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ABSTRACT

A conditutive mode for a joint element is developed based on a generdisation of the Cohesve Crack
Modd. The modd uses a conditutive law based on dud externd (tractions and crack opening vector),
and internd variables, the latter of damage nature, responsible for the evolution of the softening cohesive.
A potentid energy of unilateral type couples the crack opening vector with the damage variables, whose
evolution is ruled by two yielding modes, one accounting for the dippage of the fibres, the other for the
deterioration of the material due to crack opening.
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1. MOTIVATIONS, BACKGROUND AND OBJECTIVES OF THE MODEL PROPOSED

The occurrence of fractures causes two man phenomena that affects the mechanicd moddisation: fird,
energy is disspaed in a doman of measure zero, since its physcad dimenson is sndler than the
dimenson of the dructure (actudly, its dimengon is fractd); secondly, the displacement field ceases to
be continuous, and finite jumps appear, SO tha the usud compdtibility equations lose ther vdidity, that is
the vectorid space of the digplacements changes from H; to BV. From a physicd point of view, these
phenomena give rise to an ungtable behaviour a the materid and sructurd leve.

The numericd counterpart is that a Smulation of the process with a continuum modd suffers of
numericad problems of mesh dependency, so that ether a non-loca media has © be used, or some form of
enhancement of the displacement fiddld has to be introduced. Enhanced eements, with embedded
discontinuities, like the X-FEM recently developed by Belitschko are a promisng example of the latter
approach. An aternate methodology conggs in introducing discontinuous interfaces in some predefined
locations in the continuum. In the interface modd the width of the process zone is assumed to reduce to
zero, but the amount of disspaion is controlled, dlowing a numerica treatment of the materid
indability. Tractions are directly related to the displacements jumps, so that there is no need to introduce
generdised derivatives.

The latter gpproach is followed in this paper. Specificdly, atention is focused on the conditutive
behaviour of the interface modd, disregarding the problem of refining the discretisation for better
locdisng the fracture surfaces. Main objective of the paper is to modify an interface mode previoudy
proposed in the literature by Carol [1,2], that accounts for mode | and mode Il fracture, based on the



definition of an intringc curve for the interface in the traction space, so that a plastic-like behaviour is
assumed for the dua relative displacements. Cohesive forces are supposed to act after crack opening, and
softening is introduced assuming a phenomenologicaly defined degradation of some materia parameters.
The modd, thus, appears as a (non associated) eastic-plagtic-softening modd. Eladticity is introduced for
numerical purposes. Still retaining the idea of an intringc curve and of its degradation as consequence of
fracture evolution, the modd proposed differs subgtantidly from the origind one in severd aspects that
will be now briefly introduced

1. The cohesve trection-displacement laws, as wdl as the softening behaviour of the interface, ae
defined on the bass of thermodynamic potentials, so tha they can be essly implemented in a
variationd framework for numericd andyss.

2. The softening law is introduced through the dependency of the limit surfface on a damage parameter,
dud to the internd varidble that rules the reversble loading-unloading. In this way the limit condition
of the interface (yidd surface) is defined in the extended space of the tractions and of the conjugated
forces. The development follow closely arecently proposed mode of continuum damage [3].

3. The first consequence of points 1,2 is bhat it is possble to obtain crack opening and reclosing, without
permanent resdua reative displacements, as in dandad damage modds  Furthermore, the
thermodynamic framework dlows to easly account for additiond effects, like fibre bridging. It is
aufficient to add an additiond term in the internd energy, and additiond disspation mechanisms, that
account for fibre dippage or yidding, in the disspation potentid.

2. PRESENTATION OF THE INTERFACE MODEL

The interface mode islocd, and is ruled by the following fieds of dud variables

w =(w,,w )T U Relative displacements t=(s,t)T U'* Cohesiveforces

wi A Internal damage variable zl A Conjugated damage energy

al | Hardening internal variable cl I Conjugated force
h=(w,w,a)=(We,We,ae)+ Wy wpy,a,)=he +h, (1)

The indices nt refer to norma and tangentiad components respectively. In the remaining of the paper only
the 2-dimensond case will be addressed. It is underlined that a scda damage mechanism is assumed,
while the hardening variables can be in generd vectors, so to account for anisotropic friction mechanisms.
However, in this paper, they will not be explicitly consdered. Following the Standard Generalised
Materid Modd, the kinematic varidbles are patitioned in a reversble and an irreverdable component,
identified in (1) by the indices e,p, as dore in [3] (the additive decompogtion implies linear kinemétic).
The modd is characterised by the functionad of the interna energy u, that rules the reversble behaviour,
and of the dissipation d, that accounts for irreversible phenomena Dencting by ()¢ the conjugated
potentia, the congtitutive equations are then obtained as

s=(t,z,c)="Tp.u(he) sT 9, dh)
. 2
he =TsU°(S) hy T 15d°(9)
Thelagt of (2) are the flow rulesfor the irreversible kinematic variables.

