproblems.We begin to introduce a
way of functionalapproximation usingthe deltafunction. We develop the way to a new integral scheme
namedasthediscreteintegral method(DIM). In usingtheDIM, a domainintegral canbeconvertedto the
sumof a boundaryintegral andvaluesat someselectedpointsutilizing thepropertyof thedeltafunction.
Weattemptto applythemto theidentificationof physicalquantitiesexpressedby anintegration.

We havealreadyestablishedananalysisschemefor onedimensionalinverseproblemusingthisscheme[3,
4]. In this study, we try to expandthis schemeto two dimensional cases.Here,theschemefor identifying
heatsourcedistribution in theheatconductionproblemaredemonstratedasan instance.Theheatsource



distribution is expressedasaninhomogeneoustermin thegoverning differentialequation,andis formulated
asa domain
�

integral termin theboundaryelementmethod(BEM). Therefore,it is convenientto combine
thepresentidentificationschemewith theBEM.

1. INSTITUTION OF TWO DIMENSIONAL INVERSE PROBLEM

1.1 Integral equationof heatconductionproblembyBEM
For thesteadyheatconductionproblemwith internalheatsources,the integral equationwhich givestem-
peratureonapoint p canbewrittenas[7,8]:

u � p �����
Γ � q �	� p 
 Q ��� u � Q ��
 u � P ����
 u ��� p 
 Q � q � Q ��� dΓ � Q �����

Ω
b � Q � u ��� p 
 Q � dΩ � Q ��� u � P � (1)

Here,u is thetemperature,q is theflux, b is a functionwhichexpressesthedistributionof heatsource,P is
a point on theboundarynearestto an internalpoint p, Q is a moving point within therangeof integral, Γ
indicatestheboundaryof thedomainandΩ indicatesthewholedomain.u � , q � arefundamentalsolutions
abouttemperatureandheatflux, respectively, whicharewrittenas

u � � p 
 Q ����
 1
2π

lnr
 q � � p 
 Q ��� ∂u � � p 
 Q �
∂n

(2)

wherer expressesthedistancebetweentwo pointsof p andQ, n expressesoutwardnormalonboundaryΓ.

Inverseprobleminstitutedin this paperis to estimatetheheatsourcesdistribution b in thesecondtermon
theright sideof Eqn.1usingtheinformationof theboundaryconditionandtemperaturedistribution.

1.2 Two dimensionaldiscreteintegral methodutilizing the deltafunction
First, we introducea tool, namedthediscreteintegral method(DIM),to solve thetwo-dimensionalinverse
problems.In thepresentproblem,thedomainintegral termin Eqn.1.becomesthetarget.

Usuallytheheatsourcedistributionfunctionb includedin thatintegral termis approximatedby theisopara-
metricquadraticelement,thenthe integration is performedby usingtheGaussnumericalintegration. Or
this termis transformedto boundaryintegration by usingmultiplex reciprocitymethod[5,6].On theother
hand, insteadof thesemethods, the approximatingway using Dirac’s delta function can be developed.
Namely, thefunctionis approximatedasfollows:

∇kb � m

∑
i � 1

Biδ � x 
 xi � (3)

Here,∇k is the k-th Nabladifferentialoperator, Bi is the strengthof the delta function, xi is its applied
position,andm is theirnumber.

Further, wemultiply anew functionZ � definedas

∇kZ ��� u ��� p 
 Q ��
 namely, Z ��� r4

256π
� 3 
 2lnr � (4)

with thebothsidesof Eqn.3andintegratethemover thewholedomain.Then,thefollowing equationcan
bederivedby integrationby partwhenk � 2:

�
Ω

bu � dΩ � �
Ω

b∇2Z � dΩ �!�
Γ
� b∇Z ��
 ∇bZ �"� ndΓ � m

∑
i � 1

Z ��� xi � Bi (5)

Eqn.5shows thata givendomainintegrationtermcanbecalculatedby usingboundaryintegrationandthe
strengthBi (which is unknown quantity) of concentratedsourceon discretepoints. We call this seriesof
schemesasthediscreteintegral method, andtry to introduceit to identificationof heatsourcedistribution.



