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Abstract. Problems related to delamination of coatings frambssrates and their buckling are
widely investigated due to importance of the probl®r application in industry, particularly in
micro- and nano-electronics and biology. The pnoblgas addressed by many authors by using
both analytical and numerical approaches.

Here the model is developed that treats the delaeuinpart of the coating as a plate with a special
attention given to the boundary conditions, which supposed in the form of the generalized elastic
clamping, i.e. it is supposed that components spldcements and angle of rotation at the point of
clamping are related to the acting total force #otdl moment by means of 3x3 matrix of elastic
coefficients. Knowing the coefficients of this matallows determining parameters of buckling
such as the critical stress, energy release raeadiurther delamination, amplitude of buckling.

A few variants of analytical models to determine twoefficients of this 3x3 matrix were considered
and discussed. Both the cases of isotropic ane@osc coating and substrate are considered. The
solution for some matrix coefficients was obtaingth the help of Fourier transform and Wiener-
Hopf technique.

On the base of the obtained solution it is shovat the difference between the obtained critical
stress and the critical stress of a rigidly clamp&de can be defined by a single nondimensional
parameter, which is a combination of the elastitstants of the coating and substrate, and the ratio
of delamination length to coating thickness. Thauhs correlate well with the results obtained gsin
the FEM model.

Introduction

The interest to effects, related to coatings datations causes by importance of the problem for
such fields as micro- and nanoelectronics, biolaggdicine. Number of studies is devoted to the
problem e.g. [1]-[8]. In [2], [3], in particulathe problem of stability loss of coating delamimhte
from rectilinear rigid substrate was solved. Thi#aal stress, magnitude of deflection [2], [3],dan
energy release rates along and across the delaonmirfednt as well were found. The delaminated
part of coating was considered as a clamped pMireh corresponds to rigid substrates. However,
detailed studies yield that, from the one hand, dbedition of rigid clamping are not satisfied
exactly even for absolutely rigid substrates [$id,afrom the other hand, on the base of numerical
calculations it is said [6], [7] that even for strages tree times softer then coating the condibibn
rigid clamping yields acceptable errors. The lastesnent has to be accepted with cautions, because
the influence of delamination size, importance d¢iicki being confirmed by other studies [5], [8],
was not investigated in [6].

Influence of the substrate rigidity was studied [#¥6], however without paying attention to the
influence of the delamination width to the criticitess. The analysis of influence of both substrat
compliance and delamination width on the critidaéss was performed in [5]. The delamination



was modeled by a plate, with boundary conditiomesponding to generalized elastic clamping, i.e.
magnitudes of tangential displacements and gradérdeflection of the clamped edges were
supposed to be proportional to tangential force Bedding moment acting at the points of
clamping. The coefficients of elastic clamping degiag on two mentioned parameters were
calculated by solving numerically a system of in&kgquations [9].

Contrary to [5], in [9] - [11] and here attemptsrevenade to estimate the coefficients of elastic

clamping analytically, and semi-analytically.

Problem formulation

Consider elastic half-plane (substrate) with adiddayer (coating) of thickneds, which elastic
properties are different from the properties ofsdtdie. The layer is perfectly glued to the ha#nd
everywhere except a section of lengdh,, along which a delamination takes place. The Gete
coordinate system is chosen so tikaaixis be parallel the half-plane boundary, andwxis coincide
with its external normal, the origin of the coorali@ frame coinciding with the delamination centre.
Thus the half-plane occupies arga<-h/ 2, the layer does-h/2<y<h/2, the delamination

does-b<y<b, y=-h/2. The Young moduli and Poisson ratios of the cgatind substrate are
E,v,E, V., respectively. The layer is assumed to be sulgettethe tensile eigenstrain causing
compressive stressesgr,, acting along the boundary. Such a situation tpkese while heating the
system in question if thermal extension of the tagehigher than the one of the half-plane. On
reaching by the compressive stress some partitual of o, the loosing of stability occurs and
the layer bends (Figure 1). The problem is to fimel value of stressy,, corresponding to the loss
of stability.
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Fig. 1. Geometrical configuration.