2.1 Theinternal energy of the interface

Thefallowing form is assumed
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In (3) Km denotes the diffness of the concrete matrix, while K; is the stiffness of the fibre phase, assumed
to act only in the norma direction. The damage mechaniam is assigned only to the concrete matrix, but a
further degradation, with the same or with another internd variable, can be introduced in the same way

for the fibre properties. Introducing the st W, :{Wn|Wn 3 O}, the presence of the indicator function of W,

ensures the no compenetration condition. The set Wz{we‘we 3 - 1} has been introduced in order to

preserve the podgtivity of the damaged giffness, so that the damage variable range from 0 to —1, as usudly
assumed. However, for the modd (3) this term is not drictly necessary, since  tends to —1 asymptoticaly,
aswill be shown later. Note findly that norma and tangentid reactions are uncoupled.

The potentid used, while preserves the unilaterd character of the interface, does not fulfil the condition
that no redive displacement develops until fracture occurs. Although the introduction of a fictitious
dadic diffness is usud in interface modes [1], in the author's opinion it introduces serious drawbacks,
that, however, will not be commented in this paper.

2.2 The dissipation potential

Following the devdopments in [34], in the time independent case conddered in this modd, the
disspation functiona turns out to be conjugated to the complementary disspation functiona (plastic
potentid), that is given by the indicator function of the dagic domain S. Multiple disspation mechanisms
can then be incuded conddering S as the convex hull of a finite number of domains S. The dadtic
domain is specified by means of a yidd function. For the sake of clearness, the development of the modd
isfollowed step by step starting from the form assumed by Carol:

gc =t +(c- msg)” - (c- ms)? @
with ¢, , o materid condants. In the plane = expression (5) represents an hyperbola having the Coulomb
bilaaerd as asymptotes. The intersection of gc with the co-ordingte axes ae given by

S=Sgp.,2c/m- sg, t:im\/so(ZCIm- So) . Clealy, any fracture process occurs with irreversible

displacements. In order to limit the phenomenon of dilatancy, the authors introduce a non-associative
flow potentia that becomesflat for compressive norma tenson beyond a certain limit.

The firg improvement condsts in introducing the conjugate damage variable  for definitely separating the
irreversble plagtic effects (due ether to void deveopment in the concrete or to fibres yidding or
dipping) from the fracture phenomena which is associgted mainly to damage. In the origind modd the
parameters ¢, , where affected by the evolution of the fracture process, while was kept constant. A
possible sraightforward generaisation could then be to assume the yidd function

Oc=t?2+(-2z-m(Sg- 2)%- (c- 2- ms)? z=z/w, W0=so/(Kn+Kf) (5)
where the definition of the new damage vaiable is required for dimensondity reasons (note that has
dimendgons of a force per unit of length). The choice of (5) is motivated by the assumption that the

damage dffects equdly the coheson and the uniaxid limit stress. Expresson (5) represents a lined
surface, whose intersection with the plane =0 are the two straight lines

S+z=5s, (2-mMz+ms =2c- ms (6)

No physica damage mechaniam is clearly associated t any of them. In an uniaxia process the initiation of
the fracture can be found usng the dagtic law (2), as will be described soon. It is found that the limit
vaues for the normal traction and the conjugated damage force are
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s0 that neither , has a clear physicd meaning, nor the vaue of the energy per unit area a the initiation of
the fracture process matches the vaue that one would expect, i.e. %2 , W.

A further modification is then proposed, inspirited by the form (6) of the lined surface, that is it is
proposed that the intersection of the limit surface with the plane =0 reduce to the two lines

z-25=0,s8+z2=s, ; Sx=Sgp+zg-2c/m 8

where the vdue , is the energy necessary for mode | fracture initiation if in the process only damage
occurs. The expression for the limit surface takes the form

g=t2+(2c- (s, - 5))2- (2c- 2n(Zo - 2)- (s - 5))° ©)

The function (9) presents severd differences with respect to (5). The intersection with the - planeis now a
parabola, with t ® ¥ for s ® - ¥, as before, but the tangent to the curve tends to O, so that the problem
of dilatancy is substantidly reduced. The surface (9) is 4ill a lined one, whose intersection with the plane
=0 is given by the two draight lines (8), that intersect for the vdue s =2s,- c/m, podtive for the
common vaues of the materid parameters. The activation vaue of the conjugate damage energy will be
discused in the next paragraph in connection with the andyss of an uniaxid process. The surface (9)
forms in the = plane an hyperbola, whose Sdes are asymptotically tangent to a Coulomb bilaterd with
dope 1/|2|. Note that, dthough negative vaues of the damage conjugate variable are not cdled out by the
admissibility condition (9), they ae not atanable on the bads of the dadic rdations. A sketch of
criterion (9) and its section with the co-ordinate plane . are given in figs. 1,2. The flow rules are given by

the usud consistency rule, hp =1 1.0(s), |1 TA"(g(s)), ad they take the forms
Wo =17 4mze- 2) Wy =12t 1" =1 /2\[g
|* |* Wi, (10)
W, =—4n?(2zg - 2) +(Sg - S) - 2¢/m=—4anf(sy - z- s)+m—F
Wo Wo Wo

