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ABSTRACT: The fracture behaviour of a round pipe with a circular-arc 
circumferential notch is analysed in the case of tension and bending loading , by 
assuming that an elliptical-arc external surface crack exists at the notch root. The 
stress concentration factor (SCF) is determined through theoretical expressions 
and a finite element analysis.  Then, the stress-intensity factor (SIF) along the 
surface crack front is computed for four values of the dimensionless notch radius. 
The effect of stress concentration is discussed for both thick- and thin-walled 
pipes. 

 
 
INTRODUCTION 
 
Several Authors have examined smooth structural components with surface 
cracks [1-6], whereas only a few papers analyse round bars [7,8] and pipes 
[9,10] with hoop grooves. As is well-known, the SIF distribution for a 
surface crack embedded in a stress field due to a notch can be quite different 
from that evaluated for the same crack in a homogeneous stress field. 

In the present paper, a pipe with a circular-arc circumferential notch is 
considered.  An elliptical-arc external surface crack is assumed to exist in 
the notched (reduced) cross section of the pipe (Fig. 1).  The dimensionless 
stress-intensity factors (SIFs) for tension (F) and bending (M) are 
determined through a finite element analysis, by varying the stress 
concentration factor (SCF), tK , from 1.0 (smooth pipe) to about 3.0 (pipe 
with a small notch radius). 
 
 
GEOMETRICAL PROPERTIES 
 
The circumferential notch is characterized by a depth c  and a constant 
curvature radius ρ  (Fig. 1), and a transversal surface crack is assumed to 
exist at the notch root.  The relative notch radius and the relative notch depth 
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Figure 1: External surface flaw in a circumferentially notched pipe. 

 
 
are defined as t/* ρρ =  and tc /=δ , respectively, where t  is the pipe 
wall-thickness in an unnotched cross section. In the following, δ  is assumed 
to be equal to 0.1 for all the notched configurations considered, whereas *ρ  



  

is equal to 0.1 (sharp notch), 0.2, 0.7 (blunt notch) and ∞  (unnotched pipe).  
For a given value of *ρ , a stress concentration factor can be computed for 
each loading condition analysed. 

An external surface crack is assumed to exist in the notched cross section 
of the structural component.  Such a flaw presents an elliptical-arc shape 
(Fig.1). The crack configuration being examined is described by the relative 
crack depth '/ ta=ξ  of the deepest point A on the defect front (with 

8.01.0 ≤≤ ξ ), and the flaw aspect ratio ba /=α  (with 2.10.0 ≤≤ α ), 
whereas the generic point P along the crack front is identified by the 
dimensionless coordinate h/* ζζ = . 
 
 
STRESS CONCENTRATION FACTOR (SCF) EVALUATION 
 
Making use of the spherical section assumption [11], Zhang et al. [9] have 
determined SCF theoretical expressions for notched pipes under tension.  
Two ranges, based on the geometrical parameters, have been distinguished : 

(i) 0
' aRR e −< , and (ii) 0

' aRR e −> , where R  is the inner radius of the 

pipe, '
eR  is the outer radius of the notched section and ca  3.10 ρ= . 

In the case of 0
' aRR e −< , the SCF value can be obtained from the 

following expression : 
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(1) 

In the case of 0
' aRR e −> , Zhang et al. [9] have proposed : 
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Since the longitudinal stress in a pipe under bending linearly varies along 
the thickness, the SCF, MtK , , for this kind of loading can be approximately 

computed by combining those for a plate under tension ( plate
FtK , ) and 

bending ( plate
MtK , ), respectively [12,13] : 
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(3) 

 
Figure 2 shows SCF values for both tension and bending loading against 

the relative notch radius t/* ρρ = , in the case of 1/* == tRR  (a) and 
10/* == tRR  (b), respectively. Results determined by the present authors 

through a 2D finite element (FE) analysis are also displayed. A good 
agreement between numerical and theoretical values can be observed. 
Furthermore, it can be remarked that the results for tension are about 
coincident with those for bending. 

For the *ρ  values assumed in the present study (0.1, 0.2, 0.7 and ∞), the 
SCF under tension loading is equal to about  3.06, 2.33, 1.63, 1.0  for  thick- 
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Figure 2: SCF against  for (a) thick- and (b) thin-walled pipes 

 



  

walled pipes ( 1* =R ) and 3.10, 2.40, 1.68, 1.0 for thin-walled pipes 
( 10* =R ), respectively. 
 