1.3 Application to inverseproblem
ThestrengthBi in Eqn.3areunknown quantities.In orderto determinetheirvalues,weusetheinformation
of temperaturedistribution. By substitutingEqn.5into Eqn.1,weobtainthefollowing equation:

u � p ��
 u � P ��� �
Γ � q � � u � Q ��
 u � P ����
 u � q � Q � � dΓ � Q ��� �

Γ
� b∇Z � 
 ∇bZ � � ndΓ � m

∑
i � 1

Z � � xi � Bi (6)

Here,by monitoring u � p � onm-points,wecancomposeasetof simultaneousequationswith thedimension
of m. Thedifferentialtermsof b, exist in boundaryintegrationtermonright sideof Eqn.6canbeeliminated
by theinterpolatingasshown later.

Then,by usingBi obtainedin thisway, it becomespossibleto interpolate thefunctionb onany point s, and
thedistributionof heatgenerationis obtainedasfollows. Namely, we multiply a functionY � definedas

∇kY ����
 δ � x 
 p ��
 namely, Y ��� r2

8π
� 1 
 lnr � (7)

with bothsidesof Eqn.3,andintegratethemover thewholedomain,then,it becomes

�
Ω

∇kbY � dΩ �!�
Ω

m

∑
i � 1

Biδ � x 
 xi � Y � dΩ (8)

Eqn.8is transformedby meansof integrationby part:

b � p ��� �
Γ
� ∇bY � 
 b∇Y � � ndΓ 
 m

∑
i � 1

BiY � � xi 
 p � (9)

Eqn.9givesthedistribution of heatsources.Thus,wecanidentify theexistenceof theheatsourcedistribu-
tion, its typeaswell asits numberwithoutany apriori assumptions.

2. EXAMPLES
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Figure1: Analysismodelandboundarycondition

Here shows the practicalanalysisof the inverseproblemby using the schemementioned above. In all
cases,heatsourcedistribution insidethe domainis identifiedfrom thegivendataof boundaryconditions
andtemperaturedistribution in the domain. Analysismodelis a 10 , 10 squareplate,andthe boundary
conditions areasshown in Figure1. Furthermore,m, thenumberof pointspositionedaspoint sourcesis
fundamentally9 in bothx andy direction,sothetotal numberis 81. They arearrangedat evenintervalsin
thedomainexcludingtheboundary.



2.1 Examplesfor distributedheatsource
First, asan analysisexample for distributedheatsource,the caseof a heatsourcedistribution expressed
by b �-
 x � y � 13 applieson the whole domain,namely, on the rangeof 0 . x . 10
 0 . y . 10 is
examined.The result is shown in Figure2. In this figure (including all of following figures),x-axis and
y-axiscorrespondto thoseof Figure1 respectively, andtheaxisof verticaldirectionexpressesheatsource
distribution b which is identifiedby Eqn.9.

Figure2: Identificationof heatsourcegivenby b �/
 x � y � 13

Figure2 shows thattheidentifieddatareappearsaccuratelythegiven distribution. They agreein 6 decimal
placesor more.Becauseit is a casethatthedistributedshapeof heatsourcebecomes0 by 2nddifferential
operation,veryaccurateresultcanbeobtainedwith k � 2 in Eqn.3.

Figure3 showstheresultfor auniformheatsourcewith themagnitude5 distributesin a rectangularregion
of 4 . x . 6 
 5 . y . 7. Theequationwith theorderof k � 2 is not availablefor this problembecauseof
too big errors,sowe usethatof k � 4 from this problem.Fromthefigure,we canclearlydistinguishthe
heatsourcedistribution in the right region althoughnot any presumptionis used. However, it is noticed
that a litt le overshoot appearsat the edgeof the step. This shows the limit of the schemeand,you may
alsonoticedtheunevennessof thedistribution of heatsource.Theamountof theovershoot is about10%
at most. If theseidentifiedresultsareconsideredto beinsufficient, thedenserarrangeof thepointscanbe
employed,or thesecondaryidentificationbasedon theprimary identifieddatacanbeperformedasit will
bementionedhereafter. Besides,theshapeof steppart in this figurehasa little trapezoidal,it dependson
theintervalsof thepointsource.If thenumberof pointsis increased,thesharperedgewill appear.

Insteadof a rectangularregion, if the heatsourcehasa circular region, almostthe samebehavior of the

Figure3: Identificationof localizedheatsource



identifiedresultcanbeobserved.

2.2 The secondaryidentification for distributedheatsource
If theaccuracy obtainedby theschemeasmentionedabove is notenough,it canbeimprovedby usingdata
of the primary identifiedresult. Here,we will discussthe caseof the further identificationbasedon the
resultof Figure3. From the resultin theprimarystep,we cansupposethe region wherethereis no heat
source.Therefore,we try to reidentifytheheatsourceby rearrangingthepointsourceonthepartwherethe
valuefrom thefirst calculationis notzero.