The problem was solved in [6] numerically, usingM;Ethe value of o being presented as
products of corresponding values, calculated ferdamped planer; and a coefficient,

0" =0y, (1)



Magnitude of g; may be calculated using elementary methods. Tohughie clamped plate of
length 2b, the critical stress is [12]:
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In [9], [10] and here estimations for coefficieptare obtained on the base of the theory of plates.

M odel of simple elastic clamping
In the framework of von Karman theory the platdeldfon is

3
E %V'V (x)+o(x)hv"(x)=0 (3)
Here o(x) is the compressive stress within the cross-sectidhe coating. It should be noted that
this stress is generally differ from, due to relaxation caused by curving of the delaeic part of
the coating. Forb< x<b, o(x) =0c® =const the general solution of Eq. (3) is

v(x) = Acoskx+ A, ,|x|<b (4)
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Here constantsy have to be determined from the boundary conditiéssa variant of the solution

it may be suggested that the delaminated sectionoafing could be treated as a plate with
elastically clamped ends. Condition of elastic gdarg at pointsx = b is

V' (X) |4z = hd V"(X)| 4z (6)

Here hd is the coefficient of proportionality between thegle of the plate at clamping and the
second derivative of the displacement (proportipimaturn, to the bending moment, acting at this
point); d is a dimensionless coefficient that cannot be rdgteed in the frame of elementary
theory. The presence of plate thicknésss due to necessity of adjusting dimensions: phismeter

is the only one of the dimension of length in thedel, because the clamping stiffness may not
depend on the plate size (for more information see [9]-[11]). Substitutioh Eq. (4) into Eq. (6)
yield

tankb+khd =0 (7)

The expression for the coefficiet were obtained in [10] on the base of the modelrevtibe
coating was considered as a plate and the subsisatalf-plane. The solution was found with the



help of Fourier transform and Wiener-Hopf technigB neglecting the action of shear stress it was
found

d=d,3JE'/E., d, = 2°3%°= 0,63¢ (8)

Here

-1/2
E. = ES/(l—Vi) E = 2{[322 |:[366 + 2(B12+\/B1{3 22”} ()
for isotropic and anisotropic (orthotropic) subsraespectively3; are components of matrix of

compliancy. For anisotropic (orthotropic) coatingdunlus E™ is an independent material property.
For rigid clamping

T
== 10
o=+ (10)
The substitution of Egs. (1), (5), (8), (10) intq.E7) gives
tanr/y, +d,6m/y, =0 (11)

Here
B=(h/b)JE/E, (12)

Dependence of, on S according to this model is presented on Fig. 2.
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Fig. 2. Dependence gf, on 5.



M odel of generalized elastic clamping

The model of elastic clamping may be generalizedrder to account the influence of longitudinal
force on the boundary conditions. Such a model ugesl by [5] for finding the critical stress of
buckling of the delaminated coating. In the franiethmt model it is supposed that longitudinal
displacementu and angle of rotation are linear function of Idndinal force F and bending
momentM acting at the point of clamping

Eu= a,F + a,h™'M

E'vi=za,h*F + a, h?M 13)
a12 22

Although condition of elastic clamping Eq. (6) wa®ven to be asymptotically correct [13], and
other terms might be beyond the accuracy of beauryh accounting for additional terms in Eq.
(13) may be useful in numerical calculations.

The direct application of boundary condition E43) to Eqg. (4) is impossible due to
presence of unknown parameter, which, however, may be found by solving the eiquafor
longitudinal displacementl, simultaneously with Eq. (3). That was done in&th the final result
for the critical stress after writing it in the forconvenient for our purposes being:

tan 2
o, D Lazz_ %, j:o (14)
TT. ya 12) 1+a11

The coefficient of symmetric matri>a1.j of elastic clamping were calculated in [5] by nuite

solving of a system of integral equations as fumdiof ratio of moduli of coating and substrate and
ratio of coating thickness to the delamination tang
Taking into account that according to Eq. (12)

a,, =12d,JE/E, (15)

expression Eg. (14) differ from Eq. (11) only by itast term, which is usually not large;
nevertheless its accounting leads to (slight, pstesnatic) deviation of the results from the master
curve, obtained by using more simple Eq. (11).