 
STRESS INTENSITY FACTOR (SIF) EVALUATION 
 
Because of the double simmetry of the problem, only a quarter of the pipe 
has been modelled by 20-node isoparametric finite elements. Wedge 
elements in rings have been employed around the flaw front in order to 
improve the accuracy of the numerical solution. 

The SIF values for tension (F) and bending (M) have been obtained from 
the quarter-point finite element displacements : 
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where )4/(lw  stands for the displacement orthogonal to the crack faces (i.e. 
along the Z-direction), measured in correspondence to the quarter-point 
position (with a distance equal to 4/l  from the crack front, where l is the 
edge finite element length). 

The dimensionless SIFs for tension and bending are defined as follows : 
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section 
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RESULTS AND DISCUSSION 
 
The SCF parameter is very important especially in presence of cracks, since 
it heavily affects the SIF results. For example, the dimensionless SIF at 
point A against the relative crack depth ξ  is displayed in Fig.3 ( 1* =R  in 
Fig. 3a and 10* =R  in Fig. 3b) for different values of the relative notch 
depth *ρ  and the crack aspect ratio α , in the case of tension loading  Note 
that the SIF distribution for a notched pipe ( *ρ  ≠ ∞, i.e. tK  ≠ 1) is quite 

different from that for an unnotched pipe ( *ρ  = ∞, i.e. tK  = 1) : as a matter 
of fact, the SIF curves for a smooth pipe monotonically increase by 
increasing the relative crack depth, while a minimum SIF value can be 
observed in correspondence to an intermediate value of ξ  for a notched 
pipe, but such a 
 

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

K
*  

I(
F

) 
  =

  K
 I(

F
) 

  /
 σ

 re
f(

F
) 
 (

 π
 a

 )
 1/

2

α 

0.0

(a)

0.6

1.0

ρ * = 0.1

ρ * = 0.2

ρ * = 0.7

ρ * = 

R* = 1
point A

 0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

K
*  

I(
M

x)
  
 =

  
K

 I
(M

x)
  
 /
 σ

 re
f(

M
x)

 (
 π

 a
 )

 1
/2

α 

0.0

(a)

0.6

1.0

ρ * = 0.1

ρ * = 0.2

ρ * = 0.7

ρ * = 

R* = 1
point A

 

0.0 0.2 0.4 0.6

RELATIVE CRACK DEPTH, ξ = a / t'

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

K
*  

I(
F

) 
  =

  K
 I(

F
) 

  /
 σ

 re
f(

F
) 
 (

 π
 a

 )
 1/

2

0.2

α 

(b)

0.6

1.0

ρ * = 0.1

ρ * = 0.2

ρ * = 0.7

ρ * = 

R* = 10
point  A

 

0.0 0.2 0.4 0.6

RELATIVE CRACK DEPTH, ξ = a / t'

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

K
*  

I(
M

x)
  
 =

  
K

 I
(M

x)
  
 /

 σ
 re

f(
M

x)
 (

 π
 a

 )
 1

/2

0.2

α 

(b)

0.6

1.0

ρ * = 0.1

ρ * = 0.2

ρ * = 0.7

ρ * = 

R* = 10
point A

 
 

Figure 3:  SIF for tension        Figure 4:  SIF for bending 



  

 

minimum tends to disappear for high values of α . 
Note that the influence of SCF on the SIF results is remarkable especially 

for small relative crack depths. For high values of ξ , the effect of the stress 
concentration on the SIFs tends to vanish, that is, the fracture behaviour of a 
notched pipe becomes similar to that of a smooth pipe. 

Some results for a pipe under bending are reported in Fig. 4. For a thick-
walled pipe (Fig. 4a), the SIF at point A is always decreasing by increasing 
ξ  for high values of α , while it tends to present a minimum only for low 
values of α  and low values of *ρ  (i.e. high values of tK ). The behaviour 
of a thin-walled pipe under bending (Fig. 4b) is similar to that of a tensioned 
pipe (Fig. 3b), and the same conclusions can be drawn. 
 
 
CONCLUSIONS 
 
The behaviour of a part-through-cracked notched pipe under tension and 
bending has been examined.  In order to obtain the stress-intensity factor 
(SIF) distribution for different values of the stress intensity factor (SCF) and 
several crack geometries, a finite element analysis has been performed. 

The notch effect on the SIF is remarkable especially for small values of 
the relative crack depth.  The diagrams of SIF against the relative crack 
depth show that there exists a crack depth value, depending on the SCF and 
the crack aspect ratio, for which the SIF attains a minimum. 
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