It is dressed that the derivatives of the disspation potentid are continuous functions. Furthermore the
permanent norma opening depends only on the difference between the current value of the damage
enagy and its limit vaue o. When the laiter is atained, the opening displacement becomes fully
reversble, but damage ill increases thanks to the other mechaniam (firs term in the latter of (10)).
Additional disspation mechanisms can be added in order to account for fibre yidding. The dmplest
choice could be h,=s+dz- sqf £0 d=K; /K, with & the limit tensle sress in the fibres A

sketch of the resulting domain in the uniaxial case is presented in fig. 3 Fird the matrix fals, then fibres
plagticise, until pure separation of the interface is reached.
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Figurel : Elastic domain Figure 2 : section of the elastic domain Figure 3 : uniaxial domain



3. EXEMPLIFICATION : UNIAXIAL RESPONSE TO MODE | FRACTURE

The characterigtics of the model are investigated with reference to the specid case of pure normd traction
acting on the interface. Starting from avirgin state (¢=0), the eastic equations (2) furnish
w? n K, s?2

n
—Kpy— == > ;. t=0 12
2 mWO 2Km+Kf 2W0 ( )

:(Km+ Kf)W; z=
Egn.(12) is the parametric expresson of a curve in the . plane, that can intersect the limit surface in one of
the 2 points that satisfy egns. (8), according to the relaive vaues d the maeria parameters z,s . First
is conddered the case tha the parametric curve (12) hits the limit surface on the line =, corresponding to
apure damage (reversble) process. Then one has

220 - n 2 2 K + Kf =
Wog =—— ; Zjim =ZoWp ==K W Sjm =——2% 17 13

- iim = ZoWo = = K mWg im = %0 (13)
Therefore, in order to obtan the desred vaue for the fracture activation energy, it must be
Zo =N/ 28 g, With om the limit stressin the matrix. Indeed, substituting, it is found

s - n Km + Ky

Wo:KL: + Ziim =ZoWo ==SomWo  Siim :mK—mSOm (14)
where the dress in the last expression is rdevant to the whole composite. Proceeding with the extension,
the stress progressvely decreases on the fracture surfaces, and tends to O asymptotically, as can be easlly
proved. This is in contragt with the cohesive modd, that is based on the existence of a limit criticd vdue
of the crack opening. However, the energy for the entire process is finite, and it can be shown that it is
equal to [4]

n® Os,wy

4% 2

N (15
a
The previous equation can be used for estimating the value of n. For whatever vaue of n, the descending
branch of the -w curveis dways sublinear.

In the case the path (12) intersects first the second line (8) of the boundary, the following is found (note
that in the case of absence of fibres, the limit stress coincides with the uniaxid limit tensgon of the matrix,

and for theinitiation energy onefinds zjim; = ZjimiWo = (Som / Kim Sk - S om)-

2z, s 0
Wy = é\/K2 2nK 2 +n?KZ =X - K T

KZ 2 ZO p
& K, é Vo)
Sjimy = sOmgl+ . \/Kf +2nK2 gs—-l—- K G (16)
& min Oom @ Hﬂ
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Loading-unloading uniaxid processes ae shown in fig. 4,5 compaing the cases of pure damage
activation, and of mixed mechanisms. Fg.4 refers to plain concrete and fig.5 to asmdl addition of fibres,
Note that no resdua displacement is found after unloading in the pure damage mechanism, and the vaue
of the damage parameter tends asymptoticaly to 1(full damaged Sate).



A different case is encountered if the limit surface is hit on the line s +z=s;. In this case some

irreversble displacement is present, as it happens when fibres are present, and yielding occurs. At the
same time the diffness decreases, as damage develops. Increasing the relative displacement the dress
decreases, and the dae point moves on the limit curve until it eventualy reaches the condition o At this
dage the fibres gart to dip, and no more permanent displacement is added, while damage in the matrix
increases further. Note, however, that thanks to the hypothess (2) the rigidity of the fibres remains
congtant, S0 that aresidud plateau isfinaly reached with aresidud iffness
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Figure4 : Uniaxial fracture process for plain concrete Figure5 : Uniaxial fracture processfor fibre reinforced concrete

4FINAL COMMENTS

A conditutive model for a joint dement has been developed based on a generdisation of the Cohesve
Crack Modd. The eement is intended to be used for the microstructurd analyss of fibre reinforced high
drength concrete. The mode is thermodynamicaly based, and differentiate both in the dastic energy and
in the disspation the contribution of the matrix and of the reinforcement. The unilaterdity of the interface
is guaranteed in compression, but some eagtic opening is still admitted before fracture occurs. The choice
of the eadic diffness Kn is based on the energetic equivdence Y2 o/Km = o , fracture activation energy.
The author is conscious of the fact that the parameter is somewhat arbitrary, and that it introduces an
internd length (the limit dastic opening wo), that could affect the response of the model. A better modd,
where unilaterdity is exactly fulfilled, can be implemented usng a logarithmic damege law, and will be
presented in afuture paper.

In the paper only the smplest disspation potentia has been presented, but extra terms can be introduced,
in the form of additiond disspation modes for accounting explicitly for fibres yidding and other
disspative phenomena However, the cdibration of the parameters requires careful comparison with
experimenta data.
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