Dependence of, on S according to this model is also presented on Ejgoefficienta,, was

calculated by with the help of the first formulakd. (20) forE / Eg =1.
If the initial surface is curved, then in additimnlongitudinal force and bending moment, transwers
force N appears at the clamping point. Hence, condition(E8) may be generalized:

Eu=a,F +a,h"M + aN
Ev'=a,h™F + a,h®™M +a,h'N (16)
Ev=a,F + ah'M + a,N



Here matrixa; may be called the extended matrix of coefficiehelastic clamping. Calculating

coefficients of the extended matrg; is useful for studying delamination and bucklirfgrotially
curved coatings.

Calculating coefficients of matrix of elastic clamping

Coefficients of matrix (13) were calculated in fdt a particular geometric parameters numerically,
and in [5] by numerical solving a system of intégeguations for various ratios geometric

parameters and moduli. However it is desirableaweehan asymptotical, or at least, approximating
formulae.

Formulae fora,, were obtained in [10] on the base of the modelrevfiee coating was considered

as a plate and the substrate as half-plane by usmgier transformation and Wiener-Hopf
technique. The value is given by Eq. (8), Eq. (T$)e value ofa,, were found (ibid.) to be

8, =2"°3%%(E/E, )" = 254E IE,)" (17)

Coefficientsa,,, a,, (as well as some coefficients of the extended im&u. (16)) for the case of

coating and substrate being of the same materied algtained in [11]. The results were obtained on
the base of solution of the matrix Wiener-Hopf peob [14], which was extended to describe
displacements. The extraction of the coefficient for this case was made before [15], [16]. 3-D

case was considered in [17].
It follows from the results of [5] that the valuerfa,, does not effectively depend on the ratio

elastic moduli, unless very soft substrates. Figrd¢ase value
a, =~/3 (18)

was obtained [11]. It was also obtained (ibid.) viadue for a, for the case of the same moduli of
coating and substrate

a, = (1+3) (19)
The obtained formula foa,, appeared rather awkward to be represented here.

An intent look at the results foa,, reveals that all points with rather good accuratgy be
represented as a single master curve (Fig 3).
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Fig. 3. Numerically obtained master curve &y on the base of results [5].

The curve may be fitted by one of the following @y approximating) formulae
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Some asymptotic estimations for critical stress
For y,_ slightly diverging from unity, which corresponds $small S, asymptotic solution of Eq.
(11) may be obtained by the following substitution

(20)

Jv, =1+ap" +a,f" +... (21)

On expanding Eg. (21) into series for smAl| the coefficientsa,, a,, as well as exponents,n
for which the solution exists are found. The cquoesling solution is

« _ Th’E’
0' =

o (L2834 22)

Dependence of, on S according to this model is also presented onZig.



FEM calculations

The carried FE analysis [9], the results of which presented on Figure 2 (dots), confirms the
analytically obtained dependence of the criticabsdt on the elastic and geometric parameters
according to the suggested models.

Summary

The problem on loss of stability of a delaminatedtong due to presence of intrinsic compressive
deformations caused by, for example, heating isidened. The analytical solutions are obtained
within the framework of classical thin plate theofysimple expression for the critical compressive
stress expression is found. It is shown that thie i critical stress to the critical stress fagidly
pinched plate is determined by a single nondimeradiparameter, being a combination of elastic
constants of the coating and substrate along attb of delamination length to coating thickness.
The work was done under financial support of Progaf Presidium of RAS N23 and RFBR
(project 08-01-00860).
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