FromFigure3 we canpresumethata rectangularof 4 . x . 6 
 5 . y . 7 is theregion whereheatsource
mayexist. Therefore,wearrangethepointsourceonly in this region,andperformthere-identification(the
secondaryidentification). The resultsareimproved with extremelyhigh accuracy which error is 0.1%or
less.

2.3 Examplesfor concentratedheatsourceand its secondaryidentification

Figure4: Identificationof aconcentratedheatsource

A concentratedheatsourcewith magnitude2 applieson thepositionof x � 6 
 y � 5 is instituted. Identified
resultfor this problemis shown in Figure4. It canbe seenin the figure that the distribution hasa sharp
peakroundx � 6 
 y � 5, sowe canconsidera concentratedheatsourceexists there.However, thevalueof
peakis not 2 which wasinstituted,andits appliedregion is very indistinct. Suchanabruptchangecaused
becausethe concentratedheatsourceis attemptedto be expressedin the form of distribution. Therefore,
it is impossible essentiallyfor this analysisschemeto distinguish a concentratedsourcefrom a distributed
onein averysmallregionby onceidentification.Nevertheless,it seemsthatthis is notasoseriousproblem
practically. Essentiallythedistinction is not necessary, andaswill beshown later, reasonablevalueof its
magnitude andpositionalsocanbeobtained.

To obtainthemagnitudeof thedistribution b which is possibly a concentratedheatsourceasit hasa sharp
peak,we canintegrateit over a circular region with any radius. It is calculatedby the following equation
which is adirectintegrationof Eqn.9:

F ��� R

0
� 2π

0
b � p � ρdθdρ (10)

whereF is theidentifiedvalueregardedasthemagnitudeof concentratedheatsource,ρ is theradiusof the
peakwith thecenterpointof p0, R is theradiusof integral region andθ is theanglearoundp0. Theresult
is shown at the left sideof table1. It canbe seenthoughthe error is large in abruptchangingpart when
integral region is small,verygoodvalueis obtainedwhentheradiusR becomeslarger.

Whentheaccuracy in Table1 is not enough,we canperformthesecondaryidentificationby usingdataof
theprimaryidentification,asdonein thecaseof distributedheatsource,sothatit canbedistinguishedfrom
a distributed heatsourcemoreclearly. Further, asa concentratedheatsource,its position andmagnitude



Table1: Identifiedvalueof thesourcestrengthin Fig.4

1stIdentification 2ndIdentification
IntegralRadius Result IntegralRadius Result

0.5 1.6034 0.05 2.1535
1.0 2.6018 0.1 3.2735
2.0 1.1992 0.2 1.0837
3.0 2.0016 0.3 1.9991

canbeidentifieddefinitely. Fromtheresultin Figure4, thepoint sourceis positionedin theregionof only
5 0 5 . x . 6 0 5 
 4 0 5 . y . 5 0 5 whichis asmallerregion,andre-identification(thesecondaryidentification) is
performed.Wefoundthatthedistributionconcentratesin amuchsmallerregionthantheprimaryidentifica-
tion, andthevalueof its peakalsobecomesabout150timeslarger. Thesameastheprimaryidentification,
thecomputedvaluefor magnitudeof concentratedheatsourceby usingEqn.10is shown at the right side
of table1. Comparingwith the resultat the left, it canbeseenthatextremelyaccurateidentifiedvalueis
obtainedin theregionwith muchsmallerradius.Ontheotherhand,now theregionwherethedatachanges
abruptlyat theprimaryidentificationbecomes0, andthepartwith abruptchangeis limited in averynarrow
region. This behavior cannot beconsideredasa distributedone,so it canbe identifiedsufficiently that it
is a concentratedheatsource.We think thefurtherstudyis indispensable,however, it is expectedthat the
identificationwith sufficientaccuracy will bepossibleby devisinghow to do there-identificationwell.

3. CONCLUSIONS

The discreteintegral methodutilizing the delta function was introduced,anda new analysisschemefor
two dimensional inverseproblembasedon thediscreteintegral methodwassuggested.Fromtheanalysis
examples,it wasshown thattheheatsourcecouldbeidentifiednaturallyandaccuratelywithoutany apriori
assumptionssuchasfor thekind of appliedheatsource,its distributedshape,thenumber, andsoon.
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